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Abstract. In this work we discuss the simpHcial program for topological field theories for the case 
of non-abelian BF theory. Discrete BF theory with finite-dimensional space of fields is constructed 
for a triangulated manifold (or for a manifold equipped with cubical cell decomposition), that is 
in a sense equivalent to the topological BF theory on manifold. This discrete version allows one 
00 ' to calculate interesting quantities from the BF theory, like the effective action on cohomology, 

o 

' in terms of finite-dimensional integrals instead of functional integrals, as demonstrated in a series 

(N ■ of explicit examples. We also discuss the interpretation of discrete BF action as the generating 

function for qLoo structure (certain "one-loop version" of ordinary Loo algebra) on the cell cochains 

D ■ 

' of triangulation, related to the de Rham algebra of the underlying manifold by homotopy transfer 

^\ ' procedure. This work is a refinement of older text I25| . 
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1. Introduction 

This paper contains results, obtained by the author in the framework of Andrei Losev's simplicial 
program for topological quantum field theories. It is an extended version of older text [25j and, at 
the same time, English translation of author's PhD thesis (with some improvements; main additions 
are sections 16.51 16.4.51 17.3.3| also, original text contained wrong one-loop result for 2-torus in section 
16.4.11 which is corrected here). 

The aim of simplicial program is the equivalent replacement of a topological field theory in La- 
grangian formalism by a simplicial version (or, more generally, cell version). Infinite-dimensional 
space of fields of the topological field theory is replaced by some finite-dimensional space, associated 
to a triangulation (or a more general cell decomposition) of the underlying manifold. The action of 
topological field theory is replaced by some function (the simplicial action) on this finite-dimensional 
space. Observables of the topological theory should also be replaced by their simplicial counterparts. 
This replacement should be equivalent, i.e. the correlators of observables in topological field theory 
should coincide with the correlators of respective simplicial observables (and we do not suppose going 
to the limit of infinitely dense triangulation: any triangulation should give the exact result). Knowing 
the simplicial equivalent of a topological field theory, we can compute the correlators of the latter by 
means of finite-dimensional integrals instead of functional integrals. 

One of the aims of simplicial program is to construct simplicial versions for Chern-Simons theory 
(yielding invariants of knots and 3- manifolds [31]) and for Poisson-sigma model (related to Kontsevich's 
deformation quantization [20j . |10|V In this work we consider a simpler model of topological field 
theory (yet related to both models listed above): the non-abelian BF theory (for abelian BF theory 
the simplicial version was constructed in [1]). Another significant simplification is that we do not 
consider observables. Instead of correlators we consider the "effective action on de Rham cohomology 
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of a manifold" — an interesting invariant of a manifold that can be computed from simplicial version 
of BF theory (section [TTTjl . 

Classical action for BF theory on a compact orientable manifold M is 



where Fa = dA + A /\ A is the curvature of connection A. Classical fields of the theory are the 
connection A in the trivial principal G-bundle on A/, and field B — the g-valued (diniAf — 2)-form on 
M. Here G is a compact Lie group (the gauge group) and g is its Lie algebra. BF theory is defined for 
a manifold M of arbitrary dimension, moreover M is allowed to have boundary (switching to canonical 
BF theorjQ, introduced in section we also allow M to be non-orientable) . Classical action of BF 
theory possesses relatively complicated gauge symmetry (reducible and open at the second stage of 
reducibility tower) in dimensions > 4, and to solve the problem of gauge fixing one needs to use 
Batalin-Vilkovisky formalism. In Batalin-Vilkovisky formalism ("BV formalism" in the following) 
classical fields A and B are replaced by the BV super-fields A and B — two non-homogeneous g- 
valued differential forms on M (this is a convenient way to collect the original classical fields, ghosts 
for all stages of the reducibility tower of gauge symmetry, anti-fields for the classical fields, anti-fields 
for ghosts). In terms of the super-fields A, B the master action (also called "BV action"), is 



Simplicial equivalent of BF theory is naturally constructed on the level of master action and 
space of BV fields (instead of the classical action and the classical space of fields). For the space 
of (simplicial) BV fields for a triangulation S of manifold M, one takes certain finite-dimensional 
space T-E, constructed from the space C"(S,g) of g-valued cell cochains of S (which play the role 
of simplicial analog of g-valued differential forms on M). Namely, Ts, is constructed as the odd 
cotangent bundle for the shifted space of cell cochains: Tb. = r*[— l](C"(S,g)[l]) (the numbers in 
square brackets denote shifts of grading). For the coordinate on base of J--E. one uses the simplicial 
super-field cjh — non-homogeneous g-valued cell cochain, whose components of different degrees are 
assigned certain ghost numbers, so that deg +gh = 1 holds; for the coordinate in the fiber one uses 
the second simplicial super-field ps — non-homogeneous g*-valued cell chain, whose components are 
also assigned ghost numbers, so that deg+gh = —2 holds. Here wh is the simplicial analog of the 
BV super-field A of topological BF theory, while is the simplicial analog of Bf,, i.e. of the BV 
super-field B of topological BF theory, dualized using the pairing tr J^^ • A • (the formulation of 
topological BF theory in terms of fields A,B\, with the master action S =< I3\,,dA + ^[A,A] > is 
called "canonical" BF theory). 

"'^The term "canonical" here has nothing to do with canonical quantization. 
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The idea of construction of the simplicial BV action is to take the effective action induced on T-e- 
Namely, we spht the infinite-dimensional space of BV fields of topological BF theory on M (more 
precisely, of its canonical version) into infrared (IR) and ultraviolet (UV) parts 

Tm = T' ® T" 

where the IR part is T' = T-e (hence the UV part of Tm is infinite-dimensional). The effective 
action S-b on IR fields has to be defined as a functional integral over UV fields. This is a standard 
construction of quantum field theory, and it is clear in what sense it leads to an equivalent action: 
quantum fluctuations in UV directions are already taken into account in Ss.- However, since we are 
dealing with a gauge theory in BV formalism, the construction of effective action has to be modified 
(the standard construction would yield a perturbatively ill-defined integral over T"\ Namely, one 
chooses a Lagrangian submanifold in the space of UV fields £ C T" and defines the effective BV 
action on T' as a functional integral over £, not over the whole T" . Integrals of this kind are called 
"BV integrals" and the choice of L is the choice of gauge fixing for BV integral. The construction 
of the effective BV action is discussed in section 221 The main features of this construction are the 
following: first, it sends solutions of quantum master equation (QME) to solutions of QME on IR 
fields. Second, the dependence on the choice of L, is under control: changing £ leads to a canonical 
transformation of the effective action. For the case of induction of effective action for topological 
BF theory on the space T-e of infrared BV fields, we construct the Lagrangian submanifold £ C T" 
from the chain homotopy operator K-^ that contracts de Rham complex of the manifold M to the 
subcomplex of Whitney forms of triangulation S, which is isomorphic to the complex of cell cochains 
of S (sections 14. 31 15.11 15. 2p . The operator K-b. is "glued" from certain operators (Dupont's operators), 
given explicitly for individual simplices of S. An important property of the effective action for BF 
theory is that the corresponding BV integral is expanded as a sum over Feynman diagrams, containing 
only trees and one-loop diagrams (section [4.31 Theorem [4|). 

The construction of K-^ or, equivalently, the choice of gauge for the BV-integral defining the induc- 
tion, implies another important property of the simplicial action Sb — the simplicial locality (section 
15.31 Theorem E]) : is expressed as a sum of contributions of individual simplices of the triangula- 
tion Ss. = 'Yliae- °' Contributions Sa depend only on the restrictions of fields ujb.,Pe of simplicial 
BF theory to simplex a. Contributions may be recovered, if one knows the simplicial action for 
single simplex with standard triangulation for every dimension D > 0. Thus, due to simplicial 
locality, the problem of computing the simplicial action Se for any triangulation S of any manifold 
M is reduced to the series of universal computations: one needs to compute the simplicial action S'ao 
for the standard simplex in every dimension D > 0. 

In dimension D ~ the problem of computing S/^d is trivial. In dimension D = I (induction 

of the effective action for the interval) the problem is not quite trivial, but it can be solved exactly 
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(section [531 Theorem [7]) . The fact that exact calculation is possible is due to the fact that the action 
of topological BF theory on interval, restricted to the Lagrangian submanifold C C J-^" over which 
the BV integral is taken, turns out to be quadratic. Hence the BV integral itself is Gaussian. For the 
simplex of dimension D > 2 this simplification does not occur and we do not know how to obtain the 
explicit result. However, one can obtain the perturbative result for S^d fsection l5.61 Theorem[5]), i.e. 
one can calculate first terms of the expansion of action in powers of fields, by calculating first Feynman 
diagrams for the respective BV integral. In section 15.61 we demonstrate the technique allowing one 
to compute tree Feynman diagrams for the simplex of general dimension and to recover partially the 
values of one-loop diagrams (also in general dimension) from trees. Explicit computation of one-loop 
diagrams is technically much more involved. We demonstrate such a computation in section [5. 6. II for 
the case of simplest non-trivial one- loop diagram for D — 2. Knowing the perturbative result for A'^ 
with certain accuracy (i.e. up to certain powers of fields), we know the simplicial BF action for any 
triangulation S of any manifold M with the same accuracy. And we can obtain the effective action on 
de Rham cohomology of M with the same accuracy by computing (finite-dimensional) BV integral. 
The example where M is the circle and S is its cell decomposition into two intervals and two points is 
discussed in section [73II] (here we compute the exact result, not just perturbative, since the simplicial 
action is known explicitly for dimensions Z) = 0, 1). 

In section |6] we consider the construction of discrete BF theory for cubical cell decomposition S of 
manifold M (i.e. all cells of S are cubes of some dimensions, and cells are only allowed to intersect 
over a face). This construction is very similar to simplicial BF theory. In particular, the property of 
cell locality holds for the cell action (section[621 Theorem[9]), in complete analogy with simplicial case. 
Thus the problem of computing Ss for any cubical cell decomposition S of any manifold M is reduced 
to the series of universal computations of cell actions Sjd for standard cubes in each dimension 
D > 0. The new feature of cubical setting is the factorization property of Feynman diagrams for Sjd 
(section 16.31 Theorem llOp . greatly simplifying the perturbative computations for Sjd. Despite this 
simplification, we cannot present an explicit result for Sjd for D > 2. However, it turns out that 
restrictions of the action Sjd to certain special subspaces in the space of cell fields (for instance, to 
the subspace of periodical fields) may be calculated explicitly. Thus we obtain a series of examples of 
manifolds Af with special cell decompositions S, where the cell action can be calculated explicitly (for 
example: torus, cylinder, Klein bottle — see section r6.4p . From these examples we obtain examples 
of manifolds, for which the effective BF action on cohomology can be calculated explicitly (section 
17. 3p . Also, in section we prove certain properties of the effective action on cohomology, allowing 
one to produce more examples where it can be obtained explicitly. 

Procedure of inducing the effective action for BF theory, whose special cases are the transition from 
topological BF theory on manifold M to the discrete theory on a triangulation (or on a cubical cell 
decomposition) S, and the transition from the the discrete theory on a triangulation to the effective 
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theory on de Rham cohomology of Af, has also an algebraic interpretation. Namely, the action of 
topological BF theory may be understood as a generating function for DGLA (differential graded 
Lie algebra) structure on the space ri'(M, g) of g-valued differential forms on M (section [4. II) . Next, 
simplicial action on a triangulation (or on a cubical cell complex) S may be interpreted as generating 
function for "gioo" structure on the space C*(S,g) of g- valued cell cochains of S (section [4. 4p . This 
structure is a certain natural "one-loop" version of Loo algebra. Then the BV integral, defining the 
transition from the action of topological BF theory to action 5*2, may be understood as defining the 
"homotopy transfer" of the algebraic structure from the space of differential forms il'{M,Q) to the 
space of cochains C"(S,g). We tried to clarify this idea in section H31 Transition from the discrete 
BF theory to the effective theory on cohomology, or from the original topological BF theory to the 
effective theory on cohomology, can also be explained in these terms. The invariant of manifold M, 
given by BF theory — the effective action on cohomology modulo canonical transformations — can 
be understood algebraically as the "homotopy type of the algebra of g-valued differential forms on M 
as a qLao algebra" (sections l4.5.HFrT|) . 

An important comment is due on the logic of this work. Throughout the most part of the paper 
we have in mind the following logic: we formally apply abstract constructions of section which 
are rigorous for finite-dimensional induction, for constructing discrete BF theory and effective BF 
theory on cohomology, hoping that results of section [4] still apply for induction from de Rham algebra 
of a manifold. In particular, claims that discrete BF action satisfies quantum master equation and 
that effective action on cohomology modulo canonical transformations is an invariant of manifold, are 
based on this assumption, and are not rigorously proved. Indeed, calculation of discrete BF action 
involves computing super-traces over the space of differential forms, and these super-traces require 
certain regularization to make sense of them. In principle, some regularizations will give results not 
satisfying the QME. So one should make an independent check, whether the discrete BF action, 
obtained using certain regularization scheme, satisfies QME. We perform such a check for the exact 
simplicial action for 1-simplex in section 15.5.11 and we give a sketch of finite-dimensional proof of 
QME for the cell action of D-cuhe in section 16.51 Knowing that actions for the building blocks of 
discrete BF theory (simplices or cubes) satisfy QME, we know that the discrete BF action for any 
simplicial or cubical cell complex satisfies QME (by construction of gluing of qLoo algebras, section 
15. 4p . Thus we have an independent (of transfer statements of section H} proof of QME for discrete BF 
action, at least in cubical setting. In principle, one should also make finite-dimensional check of the 
claim that effective action on cohomology, induced from discrete theory, regarded modulo canonical 
transformations, is an invariant of the underlying manifold. To do this, one should analyze how 
the induced action on cohomology changes under local reconstructions of the cell complex (such as 
subdivisions and aggregations). However, we do not address this problem in present work. 

1.1. Main results. Here is the brief review of main results of this work: 
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• Statement of simplicial locality of simplicial action (section l5.3l Theoreni[6|) : for any triangula- 
tion S of any manifold M the simplicial BF action Sb.{ujb.,Pe) is expressed as a sum over sim- 
plices of triangulation cr G S of local contributions Sa — certain universal functions (depending 
only on the dimension of cr), evaluated on restrictions of simplicial fields wh, ps. to simplex 
a. More precisely, simplicial fields are represented as lo^ = X^o-e" ^o'^'^' ^ J2cre~ P'^^'^ ^ 
where {ea}, {e*^} are basis cochains and basis chains of S, associated to simplices cr G S. The 
corresponding variables are co" € g and Pa G g* (they are prescribed certain ghost numbers, 
depending on the dimension of a). Then simplicial locality means that the simplicial action 
S-B is represented as 

(cf. the more detailed discussion in section . Completely analogous statement holds for 
the cell action Ss of cubical cell decomposition S of manifold M (section 16.21 Theorem H]) . 

• Explicit result for simplicial BF action for 1-simplex with standard triangulation (section 
[531 Theorem O: 

Sai{^'^,uj\u°\po,Pi,Poi) = (po,\[^°,^°]) +(pi,^[^\u;^]) + 



S \ ' £1 

ad 



2 



+ (^po^, ^" + + coth ^) o (c.1 - c.")^ +h tr, log ^ 

• Perturbative result for simplicial BF action for I?-simplex with standard triangulation 
(section Theorem [5]): 

a.aiCA^ 

CT.CTi ,CT2 C A-'^ Cr,CTi ,(72 ,^T3 C A-^ 



fti E gCTi,(j2tr0(adc^^iad(j^2) + 0(pti''' + /lo;^) 



2 

(Ti,(T2CA-° 



where <, >b is the pairing between g* and g, and tr^ is the trace in adjoint representation 
of g. Combinatorial coefficients c^^^, c^j^ ^j, c^i,(T2,<t3 ' '?o-i,'T2 depend on the combinatorics of 
intersection of faces in A^ and their possible values are 



G{0,±1} 
|cr2r 



G 10 ± ' ' I 



|CTi|! |cr2|! IctsI' 



qa,,a, e {0,AD + iD-l)BD,±BD} 



where \a\ denotes the dimension of simplex. Concrete value of each coefficient depends on the 
combinatorics of intersection of faces and on their mutual orientations (precise formulation of 
the result is given in section [5. 6p . For Ad we obtain the formula 



(n + l)2(n + 2) 

while for Bb only the values for lower dimensions D < 3 are known: 

(see the explicit computation in section [5.6. ip . 

• Factorization property and perturbative result for cell BF action 5/d for Z?-cube (section 
I6.3( Theorem llOp . Factorization property means that the problem of computing Feynman 
diagrams for 5/d is reduced to the problem of computing Feynman diagrams for interval 
/ = A^, but with extended propagator K^'"^^ (section FG.ip that is not just the chain homotopy 
for interval, but a linear combination of chain homotopy, projection to Whitney forms and 
identity. 

• Series of examples of explicitly calculable cell actions (sectioning Statement [TS)) and examples 
of explicitly calculable effective actions on cohomology (section I7.3p . The most interesting 
examples here are the circle M — S^: 



1 A 

Sn-iSKg) =< P+,^[^^,^^] >s + <PiA^^,^^] >B +?itrglog I - 



. 1 ad 

smh 
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(indices "+" and "/" of the fields correspond to the basis e+ = 1, ej = dt in de Rham 
cohomology of the circle H'{S^)) and the Klein bottle M — KB: 

^ 1 r II I I -, r J I J I -, , , / Bjd^^/+ ad^^/+ \ 

5i/.(KB,s,) =< -K >j, + <Pi+AoJ >a -ntrglog I ^ coth ^ I 

(indices "++", "/+" correspond to the basis e++ — 1, e/+ — dti in H'(KB)). 

1.2. Plan of the paper. Sections [51 [3] are introductory. Sections H] and [5] are central for the work: 
in section U] we introduce the necessary constructions on abstract level, in section [5] we apply them 
for the construction of the simplicial version of topological BF theory. In sections [6] and [7] we develop 
the technique allowing in special cases to obtain exact results for effective BF action on cohomology: 
in section [5] we discuss the discrete BF theory on cubical cell decomposition of a manifold and the 
factorization property of Feynman diagrams, in section[7]we discuss the effective action on cohomology 
and some examples where it can be obtained explicitly. 

Now we will give a more extended commentary on the contents of the work, section by section. 

• [T] Introduction. 

• [21 We give a brief review of Batalin-Vilkovisky formalism and the necessary notions of super- 
geometry. The exposition is mostly based on the paper [53] by A. Schwarz. 
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[3l We discuss the three main methods of gauge fixing for gauge field theories: Faddeev- 
Popov method, BRST method and Batalin-Vilkovisky method. In section 13.41 we introduce 
the topological BF theory and describe the gauge fixing for it, suggested in [53], [T7|. For the 
detailed review of BF theory in Batalin-Vilkovisky formalism, see jTl] . 

m We discuss in detail the construction of effective BV action on the example of a natural 
generalization of BF theory in BV formalism — the "abstract BF theorjo' . We also discuss 
the algebraic interpretation of the construction of inducing the effective action. 

— 14.11 We introduce the abstract BF theory — an abstract model of gauge field theory in 
BV formalism, associated to a unimodular differential graded Lie algebra V. The special 
case of abstract BF theory for V — H.* {M, g) corresponds to the (canonical) topological 
BF theory on manifold M. 

— 14.21 We discuss the general construction of effective BV action and its most important 
features: solution of quantum master equation is transferred to a solution of quantum 
master equation; if the induction data is deformed (i.e. the gauge fixing condition for 
BV integral is deformed), the effective action changes by a canonical transformation; 
canonical transformation of the initial action leads to a canonical transformation of the 
effective action (Statements [H HI [31) ■ 

— 14.31 We specialize the general construction of effective BV action to the case of abstract 
BF theory. We introduce the class of convenient gauges (Lagrangian submanifolds in the 
space of ultraviolet fields), associated to chain homotopies, contracting to a subcom- 
plex, and we obtain the perturbative expansion for effective action (Theorem[4|). We also 
discuss the dependence of effective action on the choice of induction data (Statement [H]). 

— 14.41 We give algebraic interpretation of the effective action for abstract BF theory as 
a generating function for certain algebraic structure on a subcomplex V' ^ V — the 
structure of "gioo algebra", i.e. the set of classical and quantum operations : A"V' 
V, : A"V^' M, satisfying two sequences of quadratic relations — "homotopy Jacobi 
identities" and "homotopy unimodularity relations" . A qLoo algebra may be understood 
as a certain one-loop completion of an ordinary Loo algebra (such objects appeared earlier 
in different context, as algebras over "wheeled Loo"operad, see [23]). We also give an 
equivalent description of qLoo structure on V', as a cohomological vector field Q on 
endowed with a consistent measure fi on Reader is referred to [16j for operadic 
treatment of the subject. 

— 14.51 We introduce the class of "BFoo theories" , associated to qLoo algebras in analogy 
with the way abstract BF theories are associated to unimodular DGLAs. Concept of a 



^It is actually at the same time a generalization and a toy model for topological BF theory, since the space of fields 

is implicitly assumed to be finite-dimensional throughout the section l4l 
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BFoo theory may be thought of as an axiomatization of the effective theory for abstract 
BF theory. Effective action for a BF^o theory is again an action of BF^o type, and we 
formulate the perturbation expansion for such induction (Theorem [5]) • In the language of 
qLoo algebras, transition to the effective theory is formulated as the homotopy transfer 
of qLoo structure to a subcomplcx V' ^ V. Also, in section B.S.ll we discuss the concept 
of equivalence for qLoo algebras, where the equivalence relation is generated by canonical 
transformations of the respective BFoo actions, and by the induction operation. 

• [5] We apply the constructions of section |4] to construct simplicial BF theory. 

— 15.11 15.21 Here we remind two well-known constructions, allowing us to define the in- 
duction data for BV integral, defining the simplicial BF action, — the construction of 
Whitney forms [30] and the construction of Dupont's chain homotopy operator [Ij. This 
exposition is based on [15] . 

— 15.31 Here we formulate the key feature of simplicial BF action — the property of sim- 
plicial locality (Theorem E]). This property allows us to reduce the problem of com- 
puting the simplicial BF action in general case to the series of universal computations 
for one standard simplex (endowed with standard triangulation) in each dimension 

= 0,1,2,.... 

— 15.41 We discuss the abstract gluing procedure for qLoo algebras, which generalizes the 
reconstruction of simplicial action for a triangulation from simplicial actions for individ- 
ual simplices. In section [5.4.21 we prove on abstract level that, under certain consistence 
conditions, the procedures of induction and gluing commute. This statement is an ab- 
stract generalization of the simplicial locality property of simplicial BF action for a 
triangulation. 

— 15.51 We obtain the explicit result for simplicial action for standard 1-simplex (Theorem 
[7|). De Rham parts of Feynman diagrams for the corresponding BV integral are given 
in terms of Bernoulli numbers, and the explicit check of classical master equation for 
the effective action (which holds by construction) yields non-trivial (but known, cf. [2]) 
quadratic relations for Bernoulli numbers — section [5. 5. II 

~ 15.61 We obtain the perturbative result for simplicial BF action for the standard simplex of 
general dimension (Theorem[H]). In section [5. 6. II we demonstrate the explicit computation 
of one-loop Feynman diagram for the case of simplest non-trivial diagram and the 2- 
simplex. 

• in] We introduce the discrete BF theory on a cubical cell decomposition of manifold. This 
discussion is a modification of the discussion for the simplicial setting. The main difference 
is the factorization property of Feynman diagrams for the cell action for standard cube. This 
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property greatly simplifies perturbative computations and leads to a series of examples where 
the cell action can be computed explicitly. 

— 16. 1[ 16.21 We discuss the construction of tensor product for induction data, which we 
use to construct the induction data from differential forms on cube to cell cochains of 
cube; and then, similarly to the simplicial case, we construct the induction data from 
differential forms on a manifold to cell cochains of a cubical cell decomposition. The 
latter induction data allows us to construct the BV integral, defining the action of the 
discrete BF theory on a cubical cell decomposition of a manifold (the "cell action"). 
In complete analogy with the simplicial setting, the cell action satisfies the cell locality 
property (Theorem [H]) . 

— 16.31 We discuss the factorization property of Feynman diagrams for the cell action for 
cube (arising from the construction of tensor product for chain homotopies) and obtain 
the perturbative result (Theorem [TU)) . 

— 16.41 Using the factorization property of Feynman diagrams, we obtain some examples 
of exactly computable cell action: torus, cylinder. Using the gluing procedure for the 
cylinder, we also obtain explicit result for the Klein bottle. Our examples are summarized 
in Statement [m 

— 16.51 We give a sketch of finite-dimensional proof of the fact that the cell action for D- 
cube satisfies quantum master equation. We argue that the problem can be reduced to 
checking certain properties (boundary factorization and closeness) for an object, living 
on interval ("FC form" on cochains of interval), which is in a sense a generating object 
for cell actions for cubes of all dimensions D. These properties can be checked explicitly. 

• [7] We discuss the action of effective BF theory on de Rham cohomology of manifold, which 
is an interesting invariant of manifolds. We discuss the possible way of computing it via 
discrete BF theory, some properties, allowing to compute it exactly in some cases, and explicit 
examples. 

— 17.11 Here we present the general picture of induction as the transfer of qLoo structure 
along morphisms in "category of retracts" and its specialization for the case of induction 
of effective action from topological BF theory. We discuss the way of computing effective 
action on cohomology via discrete BF theory. 

— 17.21 We discuss some specific properties of effective action on cohomology, allowing one 
to compute it explicitly in some cases. 

— 17.31 We give examples of explicitly computable effective action on cohomology. Of par- 
ticular interest here is the pair of examples: circle and Klein bottle. 

1.3. Open problems. Here we list some of the questions concerning discrete BF theory. 
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• It would be nice to have a finite-dimensional proof that the effective BF action on de Rham 
cohomology of a manifold, regarded modulo canonical transformation, is a PL invariant of 
manifolds. To do that, one should analyze how the effective action on cohomology, induced 
from discrete BF theory, behaves under local reconstructions of triangulation (or cubical 
cell decomposition) of manifold. Namely one should check that these reconstructions induce 
canonical transformations on the effective action on cohomology. 

• It is interesting to understand, what sort of invariant of manifolds the effective action on 
cohomology is. In particular, is it a homotopy invariant? More specifically, is it strictly 
weaker than Massey operations on cohomology plus the fundamental group? 

• One-loop effective action on cohomology of a manifold M, restricted to the Maurer-Cartan set, 
can be viewed as a perturbative approximation to the "torsion" function det{d + A) (properly 
gauge-fixed) on the moduli space of fiat connections on M, in the neighbourhood of zero 
connection. It would be interesting to calculate this torsion globally (on the whole moduli 
space of fiat connections) in some examples. A related question: is it possible to recover one- 
loop effective action on cohomology non-perturbatively, just looking at singularities of the 
moduli space of flat connections? This seems likely from our examples of Sd x Z|^-bundles 
over circle in section 17.3. 31 

• It would be good to have a finite-dimensional proof that the simplicial action for Z?-simplex 
satisfies quantum master equation, for some regularization scheme for the super-traces. We 
outlined such a proof for the cubical setting in section 16.51 but it essentially relies on the 
tensor product story. 

• One should study observables in discrete BF theory. In particular, there should be discrete 
versions of observables of topological BF theory, associated to knots [5] . 

• A very natural idea is to study the discrete BF theory, associated to a non-trivial principal 
bundle on a manifold, and its possible application to combinatorial formulae for characteristic 
classes. 

• Since the 2-dimensional BF theory is a specific case of Poisson sigma model, corresponding to 
linear Kirillov-Kostant Poisson structure on g*, one can try to write Kontsevich's deformation 
for 2* via discrete BF theory on a triangulated disk. 

• The major goal is to advance to discrete versions of Chern-Simons theory and of Poisson 
sigma model. Another interesting model, very close to Chern-Simons, is the 3-dimensional 
BF theory with cosmological term, i.e. with classical action tr J^^j B A Fa + B /\ B A B. 

1.4. References. Our main references for Batalin-Vilkovisky formalism are [3], [IS] and the original 
papers [H],[3. Also, more recent papers [TH],[17] explain the half-densities picture in BV formalism. 
Concept of the effective BV action is used in [4] , [23] and an alternative understanding of effective BV 
action is proposed in Homotopy transfer for classical A^d algebras is explained in [51], for the 
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transfer for gLoo algebras of. [16]. Historical references for BF theory in Batalin-Vilkovisky formalism 
are |17j.[29j and a review of the subject is given in We also borrowed two important constructions 
from paper [15j : Whitney forms on simplex and Dupont's chain homotopy (the historical references 
are [30], [M]). 
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This section is a very sketchy recollection of basics of super-geometry and BV formalism. Our 
discussion of the geometrical principles of BV formalism is mostly based on A. Schwarz's paper [26j . 
so the space of fields is supposed to be a finite-dimensional Z-graded manifold (following the physical 
tradition, we are using Z-grading here instead of Z2-grading). The main references are [26], [3] .[18] .[271. 
One of the aims of this section, as well as of section [31 is introducing notations and sign conventions. 

2.1. Gerstenhaber algebras and Batalin-Vilkovisky algebras. 

Definition 1. A Gerstenhaber algebra (or "odd Poisson algebra") is a graded commutative algebra C 
endowed with an odd Poisson bracket of degree +1 (also called the anti-bracket), i.e. a bilinear map 
{•, •} : C ®C ^ C satisfying the following relations: 



2. Preliminaries: introduction to Batalin-Vilkovisky formalism 



e{{X,Y}) = e{X) + e{Y) + l 



(1) 



{A,y} = -[-i)i<w)«y)+i){Y^x} 



(2) 



(_^)(£(X)+i)(e(Z)+i)|^^ {y^ Z]] + cycl.perm. X,Y,Z = Q 



(3) 



{XY, Z} = X{Y, Z} + (-l)^f*'' (^(^)+i){A, Z}Y 



(4) 



{A, YZ} = {A, Y}Z + (-l)(^(^)+i) ^(^)r{A, Z} 



(5) 



for any homogeneous elements X,Y,Z E C. Here e(A) e Z denotes the degree of X in C. 
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Relations (|1I2I3P mean that the anti-bracket endows C[l] with the structure of graded Lie algebra, 
while relations (I4I5P mean that the anti-bracket is a biderivation of the commutative multiplication 
onC. 



Definition 2. A Batalin-Vilkovisky algebra is a graded commutative unital algebra C, endowed with 
a BV Laplacian, i.e. a linear map A : C — > C satisfying the following relations: 

e{AX) ^ e{X) + 1 (6) 

A2 = (7) 

A(l) ^ (8) 
A{XYZ) = A{XY)Z + ^(^)rA(XZ) + {~1)<^'>XA{YZ) - 

-A{x)YZ - (-i)'=(-^)xA(y)z - (-i)^(^)+^c*')xyA(z) (9) 

for any homogeneous elements X,Y, Z ^ C. 

Relation ^ is the Leibniz identity for a second order differential operator. A BV algebra is 
automatically a Gerstenhaber algebra with anti-bracket 

{X, Y} = A{XY) - (-l)'(^)A(X)y - XA{Y) (10) 

and moreover the BV Laplacian is a derivation of this anti-bracket: 

A{X, Y} = {AX, Y} + AY} (11) 

This implies that A and {, } endow C[l] with the structure of differential graded Lie algebra. 

Example. If is a graded vector space, then the algebra of polynomial functions on ^ ® 1], 

i.e. 

c = s'{v e v*[-i]y ^ [S'v*) (g) {s'v[i]) 

has a canonical BV algebra structure. If (a;*) are (homogeneous) coordinates on V and (^i) are dual 
coordinates on 1] then the BV Laplacian is 

A = y(-i)^(-')— — 



and the corresponding anti-bracket is 

dx'^ d^i d^i dx 



for /,g e C. 
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2.2. Z-graded manifolds. 

Definition 3. We call a Z-graded manifold M = 0j,g2 Al*' a sum of vector bundles over a smooth 

manifold A^o (the body of A4), where we suppose that the rank of vanishes for all hut finitely 
many values of k. The ring of functions on M. is defined to be the graded (super-) commutative algebra 
of sections 

Fun(At) := TiMo, S'Ml,,^ ® A'At^dd) = ^Mo, S'A^e^en) ®coo(a,„) T{Mo, A'M^^) 

where A^even = ©fe At^*^, Atodd = 0^ At^'^'*'^ are even and odd parts of M. respectively, S' and A* 
denote the sums of symmetric powers and of exterior powers of the bundle respectively, and F is the 
space of sections of bundle. Grading is defined by assigning degree —k to sections of {M.'^)* . 

If {x^) arc local coordinates on an open subset J7o C A^o and (x") '^^'^ coordinates in the fiber of 
M. then we say that {x^ ,x"') are local coordinates on [/ = 7r~^f/o C At, where tt : At — + Mo is the 
projection to base. For the ring of functions we have 

Fun(A<)|c/^C°°(?7o)®K[x"] 

where we treat coordinates x" corresponding to odd directions in M. as Grassman variables. In what 
follows "graded" will always mean "Z-graded" . 

Definition 4. The odd tangent bundle r[l]A^ of a graded manifold M. is a graded manifold represented 
by the bundle 0fc£z(T'[l]At)'' over M.q where the elements of grading are defined as 



(r[l]Al)'= : 



TAto e Al"^ e At° fork = -l, 
_/\4fe+i forky^-1 

Ring of functions on T[l]Ai is defined as 



Fun(T[l]At) := fi*(Ato) ®coo(Mo) Pun(At) «)coo(Mo) Pun(At[l]) 

where f2*(AJo) is the algebra of differential forms on Ado- A k-form on Ato is understood as element 
of degree k in Fun(T[l]AI). 

If (a:*) are local coordinates on At and (V'*) are coordinates in the fiber of r[l]At (as a bundle over 
A^), then for the degrees of coordinates wc have e('(/'*) = e(a;*) + 1. Functions on the odd tangent 
bundle T[1]A1 are called differential forms on At: 

n'{M) := Fun(T[l]A^) 

Vector fields on At are understood as the derivations of algebra Fun(At): 

Vect(Al) := Der(Fun(Al)) 
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{T*[-l]My := 



An important vector field on a graded manifold is the Euler vector field E, acting on homogeneous 
functions / e Fun(AI) as 

E{f) ■■= <f)-f 

where e(/) is the Grassman degree of /. 

Definition 5. A vector field Q on a graded manifold A4 is called "cohomological" if e{Q) = 1 (i.e. 
applying Q to a function increases degree by 1) and = 0. A graded manifold endowed with a 
cohomological vector field {A4,Q) is called a Q-manifold. 

In particular, for any M there is a natural cohomological vector field on the odd tangent bundle 
T[l]j\4 — the de Rham differential on Q*{M). In local coordinates it is written as 

Definition 6. The odd cotangent bundle T*[—l]Ai of a graded manifold M. is a graded manifold, 
represented by the bundle ©fegzl?"*!— 1]-A4)^ over Ado where 

T*Mo®M^®{M°y fork = l, 
M''®{M^-'')* forkj^l 

The ring of functions on T*[—l]Ai is 

Fun(T*[-l]A^) := V'{Mo) «>c~(>,o) Fuii(A4) «)co=(Xo) Fun(A^*[-l]) 

where V*(A4o) is the space of polyvector fields on Aio, and a k-polyvector is regarded as an element 
of degree -k in Fun{T*[-l]M). 

If (a;') are local coordinates on A4 and (^i) are coordinates in the fiber of T*[— 1]A^ (as a bundle 
over A4), then the degrees of coordinates satisfy e{x^) + e{^i) = —1. 

Definition 7. The Berezinian bundle of a graded manifold A4 is the following linear bundle over Ado • 

Ber(7W) = A'i™^°T*[-l]Mo ® A*^"™"M:ven[-l] ® A-'^'^^'^^Modd 
Its sections /j. G r(A^o, Ber(A^)) are called the Berezin measures on A4. 

Integration over a graded manifold is defined as the linear map 

/ : Fun(A^) ^coo(Mo) ^{Mo, Bev{M)) ^ K 
Jm 

that associates to a function / = /even /odd and a Berezin measure ^ = /Xodd ® /icvon (where 

/even S Fun(Meven), /odd € Fun(A^odd), Meven € T{A4o,'Ber{A4even)), Modd & r{A4o, A'^^-''' Adodd)) 

the integral 



/ fl^'= /even < /odd,Modd > Me 
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Here < •,• >: A'M^^^ (X) A*A^odd C°°{Mo) is the fiberwise canonical pairing. We will use the 
notation 

Mes(X) := Fun(X) ®c~(Xo) T{Mo,BeT{M)) 

for the space of integration measures which are allowed to be non-constant in the fiber of A4 (as a 
bundle over Mq), so that the integral is a map Jj^ : Mes(Al) M. 
For the Berezinian bundle of odd cotangent bundle we have 

Ber(r*[-l]>l) = Ber(Al) (g) Ber(>l) (12) 

2.3. P- manifolds. On the odd cotangent bundle T*[—l]Af of a graded manifold Af one has a natural 
2-form of grade -1 

UJ = ^(-l)^(^')(5a;* A S^, (13) 

i 

where (x') are local coordinates on Af and (^i) are the conjugate coordinates in fiber ("grade" here 
means total degree minus the de Rham degree of the form). 

Definition 8. Graded manifold M is called a P -manifold (or "odd symplectic" , or "anti-symplectic" 
manifold) if it is endowed with a 2-form lu of grade —1 and A4 can be covered by a system of open 
neighbourhoods (Ua), each equipped with a Darboux coordinate system (a:^^^, ^(q.)^); so that in each Ua 
the form to is canonical hl^fl and the transition maps (jjap are symplectomorphisms, i. e. (j)*^fjOj = lo . 

By definition, each P- manifold locally looks like T* [—1\M for some M (and M can always be chosen 
to be purely even). Actually, a stronger global statement holds: 

Theorem 1 (A. Schwarz, |26]). Each P-manifold Ai is equivalent (symplectomorphic) to the odd 
cotangent bundle T*[—l]J\f for some Af which can be chosen to be purely even. 

Note that this statement does not have an analog in ordinary (even) symplectic geometry where 
the problem of classifying symplectic manifolds is much harder. 

The ring of functions on a P-nianifold A4 has the structure of Gerstenhaber algebra where the 
anti-bracket in Darboux coordinates is written as 



for f,g £ Fun(A^). Suppose in some (non necessarily Darboux) coordinate system {z"") the odd 
symplectic form is 



UJ= ^UJab{z)Sz°- ASz'' 



then the corresponding anti-bracket is 



dz'' dz'' 
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Another important difference between P-manifolds and ordinary symplectic manifolds is that 
the former do not possess a canonical measure, while for the latter one has the Liouville measure 
.^__i_^__i^<iimM/2 canonically constructed from symplectic form u). In odd symplectic case this 
expression does not make sense since the measure is not a differential form, and also because anti- 
symplectic form is always nilpotent: lu A uj = 0. 

Definition 9. A QP-manifold is a P-manifold endowed with a cohomological vector field Q, preserving 
the odd symplectic form, i.e. Lie derivative of to along Q vanishes. 

Such Q is necessarily Hamiltonian (see [3]), i.e. there exists a function S*" G Fun(A^) of degree 
e{S°) = such that Q = S° = {S",»}. 

Borrowing the terminology of classical (Hamiltonian) mechanics, we call the pull-back action of a 
symplectomorphism on functions 4>* : Fun(AI) —>■ Fun(A^) the "canonical transformation" . Canonical 
transformations are automorphisms of Gerstenhaber algebra Fun(A^), i.e. they preserve grading, 
multiplication and anti-bracket. Infinitesimal canonical transformation acts on functions as 

+ (15) 

where the function B E Fun(AI) of degree e{R) = — 1 is the generator of infinitesimal canonical 
transformation. 

Lagrnagian submanifolds of a P-manifold are introduced just as in ordinary symplectic geometry, 
i.e. a submanifold £ C is called symplectic if c^j^ — and dim£ ~ ^ diniA^. 

There are two standard constructions of Lagrangian submanifolds that will be important for us: 
small deformation of a given Lagrangian submanifold defined by a gauge fixing fermion, and the 
construction of odd conormal bundle. The first construction is as follows. Suppose M has the form 
of odd cotangent bundle M = T*[—1]JV with standard P-structure and coordinates in base and 

in fiber. Then J\f C M is itself a Lagrangian submanifold and its deformation in the class of 
Lagrangian submanifolds is defined by a function ^'(a;) e Fmi(A/') of degree e(^') = —1 (the "gauge 
fixing fermion" ) as 

>C*:-|(a;,OI6 = -^*(a;)} (16) 

Observe that in coordinates (x'', 4') related to coordinates {x'^,£,i) by canonical transformation x'^ = 
+ {x'\ — = x\ ^- = + {Ci, the Lagrangian submanifold is given simply as ^' = 0. 
The second construction is the following. Suppose again A1 = T*[—1\M and let /C C A/" be a 

submanifold of the base. Then the odd conormal bundle N*[—\\K. C is defined as 

iV*[-l]/C:-{(a;,Oke/C,ar,/C} (17) 

So N*[~1\JC is a bundle over JC where the fiber over point x G /C is the subspace of covectors ^ e 
T*[—1]M, orthogonal to the tangents space to K, at point x. These two constructions are in a sense 
enough to describe all Lagrangian submanifolds due to the following theorem. 
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Theorem 2 (A. Schwarz, |26j). Every Lagrangian submanifold C C T*[—l]M may be continuously 
deformed to submanifold of type \17^ for some K, C A/". 



If £ C Al is a Lagrangian submanifold then locally, in neighbourhood of £, Al is equivalent to 
T*[-l]£. 

2.4. S'P- manifolds. There are two approaches to define the "BV manifold". The first approach is 
due to A. Schwarz a BV manifold is an "5'P-manifold" i.e. odd symplectic manifold endowed 
a measure (satisfying certain consistency condition) , then from this data one constructs BV Laplacian 
on functions, thus making Fun(A^) a BV algebra. The second approach, explored in [18], [27], will 
be briefly sketched in section [^751 here the BV manifold is just a P-manifold (without the choice of 
measure), and the BV Laplacian is canonical in every system of Darboux coordinates, but instead of 
functions it acts on scalar densities of weight 1/2 (the "half-densities"). 

Definition 10. S P -manifold is a P -manifold A4 endowed with a measure fi G Mes(A^) consistent 
with the odd symplectic form lu. Consistency means here that Ai may be covered by a system of open 
neighbourhoods (Ua) such that in Darboux coordinates {x^f^^y S,(^ct)i) on each Ua the measure coincides 
with the coordinate Berezin measure, i.e. fi = Y[i'^^la)'^^{a)i (cmd the form lo is canonical and 
all transition maps are unimodular symplectomorphisms, i.e. (fi^p^ — ^ ^'^'^ Jacobians equal 1: 

Jac(0a;3) = p., ' \ = 1 

For an arbitrary coordinate system {z'^) we call the measure /icomd = Yia '^■^'^ coordinate 
measure (associated to the given coordinate system). If /i = p{z) ficooid is an arbitrary measure, 
we call p the density of measure (in coordinates (z°)). Under the change of coordinates 4> density 
transforms as p i-^ p' = Jac((/)) • (j3*p, i.e. p{z) i-^ p'{z') — -§§7 p(z). 

Measure /i on Al defines the divergence for vector fields div^ : Vect(A^) — > Fun(Al) by relation 



v{f)l^ / div^w • fii 

M JM 

for a given vector field v e Vect(A^) and arbitrary function /. If in local coordinates (z°) on M the 
measure /i has density p{z) then the divergence acts as 

a a r\ J 

On a S'P-manifold A4 from the measure /i one constructs the BV Laplacian : Fun(A^) 
Fun(A^) that sends a function / to (up to a factor) the divergence of the Hamiltonian vector field 
/ = {/,•}: 

= i-if^^ldWj = (-l)^(/)ldiv4/,.} 
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In local Darboux coordinates {x'^,£,i) where measure /i has unit density (these coordinates exist by 
definition of 5P-manifold) , operator has canonical form: 

which immediately implies A^ = 0. Hence A^ endows Fun(A^) with the structure of BV algebra. In 
general coordinate system {z"') the BV operator is 

1 d d 



The anti-bracket, defined on functions by (jlOp coincides with the anti-bracket constructed from odd 
symplectic form and does not depend on the choice of measure ^. 

If one multiplies the measure by a function g e Fun(Al) of degree e{g) = the BV Laplacian 
changes as 

^ Agf, ^ A,, + {ilog.g,«} 

The condition that new BV Laplacian is nilpotent is a nontrivial condition on function g: 

Al^=0^ A^.gi/2 = 

2.5. Integrals over Lagrangian submanifolds. Let Al be a 5P-manifold. Then on Lagrangian 
submanifolds £ C M one has the induced measure ^/JI\c■ Let (3;^,^^) be the coordinate system 
on M where C is given by — 0, and let p be the density of measure fi in these coordinates, 
i.e. fi = p{x, £^)Yli'Dx^'D£^i G Mes(A^). Then the induced measure on C may be locally written as 
= p{x,Oy^^ll,^Vx^ £ Mes(£). Due to the property ^ of B erezinian bundle, taking square 
root of measure on an odd-symplectic manifold is a natural operation. 

The following odd symplectic version of Stokes' theorem is the key statement in BV formalism. 

Theorem 3 (Batalin-Vilkovisky [6], A. Schwarz [25). (1) Let £i,£2 C Ai be two Lagrangian 
submanifolds in SP -manifold Ai, such that Ci can be continuously deformed to £2 in the 
class of Lagrangian submanifolds. Let f G Fun(Al) be a function satisfying A^f ~ (i.e. f 
is BV cocycle). Then 

I f-VTAc, - / f-VJ^\c. (18) 

(2) Let C d A4 be a Lagrangian submanifold in SP-manifold M. and let f G Fun(Al) be a 
function. Then 

J^A^f-^\c = (19) 

Actually, in |26| a stronger version of (|18p is proven: one can relax the requirement that Ci can be 
deformed into £2 iu the class of Lagrangian submanifolds to the condition that projections of Ci and 
£2 to the body Mq of M are homologous. 
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An alternative to Schwarz's approach to BV manifolds is the following. Let now Mhe a P-manifold 
(without additional 5-structure). Define the BV Laplacian in any Darboux coordinate system as the 
canonical one: 

Then we cannot say that BV Laplacian acts on functions, since A/ would not transform as a scalar 
under canonical transformations. Instead we have to say that A acts on scalar densities of weight 1/2 
(the half-densities), i.e. 

X € HalfDens(X) Fun(A^) «) r(Alo, Ber(7W)®^) 

Canonical transformation acts on half-densities as x i— > Jac(0)^^^ • 0*X- An infinitesimal canonical 
transformation with generator R acts on half-density x ^-s 

x^x + {x,R} + x^R (20) 

An integral of a half-density over Lagrangian submanifold is understood in the following sense. Let 
(x*, ^i) be Darboux coordinates on A4 where C is given by = and let x(a;, ^) be the half-density 
in this coordinate system. Then integral of x over £ is understood as 



X / X 



c 



Statements p8ll9p in the language of half-densities are: 



X = / X 

for any half-density x G HalfDens(A^) satisfying Ax — 0, and 

Ax = 



c 

for any half-density x € HalfDens(A^). 

So in Schwarz's picture the BV Laplacian acts on functions on S'P-manifold and is not canonical, 
but depends on the choice of measure, while in the picture of half-densities the BV Laplacian acts 
on half-densities on a P-manifold and has canonical form in every Darboux coordinate system. The 
correspondence between the two pictures is as follows: there is a non-canonical isomorphism between 
functions and half-densities on a P-manifold: 

Fun(7W) ^ HalfDcns(Al) (21) 

which uses reference S'-structure and sends / G Fun(A^) to x = f^/p G HalfDcns(A^) where p is the 
density of reference measure. The obvious advantage of Schwarz's picture of S'P-manifolds is that it 
defines a BV algebra structure on Fun(A^) while the advantage of picture of half-densities is that is 
more canonical. A very elegant homological algebra construction of space of half-densities together 
with BV Laplacian on it is proposed in [27] . 
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In most part of present work we will be dealing with the situation where the space of fields is 
just a graded vector space (with P-structure) and Lagrangian submanifolds are vector subspaces. 
Here we have the preferred measure (canonical up to constant factor) — the Lebesgue measure, and 
so isomorphism (f2T|) becomes canonical (up to constants). This will allow us to forget the subtle 
difference between functions and half-densities. 

2.6. Master equation. From now on we need to allow functions on graded manifolds to be formal 
power series in "Planck constant" h (an infinitesimal formal parameter). 

Let be a 5P-manifold. Consider functions on M of form e^^'^ where 5 = 5''' + hS^ + h^S"^ + ■ ■ ■ 
is a function on regular in h. We say that 5 satisfies the quantum master equation if 

Ae^/'^ = (22) 

(where A denotes the BV Laplacian, associated to the 5P-structure) or equivalently 

i{5,5} + ftA5 = (23) 

(note that this is just the Maurer-Cartan equation on S/h for the dg Lie algebra structure (A, {•, •}) 
on Fun(AI)). A solution of quantum master equation is called the BV action (or master action). In 
terms of decomposition in Planck constant 5 = 5*' + hS^ + ?i^5^ + • • • the quantum master equation 
is equivalent to the system of equations 

{5", 5°} = (24) 
{S°,S^} + /^S° = (25) 
{5°,5'} + i{5\5i} + A5i = (26) 



Equation (|24p is called the classical master equation on 5". Hamiltonian vector field 

Qm-^S~^ = {S\*} (27) 

generated by a solution of classical master equation is called the BRST operator on M (this is a 
BRST operator on BV manifold unlike the BRST operator that we will encounter in section [X^ . It 
satisfies = 0, i.e. it is a cohomological vestor field on M. 

Given a solution of classical master equation 5** we have a series of obstructions for extending it 
to a solution of quantum master equation, as seen from (f25|) , ([26| , . . . Namely, for equation ([25]) on 
5^ to be solvable, we need the class [A5"] G ifg^ (Fun(A^)) in cohomology of BRST operator to 
vanish. Then for equation (dH) to be solvable, we need the class [A5^ + i{5\5^}] G -ffg^ (Fun(A^)) 
to vanish, and so on. In particular, if i/g^ (Fun(A^)) = 0, all the obstructions vanish automatically 
and hence 5° can be extended to a solution of QME. 
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An important role in BV formalism is played by another nilpotent operator constructed from a 
solution of quantum master equation: 

Sbv = {S, •} + hA = QM+ KS^ + A) + h^S^ + h^S^ + ■■■ 

The operator 6bv is a deformation of Qm and it is related to the operator HA by a similarity trans- 
formation: 

Sbv = he~^/''Ae^'^ 

Unlike Qm i the operator 5bv is of order 2 and hence cannot be geometrically interpreted as a vector 
field on M. 

If S" is a solution of quantum master equation and R G Fun(A^) is a function of degree e(i?) = — 1 
and regular in fi, then 

S' + {S, R} + hAR + SbvR (28) 
is also a solution of quantum master equation in lowest order in R, since one can equivalently write 

gS'//i ^ gS/n ^ A(e^/''i?) (29) 
The transformation (the "canonical transformation of action" ) 

S>~^ S' = S + {S,R} + hAR (30) 

can be understood as the infinitesimal canonical transformation of function S with generator R, plus 
the effect of changing the reference measure (the last term in[3D|). I.e. the fact that A^e'^ ^'^ — (where 
fj, is the original chosen measure on A4) can be reinterpreted as A^^e'^^^'' = where — S + {S, R} 
is the action transformed as a fmiction and jiB — e^'^^/i is the transformed measure. 

In the alternative picture one says that the original manifold did not carry S-structurc, BV Lapla- 
cian is canonical and independent of coordinate transformations, and then S is not a function, but 
rather a "log-half-density" (meaning that x — e'^^'* is a half-density; to make sense of this definition 
and be able to take exponentials, one still has to use isomorphism (|2ip for some reference measure). 
Then one recognizes in (|30p the transformation rule ([201 for half-densities. 

Due to Batalin-Vilkovisky theorem (US]), for any chosen Lagrangian submanifold £ C A1, the 
integral j^e^^^ ■ ^/Jji\c is invariant under canonical transformations of action (this is obvious from 
formula (|29p ). Two solutions of quantum master equation related by a canonical transformation are 
considered physically equivalent BV actions. 

Gauge transformations in BV formalism. Classical part of BV action S*" generates its own 
gauge symmetries in the following sense. Hamiltonian vector fields generated by derivatives of S'^ 

- = (|^*°'-' 

annihilate the classical part of action = 0, as a consequence of classical master equation ([M)) . 

Derivatives i?° — -^S^ along coordinates z°- of degree e(z") = +1 may be interpreted as generators 
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of canonical transformations, preserving S*". Analogous statement holds for the full BV action S: 

a 



infinitesimal canonical transformation with generator Ra — jf-^S preserves S, since S* i— > 5 + S^yRa 



and SbvRu = as implied by 



3. Preliminaries: gauge fixing 



In sections 13.11 13.21 13.31 we give a brief review of three main methods of solving the problem of 
gauge fixing (i.e. the problem of constructing the perturbatively well-defined functional integral for a 
gauge theory): Faddeev-Popov method, BRST and BV methods. In section [SHI we briefly discuss the 
gauge fixing for topological BF theory in BV formalism. 

We will call the Z-grading on spaces of fields which will arise here the "ghost number" and denote 
it as gh. We consider only purely bosonic gauge theories here and hence we need not introduce the 
more complicated Z © Z2-grading on spaces of fields. 

3.1. Gauge fixing: Faddeev-Popov method. Let Tci be the manifold of classical fields with 
coordinates (a;*) (classical fields have ghost number 0). Let Q he a Lie group of gauge symmetry 
acting on Tci 

i.e. we have a group homomorphism from Q to group of diffcomorphisms of Td'- 

n-.g^ Diff(.Fe/) 

where we suppose that k is injective (i.e. the action of Q on J-d is irreducible). The group action 
induces the Lie algebra homomorphism from Lie algebra ^ of to vector fields on J-d : 

d 

k:ea^Va= vl^{x)—— e Vect(J^c;) (31) 

where (bq) is a basis in A. Finally, let Sd G Fmi{J-'d) be a fj-invariant function, the classical action of 
gauge theory. So Sd can be viewed as a function on the orbit space: Sd G Fmi(J-d/g)- The problem 
of gauge fixing is to make sense of integral 



so that it could be computed by stationary phase method. Gauge symmetry of Sd implies that 
the Hessian of action in any stationary point is degenerate and the perturbative expansion is not 
well-defined. A natural way to understand integral ([5^ would be as an integral over coset 



e^/'* (33) 

But this answer is not satisfactory from physical point of view where J-d and Q are usually spaces of 
sections of certain bundles on a manifold (the space-time) , and one would like to understand (|32p also 
as an integral over space of sections of some bundle on space-time. 
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The main idea of Faddeev-Popov method is the following. Choose a function </) : Td A such 
that each orbit of ^-action intersects the surface 0~^(O) C Td only once (i.e. 0^^(O) ^ TdlQ)- The 
integral over coset p3p is then rewritten as 

/ e^-/''n'5('^"(^))-det(<(^)^'^'^(.^))n^^' (34) 

and the important statement is that this expression is invariant under deformations of function 0. 
Delta functions in p4|) localize the integral to the surface 0^^(O) C Tci while the determinant ensures 
the invariance under deformations of Finally, introducing additional Grassman fields c", Cq, with 
ghost numbers +1 and -1 respectively and the Lagrangian multiplier Aq with ghost number 0, we can 
rewrite ((34|) as the integral 



I e^'"'/''Y[Vx'Y[Vc°'Vca,V\^ (35) 

over extended space of fields 

Tfp^:Fci®A[1]®A*[-1](SA* (36) 
with coordinates {x'\ c",Ca,Xa) for the Faddeev-Popov action 



Sfp{x,c,c,X) := Sd{x) + Xc^ri^) + ca^^^^g^vpi^y" (37) 



Integral ([35|) is perturbatively well-defined and does not depent on choice of gauge. Hence it solves 
the problem of gauge fixing for the integral (|32p . 

Remark. We were implicitly assuming that the coordinate measure on Tci is invariant under 
CJ-action, or equivalently 

div Vc = (38) 

Example: Yang-Mills theory in Lorenz gauge. Let AI be a Riemannian manifold (the 
space-time), let G be a gauge group and g its Lie algebra. Then for the Yang-Mills theory we set 
Tci = 0(g) rJH^) — the space of connections on trivial G-bundle on M. The group of gauge symmetry 
isQ = G^^, i.e. the group of fiberwise rotations of the principal bundle. Its Lie algebra A — ri°(Af) 
acts on connections A G J-^ by the usual gauge trasformations A t—f A + dACt where a G ^ is the 
generator of gauge transformation and (Ia = d + [A, •] is the covariant differential. Classical Yang- 
Mills action is SaiiA) = jti's J^j^Fa A Fa where * : n*{M) n<^'"'i^^^-'{M) is the Hodge star, 
Fa = dA + A /\ A is the curvature of connection A, and the trace tr^ is evaluated in the adjoint 
representation of g. Lorenz gauge for Yang-Mills theory corresponds to choosing the gauge fixing 
function cj) to be the Hodge operator cj) — d* : g U^{M) ri'^(M). This choice of (j> produces 

the Faddev-Popov action 



Sfp ^ Sci{A) +tr XAd*A + ti cAd*dAC 
Jm Jm 
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where c, c and A are g-valued 0-, dim(M)- and dim(M)-forms respectively, with ghost numbers +1, 
-1 and 0. We used the pairing tr J • A • : A®^ — > M here to identify A* with A in Without using 
this identification we should have written 

Sfp = SciiA)+ <X,d*A> + < c, d*dAC > (39) 

and understand c as a g-valued 0-form and c and A as g*-valued 0-currents. Here < •,• > is the 
canonical pairing of g-valued forms and g*-valued currents. 

3.2. Gauge fixing: BRST formalism. The framework of BRST formalism is as follows. One 
embeds the manifold of classical fields J-d into 0-th degree of the Z-gradcd manifold of BRST fields 
-^BRST- We call grading on J^brst the ghost number gh. In addition, J-brst is a Q-manifold in 
terminology of [5], i.e. the algebra of functions Fun(jFBRST) is endowed the derivation (the "BRST 
operator") Q, satisfying — 0, gh{Q) = 1 (in the language of super-geometry Q is called the 
cohomological vector field on .Fbrst)- Also, J-brst is endowed with a Q-invariant measure ^, i.e. 
div^Q = 0. This implies that the integral of a BRST coboundary vanishes: 

/ (Q/)m = (40) 

for every / e Fun(jFBRST)- There are two more conditions that relate the data of BRST formalism 
(•^BRST, Q) to the data of classical gauge theory: 

• classical action is a BRST cocycle: 

QSci = 

• -^^BRST is a resolution of the space of orbits of gauge symmetry TdjQ in the following sense: 
cohomology of Q in ghost number is isomorphic to ring of functions on Td /Q ■ 

i/^(Fun(.FBRST)) - FnniTci/g) 

For the situation of section [3T] i.e. for a gauge theory with simple (meaning irreducible, closed) gauge 
symmetry, the minimal BRST resolution is constructed as 

.FniinBRST = J'cl © ^[1] (41) 

In coordinates (a;',c") the BRST operator is 

Q.ni„ = + if^.^'^'^ (42) 

where /^^ arc structure constants of the Lie algebra of gauge transformations A. The condition 
Qmin'5'c; = is equivalent to the t/-invariance of Sd- The condition (5^jj,j = encodes the Jacobi 
identity for structure constants /^^ together with the condition that (|3ip is a homomorphism. Thus, 
in BRST formalism all the information on the Lie algebra of gauge symmetry A and its action on 
J^d is encoded in the (minimal) BRST operator Qmin- If holds and A is unimodular (which 
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means /"^ = 0), we have divQ — (with respect to the coordinate measure), and thus we can take 

Gauge fixing in BRST formahsm is done as follows. Choose some function ^ € Fun(jFBRST) with 
gh(^') = — 1 (the gauge fixing fermion). Then formally, due to ((40|l . we have 



L 



and the right part does not depend on "if (if it is defined). So in BRST formalism one has to take 
some gauge fixing fermion 'J such that the integral 



gRv-c. . -/^ (43) 



is perturbatively well-defined and declare it to be the value of ill-defined expression ((32|) . 

Minimal vs. full BRST (auxiliary fields). Condition of existence of such ^' that is 
well-defined, forces us to extend (.FminBRST, Qmin) to some larger BRST manifold (.FtuiiBRST, Qtuii)- 
Indeed, in Fun(J^niinBRST) there are no functions of ghost number —1 at all. To solve this problem, 
we can extend the space of BRST fields without changing the cohomology of Q: 

•^minBRST ^ -^^fuUBRST = -^^minBRST © ^[IJVaux (44) 

where Vaux is some graded vector space and T[1]Vaux — Vaux ffi Vaux[1] is its odd tangent bundle. 
Since Fun(T[l]VAux) is identified with the de Rham algebra ri*(VAux), we have a natural cohomological 
vector field on ^[IJVaux — the de Rham differential dy^ux — '^^ 'S^- Here (c^, A^) are coordinates in 
the base and fiber of r[l]VAux respectively. We extend the minimal BRST operator as 

Qmin QfuU = Qmin + C?Vaux (45) 

Clearly, the cohomology of BRST operator after this extension gets tensor multiplied by de Rham 
cohomology of Vaux (which is contractible), and hence do not change at all. We extend the integration 
measure trivially as /imin /^fuU ~ AiminMAux where /iaux — Yii 'Dc^'DX^ is the Lebesgue measure on 
Vaux (it is defined up to constant factor). 

For the theory with irreducible gauge symmetry we can take Vaux — .4*[— 1]. Then the full space 
of BRST fields is 

^fuUBRST = © ^[1] © T[l](^*hl]) 

(which indeed coincides with and the full BRST operator is 



Now we can construct the gauge fixing fermion ^' using the same object as in Faddeed-Popov method, 
i.e. the function : Td A: 

* = c„</)"(x) (46) 
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Then the BRST action 

Sci{x) + Qfuii^' = Sci{x) + Cc,-^v}iixy + K4>°'{x) 

is exactly the Faddeev-Popov action ([57)1 . 

Case of reducible gauge symmetry. BRST formaUsm works also in the case of reducible (but 
closed) gauge symmetry, i.e. when the action of the group of gauge symmetries ni : Qi ^ T)\&{!Fci) is 
reducible (has nonzero kernel). Then there is another group Q2 acting on Qi by right shifts, i.e. there 
is a group homomorphism ^2(2;) : Q2 — > RShifts(t?i) depending in general on a; G Td (we denoted the 
group of right shifts of Qi by RShifts(f/i)). Using the identification RShifts(C/i) = Qi (that sends a 
right shift to its value on the unit element 1 G ^1) we say that k,2 is a homomorphism K^ix) : Qi ^ Q2 
depending on a point x G Td- The exactness condition is that the image of K2{x) coincides with the 
stabilizer of a; G Td in Qi. 

im(K2(a;)) — Stabj; C Qi 

If the action ^2(2;) is again reducible, we introduce the next stage of reducibility tower, the group 
and homomorphism k^{x) : — > RShifts(Cy2) ~ Q2 with the condition im(K3(a;)) = ker(K2(a;)) G Q2 
etc. up to some stage p where ker(Kp) = {1} C Qp (the action Kp is irreducible). Thus, we have an 
exact sequence of group actions 

QpO---OQ2 0giOJ'ci 
or, equivalently, an exact sequence of group homomorphisms 

Gp > • • • > ^2 > Gi — > T)\n{Tci) 

In terms of infinitesimal gauge transformations, we have an exact sequence of Lie algebra actions 

ApO ■■■ O A2O AiO Tci (47) 

or, equivalently, an exact sequence of Lie algebra homomorphisms 

Q Ap > • • • > A2 > Ai — > Vect(J^ci) (48) 

where homomorphisms ^2(2;), . . . , kp{x) depend on a point x G Td and the exactness conditions are: 
im(K2(a;)) = Stabj; G Ai, im(K3(a;)) = ker(K2(a^)), ker(Kp(a;)) = 0. Alternatively, one can say 
that the reducibility tower of infinitesimal gauge symmetry is an exact sequence of Lie algebroids over 
Td (and morphisms of Lie algebroids) 

Q-^Apy<Td^ >A2y<Td-^Aiy<Td^ TTd 

Here Ai x Td is understood as an algebroid over Td with anchor ki : Ai x J^d ~^ TJ-'d (the anchor 
map relation here is equivalent to the fact that ki : A\ — > Vect(J^c/) is a Lie algebra homomorphism). 
Other stages A2 x Td, ■ ■ ■ , Ap x Td are understood as algebroids over Td with zero anchor. Maps 
K2, . . . , kp here are fiberwise Lie algebra homomorphisms. 
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The minimal space of BRST fields is constructed for the case of reducible gauge symmetry as 

.^'minBRST = ® Al [1] ® ^Iz [2] ® • • • ® A^^v] (49) 

with coordinates e Fun(jFc/) (the classical fields, gh(a::*) = 0), c"^ G Fun(yli[l]) (ghosts for the 
classical fields, or "first ghosts", gh(c"^) — 1), e Fun(y^2[2]) (ghosts for the first ghosts, or 
"second ghosts", gh(c2^) — 2) etc. The BRST operator Qmin is constructed from structure constants 
of the algebraic structure ([47]) . The full BRST space of fields is defined as before (j44|) but Vaux is now 
the following (cf. [7 ): 

l^Aux= Vab (50) 

\<B<.A<-p 



where 



I.e. 



A\{-A + B-\\ for S odd 
Aa\A-B\ for S even 



^^Aux= A\\~\\® 

(^^[-2]®^2[0])® 
(^^[-3]®^3[1]®^5[-1])® 



And, as in (|45p . we extend the minimal BRST operator by the de Rham operator on Vaux- 

Example: abelian p-form field. A simple example of gauge theory with reducible gauge sym- 
metry is the free abelian p-form field. Here Td = l^P(Af ), i.e. the classical field a; is a p-form on a 
Riemannian manifold M (the space-time). The classical action is Sd — J^.j *dx A dx where * is the 
Hodge star. This action possesses abelian gauge symmetry x ^ x -\- dxi with xi £ Ai = ilP^^{M). 
This symmetry is reducible if p > 2: one can shift xi by an exact form xi xi + dx2 where 
X2 e Ap = ri^^^(M) etc. Thus the gauge symmetry tower for this case is just a piece of de Rham 
complex 

^ n^{M) ^ • • • ^ np-^{M) ^ np~\M) ^ np{M) 

We wrote nP{M) instead of Vect(f7P(M)) as the last term since here Ai acts on by constant 
vector fields. Notice that the exactness condition does not hold here, but it is spoiled only by finite- 
dimensional cohomology. Minimal BRST fields here are the classical field x G nP{M) and the tower 
of ghosts Cfc G ilP^'^(M), k — 1, . . . ,p with ghost numbers gh(a::) = 0, gh{ck) = k. The minimal BRST 
operator is 

, 9 B ^ d 

Qmin = dci — + dC2^ \ h dCp- 

OX OCi OCp-i 

For the purpose of gauge fixing we introduce auxiliary fields (|44|50p : the anti-ghosts cab and the 
Lagrangian multiphers Xab, where I < B < A < p. For the odd A we set cab,Xab G {Qp^'^{M))* 
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with ghost numbers gh{cAB) = -B — A — 1 for anti-ghosts and gh(AAB) = B — A for Lagrangian 
muhiphers. For even A we set cab, ^ab G ^^^^{M) with ghost numbers gh{cAB) = A—B, gh(AyiB) = 
A- B + 1. The fuh BRST operator is 

<y full = dci — + dc2 ^ 1 \-dCp h > Xab T^r — 

ox dci dcp_i OCAB 

Imposing the Lorenz gauge corresponds to choosing the following gauge fixing fermion: 

<cii,d*a;> + 

< C21,d*Ci > + < Cii,dc22 > + 

< C31, d*C2 > + < C21, (ic32 > + < C33, ci*C22 > + 



where as in p9p we denote the canonical pairing of currents and forms as < •, • >. 

3.3. Gauge fixing: BV formalism. In Batalin-Vilkovisky approach one embeds the manifold of 
classical fields into the "space of BV fields" JFbv = IJ^FgRgx, the BV manifold with canonical 
BV Laplacian 

a 

where ($°) are coordinates on J-brst and {^t) ai'*^ conjugate coordinates in the fiber of T*[— IJjFbrst- 
Coordinates 'I'" are called fields (and may be classical fields, ghosts, anti-ghosts or Lagrangian mul- 
tipliers), while <I>^ are called "anti-fields". Next, one needs a BV action (or "master action"), i.e. a 
function S G Fun(J^Bv) regular in h with ghost number gh(S') ~ and satisfying the quantum master 
equation ([2^ . There are also the following additional requirements for the BV action: 

• Consistency with the classical action: 

• Properness condition: the rank of Hessian of S in any stationary point of the classical action 
X e J^m.s. equals ^dimJ^ev- 

We denoted Tm.s. ~ {x E Td ■ 6Sci{x) = 0} C the locus of stationary points of the classical action 
(the "mass shell"). 

The gauge fixing in BV formalism is performed by replacing the expression (I32p with the integral 
of exponential of the BV action over a Lagrangian submanifold C C J-bv- 



s/h 



(51) 



Choice of gauge corresponds here to choosing a specific £, and the invariance of the integral under 
continuous deformation of C is implied by Batalin-Vilkovisky theorem (fT8|) . Replacing ((32|) with ((5T|) 



is also justified by the fact that on a special Lagrangian submanifold £ = .?^brst C J^bv the integrand 
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in (|51|) becomes the exponential of classical action. Properness condition on S is necessary for the 
existence of such C for which the integral (jSip is perturbatively well-defined. 

Consider a gauge theory that can be treated in BRST formalism with the space of BRST fields 
J^BRST, the BRST operator Q, measure /i G Mes(jFBRST) of density p in coordinates and with a 
gauge fixing fermion Then we set 

^BV-r*[-l]^BRST (52) 

and construct the BV action as 

S^S,i-Q{^'')^+ + hlogp (53) 

(instead of including the term hlogp in the BV action, one can replace the canonical BV Laplacian 
A by A^2). We choose C of the form (fTB|) . i.e. a Lagrangian deformation of J^B^gx C ^bv defined by 



the gauge fixing fermion 



Then 



$+ ^ 



and the integral over the Lagrangian submanifold reduces to (|43| . Observe that the classical master 
equation for (j53p is satisfied due to QSd = 0, = 0, while the for the full quantum master equation 
we need additionally divp(Q) = 0. The BRST operator Q is extended to the whole space of BV fields 
by construction ([?7|) : 

= {5°, .} = Q(<i>")^ + {{S, - Q($^)<i>^)^) • ^ 

Notice that the subalgebra of functions independent of anti-fields Fun(jFBRST) C Fun(jFBv) is closed 
under the action of operator Qy^^^, and it acts there as the usual BRST operator: Qj^bvIj^b-rst ^ Q- 
In particular, for a gauge theory with closed irreducible gauge symmetry A O J^d the minimal 
space of BV fields is 

^minBV-r*[l](.F,,e^[l]) 

with coordinates x^, c" on base and , c+ on fiber (the ghost numbers are respectively 0, 1, -1, -2). 
The minimal BV action is constructed using (|42l53p : 

Smin{x,c,x^ ,c'^) = Sci{x) -a;+w^(a;)c" -I- ^fj^-yC^c'^c' 

As in the case of minimal BRST formalism, we have a problem with the gauge fixing fermion ^' here, 
i.e. we cannot find a Lagrangian deformation of J-brst- 

To solve this problem, as in BRST case, we introduce an auxiliary vector space (space of anti-ghosts) 
Vaux and set 

-^fullBV ■— -^mmBV ® [— 1] (T[l] Vaux) 
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and 

'S'full ■= 5'inin C^A 

where we use coordinates (c^, A^, c^, A^) on T*[— l](r[l]VAux)- 

For a gauge theory with irreducible gauge symmetry A O J-d we have Vaux = ^*[— 1] and 

^fuiiBV = T*[-l] {Ta © ^[1] © T[l](^*[-1])) 

with coordinates (x*, c", Cq, Aa; x^, c+, c+", A+"), and the ghost numbers are respectively 0, 1, -1, 0, 
-1, -2, 0, -1. The Ml BV action is 

For the gauge fixing fermion we can take (|46p . i.e. C<i, is given by 

= {{x\c^,c^, A„; x+ c+ c+", A+") | x+ = -^^^ c+ = 0, c+" = A+" = 0} 

Integral ([51]) in this case again coincides with Faddeev-Popov integral (I35I37P 



/ 



/ n^^'n^c"^^„2?A« expi ('^.^(x) +c„^|^z;^(x)c'=' + A„0"(x)') (54) 

Notice that in minimal BV formalism, despite the absence of small Lagrangian deformations of 
jFniinBRST C TminBW , there are other Lagrangian submanifolds: the conormal bundles (|17p for sub- 
manifolds K. C .Fbrst- Strictly speaking, Batalin-Vilkovisky theorem is not applicable to this 
case, since the transition to conormal bundle is not a small deformation. Let us return to the irre- 
ducible gauge symmetry case A O ■ Using the function 4> ■ J^ci ^ .4 we can construct submanifold 

/C = 0-1(0) = {{x\c")\nx) - 0} C .F„,inBRST (55) 

and its conormal bundle 

7V*[-1]/C = {{x\c^;xt,ct)\r{x) = 0,x+ = -^f^c„,c+ = 0} c .F„,i„BV (56) 

Here anti-ghosts Cq, appeared as coordinates on the space of covectors, orthogonal to the surface 
0-1(0) € J-ci- Notice that if we evaluate the integral over the Lagrangian multiplier Aq. in ((54|) 
and take into account the arising delta functions JIq '^('^"(•^))' obtain precisely the integral over 
conormal bundle (|56p in minimal BV formalism: 



eituii/R (57) 

for 'i' and JC constructed from the function : !Fci A using (|46l55p . The right hand side of ([F7|) 
does not depend on choice of due to Batalin-Vilkovisky theorem (HI]), and hence the integral over 
conormal bundle in minimal BV formalism is also invariant. This means that Batalin-Vilkovisky 
theorem ([T5| is also valid for some class of conormal bundles in minimal BV formalism. Full BV 
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formalism with auxiliary fields can be regarded from this point of view as a technical tool to prove 
(jlSp for such non-continuous Lagrangian deformations. 

The case of gauge theory with closed reducible gauge symmetry is translated from BRST to BV 
formalism straightforwardly, using the construction (|52|53p . However, Batalin-Vilkovisky approach 
works in more complicated situations. For instance, in the case of open gauge symmetry, i.e. when the 
distribution of vector fields on Td annihilating Sd is integrable to a Lie group action only on the mass 
shell Tm.s. C Tci, not on the whole Td- Here the space of BV fields is again constructed using (|41l52p 
where A is the Lie algebra of gauge symmetry on the mass shell. The BRST operator Q constructed 
formally using (H^ will be nilpotent only modulo equations of motion 5Sci = 0, and hence the BRST 
method does not work, and construction ()53p does not work also. Finding the BV action S (which will 
now be nonlinear in anti- fields '^'^) is a non-trivial problem here. The BRST operator on space of BV 
fields is again defined by ([TT]) . but the subalgebra of functions Fun(J^BRST) C Fun(J^Bv) is no longer 
closed under its action. An example of a gauge theory with open gauge symmetry is the Poisson sigma 
model, a 2-dimensional model of topological field theory, famous due to its relation to Kontsevich's 
deformation quantization of Poisson manifolds [lOj , [20] . Another similar possible situation is when 
the gauge symmetry is closed but reducible and the stabilizer Stab^; e Qi depends on whether x is 
on mass-shell or not, i.e. the reducibility tower (|48|) is different over different points x £ Td- Here 
Batalin-Vilkovisky method suggests that we again formally construct space of BV fields using (|49|52|) . 
where Ai^ . . . ^Ap are defined by the reducibility tower for x G Tm.s.- An example of this situation 
is provided by the topological BF theory in dimension > 4 (in dimension D < A the usual BRST 
formalism works). We will discuss this example in section [331 

Let us briefly summarize the main features of Faddeev-Popov, BRST and Batalin-Vilkovisky meth- 
ods. 

• Faddeev-Popov method. Data: the space of classical fields Td endowed with an action of Lie 
algebra A O ^d, the classical action is an invariant function of classical fields Sd G Fun(jFc;)"^- 
The gauge fixing is done using the gauge fixing function : J-'d — > A. Ghosts c, c are 
introduced as a tool, allowing one to raise the determinant of geometric origin into action. 

• BRST method. Data: the Z-graded space of fields J-brst endowed with a cohomological 
vector field Q (which encodes the gauge symmetry of the original classical system). BRST 
action is the class of the classical action in Q-cohomology: 5brst — [Sd] G HQ{Fun{!FBKST)) ■ 
The gauge fixing is the choice of a representative for this class. 

• Batalin-Vilkovisky method. Data: the BV manifold {Tby,^), master action S E Fun(jrBv), 
solving the quantum master equation Ae^^'^ — {S encodes both the classical action and its 
gauge symmetry). Master actions S and S' differing by a canonical transformation e"^ — 
gS/s, _ A(- • • ) are considered physically equivalent. The gauge fixing is the choice of a 
Lagrangian submanifold C C J-bv- 
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3.4. Topological BF theory. Let M be a D-dimensional compact oricntablc manifold, let G be a 
compact Lie group (the gauge group) and denote g := Lie(G) its Lie algebra. Let also P be a principal 
G-bundle on M and adP the adjoint bundle. The classical fields of BF theory are a connection on P 
and a, {D — 2)-form with values in adP: 

A G Conn(M,P), B e n°-^{M,adP) 

The classical action of BF theory is 

Sci{A,B)=trg [ BAFa (58) 

where F^ G f2^(M, adP) is the curvature of connection A and tr^ is the trace in adjoint representation 
of g. We will consider only the case of the trivial bundle P. Here A e Cl^{M,g) is a g- valued 1-form 
and B e f2^~^(M, g) is a g- valued (D — 2)-form. The classical action is 

Sci{A, P) = trg / BA{dA + AA A) 

and the space of classical fields is 

J^ci = Conn(M,P) Q^-'^{M,a.dP) = n\M,g) Q^-'^{M,g) 

The equations of motion are 

' Fa = 

(59) 

dAB = 

where dA = d + adA is the covariant differential defined by the connection A. In other words, {A, B) is 
a stationary point of the classical action Sd iff the connection A is fiat and P is a covariantly constant 
{D - 2)-form. 

The classical action is invariant under gauge transformations 

A t-^ A^ = qAq~^ + q dq~^ 

(60) 

B gBg~^ + dA9Ti 

where g e r(Aif,P) = Q"{M,G) is a fibcrwise rotation of the bundle P and n e n^-^{M,adP) = 
fl^-^{M,g). Hence the group of gauge symmetry for BF thory is Gi = n^{M,G) K Vt'^-^{M,Q). 
However, in the case D > A the action Qi C Td is reducible on the mass shell, since one can shift 
Ti I— > Ti + dA9T2 if the connection A is fiat. Here T2 S fi^~''(M, g). Therefore we have an action 
^2 O ^1 TcU where G2 = ^^^"''(M, g). In case Z) > 5 this action is again reducible, since T2 can be 
shifted by a rf^s -exact form, etc. So we obtain the reducibility tower of the gauge symmetry on the 
mass shell: ^13-2 ■ ■ ■ Q2 O Qi O with ^fe = fl°-'^-''{M, g) for 2 < fc < D - 2. Here all groups 
except Qi are abelian. Infinitesimally the gauge symmetry on the mass shell is described by a tower 
of Lie algebra actions 

Ad-2 0---OA2 0AiOJ^ci 
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with Ai = Lic(CJi) = il'^{M,2) k ft^ ^(M, g), with coordinates (c, ri) and action 

{A 1-^ A + d-AC 
B ^ B + [B,c] + dATi 

Further, Ak = Lie(5A;) = ^l^^'^^''{M,g) for 2 < /c < D - 2, and Ak acts on Ak-i by shifts Tk-i ^ 

Tk-l + dATk- 

Super-field formalism. Following the general routine we introduce the (minimal) space of BRST 
fields 

:^BRST = J'cl © Ai [1] e ^2 [2] ® • • • ® Ad-2 [D - 2] 

with coordinates (A, i?; c, ti; r2; ■ • • ',T]j^2)- Here we understand c and ri as ghosts, i.e. gh(c) = 
gh(Ti) = 1. Next, T2 is the ghost for ghost ti and gh(r2) = 2 etc. Classical fields are prescribed ghost 
number zero: gh(^) = gh(_B) = 0. The space of BV fields is the odd cotangent bundle 1](J^brst)- 
Next we introduce the "super-fields" A and B 

A := c + A + B+ + T+ + --- + T+_^ (61) 
B ;= TD-2 + ---+TI+B + A++C+ (62) 

Super-fields are understood as non-homogeneous differential forms A, B C n"{M, g) © • • • © 17^(M, g) 
where different components are prescribed different ghost numbers, so that for A the total degree 
is gh -I- deg — 1 (where deg denotes the de Rham degree of a form) , and for B the total degree is 
gh-|-deg ~ D — 2. Here we use the identification (n'^{M, g))* ~ il^^''{M, g) using the pairing tr J •A* 
on ri*(Af, g). Note that A and B are mutually canonically conjugate. In terms of super-fields the BV 
action for BF theory is written in elegant form: 

S{A, B)^tr ( B ^{dA + A^A) (63) 

JM 

(the integral is non-trivial only for the component of integrand of de Rham degree D). This result is 
due to Wallet [21] and Ikemori [TTj. The expression for BV action in terms of classical fields, ghosts 
and anti-fields is obtained from (|63p by substitution of decompositions (|61|62p for super-fields. In 
particular, in dimensions = 2, 3, 4 the BV action for BF theory is 

D = 2 : S = tv( BFa + A+dAC + B+[B,c] + \c+[c,c] (64) 
13 = 3 : S = tr [ BFa + A+dAC + B+ {[B,c] + dATi) + ^c+[c,c] + t+[ti, c] (65) 

JM 2 

D = 4: : 5 = tr/ B Fa + A+ dAC + B+ {[B , c] + dA^) + 

JM 

+ ic+[c, c] + r+([ri, c] + d^rz) + t+[t2,c\ + B+]t2 (66) 

(we are sloppy with signs here, cf. [TT] for careful discussion). Notice that for D ~ 2,3 the BV 
action is linear in anti- fields and hence can be obtained from BRST formalism and construction (|53p . 
However starting from dimension D — A the BV action contains terms, quadratic in anti-fields. This 
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indeed reflects the fact that starting from this dimension we have the "open" tower of reducibility of 
gauge symmetry, i.e. the tower depends on whether the classical fields (A, B) satisfy the equations of 
motion ((5^ . 

Canonical BF theory. In what follows we will use the more general and fundamental version 
of BF theory, the "canonical" BF theory. The initial data are the same: a compact manifold M 
(but now we do not require orientability), a compact Lie group G with g = Lie(G) and principal 
G-bundle P on M which we assume to be trivial for simplicity. Classical fields are: the connection 
A e Conn(Af, P) = n^{M,Q) and the de Rham 2-current /3 G {n'^{M,g))*. The classical action is 

SMP)=<f3,FA> (67) 

Notice that unlike ((55|) this action does not use the integration over M and the inner product on g, 
it uses only the canonical pairing between forms and currents <•,•>: (ri*(M, g))* (g) il'{M,g) R. 
This implies in particular that this action makes sense for non-orientable M. In case of orientable M 
the field (3 is related to B by the index lowering operation b : ri'(Af, g) (il*(M, g))*, associated to 
the Poincare pairing on forms (•,»)p — tr /^^ • A • : il*(M, g)*^^ R, i.e. (3 — B\,. The equations 
of motion are Fa = 0, d\l3 = 0, where d\f3 := — < l3,dA» >■ As before one introduces the tower 
of reducibihty of gauge symmetry on the mass shell: Ad-2 O • • • O O O J^d, where now 
Ai = n°{M,Q) K {n^{M,Q))* acting on classical fields hy A ^ A + dAC, [3 ^ (3 - ad*/3 + d^xi; 
further Ak = (ri''+^(M, g))* for 2 < fc < P) - 2 and the action Ak O is given by shifts 

Xfc-i ^ Xfe-i + d*AXk- The ghosts, associated to these symmetries are organized together with the 
classical fields into super-fields 

uj:=A = c + A + l3++xt + --- + xh-2 (68) 
p:=B = c+ + A+ +P + XI + --- + XD-2 (69) 

Here we introduced the notation (aj,p) for the super-fields of canonical BF theory, which will be 
used throughout this text. The super- field uj is again understood as a non- homogeneous differential 
form w e ri* (M, g) of total degree gh + deg = 1 . The second super-field p is understood as a non- 
homogeneous de Rham current p E (r2*(Af, g))* of total degree gh + deg — —2 (we use the convention 
that the de Rham degree of a fc-current in {il'^ {AI , g))* is — fc). Notice that here we did not have to 
use the Poincare pairing on forms (•, •)p to define the super-fields. The BV action for canonical BF 
theory is 

S{uj,p)=<p,F^>=<p,daj + ^[uj,Lj]> (70) 
Action 170]) on the space of BV fields of canonical BF theory 



^Bv = T*[-l]Maps(P[l]Af, g[l]) 
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(71) 



is a special case of general constructions of PQ-manifolds introduced in , and therefore the canonical 
BF theory in BV formalism is sometimes called the AKSZ theory. This construction, the super- 
field formalism and the form of BV action suggest that apart from "physically" chosen Lagrangian 
submanifold J-brst C J-by (which is distinguished by Batalin-Vilkovisky construction starting from 
connection A and 2-current /?), there is another important Lagrangian submanifold SConn(A/, g) = 
Maps(T[l]M, q[1]) C J-bv where the super-connection uj lives. In what follows the representation 
(mj) for the space of BV fields of canonical BF theory will be crucial for us, i.e. precisely the one 
related to Lagrangian submanifold SConn(A/, g). 

Topological BF theory is one of the simplest models of topological field theory. It can be defined 
on a manifold of arbitrary dimension, possibly non-orientable, possibly with boundary. In lower 
dimensions BF theory is related to other well-known topological field theories. For instance, for 
dimAf = 2 the BF theory is a special case of Poisson-sigma model, corresponding to the target 
Q* (with linear Poisson structure); for dim A/ = 3 it is the Chern-Simons theory with special gauge 
Lie algebra fl* (and the inner product pairs g to g*). Next, the 3-dimensional BF theory with 
cosmological term, i.e. Sd = tr J^^ B /\Fa + B AB /\B, is closely related to Chern-Simons theory (with 
general gauge group G) [S]. In particular the partition functions are related by Zgp^ga — \Zcs\'^- 
For 3-dimensional BF theory the observables associated to knots are constructed [5] , and the vacuum 
expectation value for them yields the Alexander- Conway polynomial (this situation is analogous to 
Chern-Simons theory, where the vacuum expectation value for Wilson loops yields knot invariants 

m)- 

4. Abstract BF theory and effective action for it 

In section 14.11 we introduce the "abstract BF theory" : to an arbitrary unimodular differential 
graded Lie algebra (DGLA) {V,d, [•,•]) we associate a space of BV fields (a graded vector space 
with canonical BV Laplacian) and a BV action S on this space, constructed from structure constants 
of differential and commutator in V , and satisfying the quantum master equation (QME). Moreover it 
turns out that classical part of QME is equivalent to the three quadratic relations for differential and 
commutator in DGLA (the Poincare, Leibniz and Jacobi identities), while the quantum part of QME 
is equivalent to the unimodularity property of the Lie bracket. Topological BF theory on a manifold 
M corresponds to a special case of abstract BF theory: V = fl'(M,g) (the do Rham algebra of M 
with coefficients in gauge Lie algebra g). 

In section 14.21 we discuss the general construction of effective (or "induced" ) action on infrared 
(IR) fields in BV formalism: the effective action is constructed as a BV integral over Lagrangian 
submanifold C in the space of ultraviolet (UV) fields. The main property of this construction is that 
it transfers solutions of QME to solutions of QME (now on the space of IR fields). We also discuss the 
dependence of effective action on choice of £ (i.e. the choice of gauge for BV integral) and on the choice 
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of splitting of fields into IR and UV parts: it turns that an infinitesimal change in this "induction 
data" leads to an infinitesimal canonical transformation of the effective action (moreover, one can 
write an explicit formula for the generator of this transformation). We also show that a canonical 
transformation of action leads to a canonical transformation of effective action, which allows one to 
speak of induction for equivalence class of action modulo canonical transformations. The construction 
of effective B V action was used in framework different from ours in papers [53] , [1] . 

In section we specialize the construction of effective BV action for the case of inducing effective 
action S' for abstract BF theory. We associate the space of IR fields to a subcomplex (more precisely, 
a deformation retract) V ^ V. Splitting of fields into IR and UV fields is defined by embedding 
L : V' V and retraction r : V V' , which are assumed to be chain maps. Lagrangian submanifold 
C defining the BV integral is constructed from Hodge decomposition of V, which is in turn defined 
by the chain homotopy K : V V retracting V to V' . This £ is a linear subspace and therefore 
we need not bother about measure in BV integral over C (we use the translation-invariant measure). 
And hence we can forget the difference between functions and half-densities. The pay-off is that we 
compute the action (as a function of IR fields) modulo constants, and normalize it by S"(0) = 0. We 
discuss the Feynman rules for BV integral, defining the perturbation series for effective action S". It 
turns out that two types of diagrams contribute: binary rooted trees (the edges are oriented towards 
the root) and one-loop graphs with leaves (incoming external edges) and vertices of valence 3 (two 
incoming edges, one outgoing edge). The internal edges are decorated with "propagator" —K, leaves 
— with IR fields, the 3-valent vertices are decorated with the Lie bracket in V. An important feature 
here are the rules of orientation of edges: each vertex has exactly one outgoing edge. This implies in 
particular the absence of multi-loop Feynman diagrams. 

In section ITU we interpret the effective action for abstract BF theory, associated to a subcomplex 
V' ^ V as a generating function for certain algebraic structure on V' (analogously to the way in which 
the initial action of abstract BF theory is a generating function for unimodular DGLA structure on 
V), namely a one-loop version of Loc structure. We call this structure the "qLoo algebra". It can 
be defined either in super-geometric terms, as a pair of a (pointed) cohomological vector field Q 
and a Q-invariant measure fi on or in terms of operations, as a set of "classical" operations 

l(^n) '■ A"y V' (generated by Taylor components of the cohomological vector field) plus a set of 
"quantum operations" : A"V' — > R (generated by Taylor components of logarithm of density 
of the measure). Cohomologicity condition for Q and Q-invariance of fi can be reformulated as two 
systems of quadratic equations on operations: the system of homotopy Jacobi identities (the standard 
quadratic relations for a Loo algebra) plus a system of homotopy unimodularity relations. In terms of 
BV formalism this set of relations is equivalent to the QME for effective action S' (which is satisfied 
automatically by the construction of effective action via BV integral). The qLoo algebras appeared 
earlier in another context (as algebras over "wheeled Loo operad") in 
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In section 14.51 we introduce the notion of "BFoo theory" , generahzing the notion of abstract BF 
theory. A BFoc theory is associated to a qLoo algebra: solution of the QME on the space of fields 
(constructed as for abstract BF theory) is constructed from the structure constants of classical and 
quantum operations. In particular, abstract BF theory corresponds to the case when all operations 
except /(i) and /(2) vanish (the case of unimodular DGLA). The effective theory for abstract BF theory 
is a BFoo theory. Moreover, it turns out that the class of BFoo theories is closed under the operation of 
induction of effective action on a subcomplex. The induction is analogous to induction from abstract 
BF theory, but here we have to allow vertices of arbitrary valence in Feynman diagrams, and each 
vertex is allowed to have at most one outgoing edge. Vertices with one outgoing edge are decorated by 
classical operations Z(„), vertices with all edges incoming are decorated by quantum operations q(n)- 
As before, only tree and one-loop diagrams appear here. BFoo theories and qLoo algebras are two 
equivalent languages describing the same object. In the language of qLoo algebras, induction is the 
one-loop analog of homotopy transfer of a Loo structure to a subcomplex. Then (section 14.5. ip we 
discuss the notion of equivalence for qLoo algebras, originating from the equivalence of BFoo theories 
modulo canonical transformations (we introduce the class of "special" canonical transformations that 
preserve the BFoo ansatz for action). We also declare the induced qLoo algebra to be equivalent to 
the former one. Therefore the homotopy type of a given qLoo algebra is understood as the induced 
qLoo structure on cohomology modulo canonical transformations. Next, in section [4.5.21 we give the 
construction for Loo quasi-isomorphism between classical parts of induced and former qLoo structures 
via BV integral. We also interpret the effective BFoo action in terms of Loo morphism and the 
"torsion" (this interpretation may be understood as a way to organize Feynman diagrams for the 
effective action; we will use it for computations in sections 16.41 17. 3| ). 

4.1. Abstract BF theory. Let y be a Z-graded vector space. We construct the space of fields as 
the odd cotangent bundle of V shifted: 

T ■.^T*[~1]{V[1]) ^V[l]®V*[-2] (72) 

The ring of functions on is the graded symmetric algebra of T* (with coefficients in formal power 
series in Planck constant h): 

FnniJ') = S'{V*[-1]®V[2]) 

We call the grading in V and V* the "degree" (deg), and the grading in Fun(jF) the "ghost number" 
(gh)- 

Let (ci) be a basis V and (e*) the dual basis in V* . Denote (a;*) C 1] and (pi) C V[2] the sets 
of coordinate functions on V[l] and 2], associated to this basis. We have 

deg(e,) + gh(u;0 = 1 (73) 
deg(eO + gh(p,) = -2 (74) 
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deg(e') = -deg(ei) 



(75) 



and the ring of functions Fun(J-') is understood as the ring of polynomials in variables (cij*,pi) with 
coefficients in M.[[h, h^^]]: 

Fun(^) -R[[ft, h-']][uj\p,] 

Introduce the super-fields w and p as 

Lu := CiUj' €V (giV*[-l]ciV ®FvLii{T) (76) 
p ■= p,e' &V[2](g)V* cFuiiiT)(g>V* (77) 

Therefore lu and p are functions on the space of fields with values in V and V* respectively: uj is 
the generating function for coordinate functions on base of = T*[— l](y[I]) and p is the generating 
function for coordinates on the base. One can also give the definition of super-fields that is manifestly 
independent on choice of basis: one defines super-fields as shifted identity maps 

UJ : V[l] -> V 
p: V*[-2]^V* 

In the traditional physical interpretation, lu and p are elements of total degree 1 and -2 respectively 
in vector spaces V (E) {(Bk^[k]) and V* (E) {J2k ^i^])' bigraded by the pair (degree, ghost number), with 
R shifted in ghost number: 

LU e V = [V E) {®knk])f'^+^''=^ 
p e = [y*® (efeR[A:])]'^'=s+gh=-2 

In other words, in this picture lu and p are elements of vector spaces V, V*, where components of 
different degrees are prescribed certain ghost numbers, so that the total degree is 1 and -2 respectively. 

The space of fields (|72p . being the odd ctangent bundle, is endowed with a canonical odd symplectic 
form 

r^Bv =< Sp, Suj >= ^(-1)'*'% A Slu^ 

i 

We use notation \i\ — dege* for degrees of basis elements; 5 denotes the de Rham differential on !F 
and the canonical pairing < >: V* E) V ^ M. couples e* with e^: < e*,ej >= Sj (the Kronecker 
symbol). Pairing in inverse order has a sign: < e^, >— (—1)1*1(5^. Odd symplectic form f^BV in turn 
defines the canonical anti-bracket {•, •} on J-: 



where /, g S Fun(J^) It is also convenient to write anti-bracket in terms of super-fields lo, p. For this 
purpose we introduce the derivatives in super-fields: 

duj ~ duj^'^ ' dp ~ dpi ' 

— = f— lV*le*-^ — = — e- 

dcj ^ ' duj^ ' dp dpi * 

Therefore in terms oi lj, p the anti-bracket is 

^ / (!■ 1) - (-)™'«'. (11) / ^ / ({|. I) - » 

Since now (contrary to the situation of section is a vector space, it has a distinguished class 
of measures: the constant measures /i G Ber(J^) (here we mean the Berezinian of a vector space, i.e. 
in terms of general definition in section 12.21 we treat as a graded manifold whose body is a single 
point). Therefore J- possesses a canonical BV Laplacian 



A = y(-i)i^i+iAA Id 9 



du}"^ dpi \ duj ' dp / 

Let V be endowed with structure of differential graded Lie algebra (DGLA), i.e. with a couple of 
linear maps d : V ^ V and [•, •] : V (E)V ^ V satisfying the following properties: 

• differential has degree 1: 

\dx\ = 1x1 + 1 (78) 

• bracket has degree 0: 

\[x,y]\^\x\ + \y\ (79) 

• bracket is graded skew-symmetric: 

[x,y]=-i-l)\-\\y\[x,y] (80) 



Poincare identity: 



Leibniz identity: 



• Jacobi identity: 



d'^x = (81) 
d[x,y]^[dx,y] + i-iy-\[x,dy] (82) 



(-1)1^1 1^1 [x, [y, z]] + cycl.perm. = (83) 

where x,y,z e V and we use notation \x\ := deg(a;). Let us require in addition the unimodularity 
property for V: 

Stry[a;,.]=0 (84) 

for every x £ V. Here Stry denotes super-trace over V. 

We define the action of abstract BF theory, associated to a DGLA {V,d, [, ]) as 

iS* = < p,dijj + -[uj,Lj] > 
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= ^d>c.^- + l^(-l)(l^-|+i)l^-|/>.^^'^'= (85) 

where :=< dej > and /jj, :=< e*, [ej, Ck] > are the structure constants of differential and bracket 
respectively. Therefore S G Fun(J^) is given as acertain cubic polynomial in coordinates (uj^^pi) on 
JF, and its coefficients are (up to signs) the structure constants of differential and bracket. So 5 is 
in a sense generating function for DGLA operations on V. Next, it follows immediately from (|78l79p 
and (|73l74p that all monomials with nonvanishing coefficients in (j85p have ghost number zero. Hence 
gh(5) = 0. 

Statement 1. The action of abstract BF theory S —< p,div + ^[uj,u!] > satisfies quantum master 
equation, i.e. ^{S, S} + HAS = 0. 

Proof. Since S — does not depend on h, QME is equivalent to the system 

{S,S} = (86) 

AS = (87) 

where ([55|) is the classical master equation (CME) and ([57|) is the quantum part of QME. Let us 
compute {S*, S*}: 



\ I l,m J 

i,j,l,m i,j,k,l 

i,j,k,l,m 

+ ^E((-1)*'''^'^'" < e\rf[e„efc] > +2(-l)(l^"l+i)(l^-|+i) < e\[e,,deu] >)p^u^Lo^ + 

i,j,k,l 

< e*, d^Cj > piUj^ + 



|i|) + (|fc| + l)|i| 



6 
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• < e\ [e„ [efc, e,]] + (-1)I^-KI'=I+I'I) [e^, [e,, e,]] + {-l)^\^\+\mi\ [^^^ [e,,eu\] > p^u^uj'^J 

Here we notice that coefficients of all monomials vanish: due to identity cP = Q for monomials piUj^ , 
due to Leibniz identity for monomials piU^cu'', and due to Jacobi identity for monomials piUj^u'^LuK 



Hence ()86p holds. Moreover it is clear that CME (|86|) is the generating equation for quadratic relations 
on operations on DGLA operations — the Poincare, Leibniz and Jacobi identities (|81|82l83p . Let us 
now check ((57)) : 

i i,k 

= + ^(-l)l'l+l'^-| <e',[efc,e,] >c.'= 

i,k 

= (Strv[efc,.])cc;^ 

k: |fc|=0 

Therefore (|F7|) is equivalent to the unimodularity property for V (fM|) . 

□ 

Remark. Notice that these computations are much more elegant if done in terms of super-fields. 
For CME we have: 

= < p,d{duj + —[uj,uj]) + [uj,duj + —[uj,uj]] > 

= < p, d^uj > + < p, 2 ^[^' ^] + [^i doj] > + < p, - [lu , [uj , u)]] > 

where the first term generates Poincare identity, second — the Leibniz identity, third — the Jacobi 
identity. Finally, computation of (|86p in super-field formalism is the following: 

^ i^duj^ dpj ^ 

= Stryd -I- Stry[w, •] = Str\/[aj, •] 

Thus equation AS* = generates the unimodularity condition for V. Benefits of super-field formalism 
are evident in this example: the computations are less messy and signs are easier to track. 

Main example. The ordinary topological BF theory (more exactly, its canonical version), dis- 
cussed in section 13.41 corresponds to special case of abstract BF theory, where the DGLA V is the 
algebra of differential forms on manifold M with coefficients in Lia algebra g: V = il'(Af, g). The 
super-fields lu and p of algebraic BF theory are then precisely the super-fields (|68l69p of section 13.41 
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constructed from classical fields, ghosts and anti-fields. Action (l85|) for this choice of V is ([70l) . For 
QME to hold we have to require unimodularity of gauge Lie algebra q. 

4.2. Effective BV action: general idea. Let W and W be a pair of Z-graded vector spaces, and 
let i : W W and r : W ^ W be the embedding and projection: a pair of linear maps of degree 0, 
satisfying r o l = idw' ■ Thus W splits into a sum of vector subspaces 

W = l{W') © W" (88) 

with VF" = ker(r) C W. Next, \etT = T*[-l]W = W®W*[~l] and J^' = T*[-1]VK' = W'®W'*[-1] 
be the corresponding odd cotangent bundles, equipped with canonical BV Laplacians A and A' 
(associated to the constant Berezinians on !F and JF'). Space splits analogously to 



= i(J^') ® J^" (89) 

where £ = t ® r* : J-' ^ J- is the embedding of J^' into and f ~ r(B l* : T ^ T' is the corresponding 
projection, and T" is again the kernel of projection: T" — ker(f) = 1]T4^" C T. We call T the 
space of fields, T' the space of infrared (IR) fields, T" the space of ultraviolet (UV) fields. We will 
also need the pull-backs, associated to the embedding and projection: t* : Fun(jF) Fun(jF') and 
f* : Fun(JF') Fun(jF). Algebra of functions on T factorizes as Fun(jF) = f*Fun(jF') ® Fun(jF") ^ 
Fun(jF') (g) Fun(jF"). We will use the latter isomorphism for convenience of notations, but one should 
keep in mind that it depends on l and r. The BV Laplacian on J- splits as 

A = A' + A" (90) 

where A" is the canonical BV operator on T" . Let also S G Fun(J^) be some BV action on i.e. a 
function satisfying the QME: Ae'^/'' = 0. 

We define the induced (effective) action on IR fields S" € Fun(jF') via an integral over Lagrangian 
submanifold C C T": 

^S'{z')/h ^ j ^S(t{z') + z")/h ^gj_^ 

where z' G T' , z" G T" . We use the measure on £ induced from the Lebesgue measure on ambient 
space T" : nc — y/fJ-J^" \c- Expression ((9T|) should be understood as the fiber BV integral {fc)*e-^^^ 
for the (fiberwise Lagrangian) sub-bundle fc-^'(BC^!F'oi the bundle f : T ~> T' . 

Statement 2. Effective action S' defined by i91\) satisfies QME on T' , i.e. 

A'e^'/'' = 

Proof. Indeed, we have 



(A - A'Oe^/'^ 
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= 0-1 A"p//'* 
= 



where first we use the sphtting for BV Laplacian A, then the QME for S (on the space and, lastly, 

we use theorem ([T^ for the integral of A"-coboundary over the Lagrangian submanifold C C 

□ 

Statement 3. Canonical transformation of action S on J-': 

S + {S,R} + nAR 

with the generator R G Fun(^), gh(i?) = —1 leads to the canonical transformation of effective action 

S' ^ S' + {S' , R'} + hA' R' 
with the generator of induced transformation given by 

R' = e-^'/'' ■ ( e^/^R (92) 



Proof. Let us use formula for the canonical transformation of exponential of the action on 
to compute the transformation of the integral ([9111 : 

= 6^'/'"'+ /(A' + A")(e^/''i?) 



J c 

e^'/'^ + A' j e^/'^R + Q 



£ 

where we again use the splitting of the BV Laplacian (l90|) and the theorem ([T9l) for the integral of 
a BV-coboundary. The last expression is precisely the exponential form for canonical transformation 
for the effective action 5' with the generator 

a 

The induction data for the effective action S" on J-'' is the triplet (t, r, C) — embedding, projection, 
defining the splitting ((5^ and the Lagrangian submanifold C C (and JF" C T is itself defined by 
r). 

Statement 4. Continuous deformation of the induction data (t, r, C) leads to a canonical transfor- 
mation for the effective action S' . 

Proof. For the proof it suffices to consider the infinitesimal deformations of the induction data 
(t, r, C). These deformations fall into two types: 
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• Deformations of type I: (L,r,C) i— > (t,r, i.e. deformations of the Lagrangian submanifold 
C Cxj, given by gauge fixing fermions 5" G Fun(£), gh('I') = — 1. Embedding and projection 
are not changed. 

• Deformations of type II: (t, r, £) i— > (i + (5t, r + dr,C), i.e. infinitesimal deformations of em- 
bedding and projection, supplemented by a "minimal" deformation of C (we will elaborate on 
this further). Deformation of C is necessary, since £ has to be a Lagrangian submanifold in 
J^", while the latter changes under change of i,r. 

Consider type I deformations first. Let (a;"*,^") be a Darboux coordinate system on !F" for which £ 
is given by the equation ^" = 0. Then 

= e^'/^+ J ^ -{A- A')e^^'' 

Hence the deformation of £ by a gauge fixing fermion ^> leads to the canonical transformation for S" 
with the generator 

R' = -e-^'/r. J ^^S/n 

Consider now the type II deformations. Let l t-^ 1 — l + Sl, r r = r + Sr he an infinitesimal 
deformation of embedding and projection, where 6l : W W and Sr : W ^ W . The condition that 
(deformed) embedding and retraction still invert each other means that (r + 6r) o [i + 6l) — idw' and 
hence St and 6r are subject to relation 

roSL + SroL = 

The next idea is to trade deformation of l and r for a certain canonical transformation on the space 
of fields which is in turn equivalent to changing initial action to a canonically transformed one. 
Then we use Statement [3] to induce the canonical transformation on the effective action. 
Introduce a linear deformation of identity map idw + 5(j) : W —^ W with 

64) = 6l o r — L o Sr o V" = V" o 6l o r — l o Sr (93) 

where V" — idw — l o r is the projector to the second subspace in sphtting ("UV projector"). 
Then the following two properties hold: 

L + Sl ~ (idw + <50) o L 
r + Sr — r o {idw + 5(f>)^^ — r o {idw — 
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(we work in first order in deformations). 

On the level of cotangent bundles T ^T' the picture is as follows. Embedding i = /, ® r* : T' ^ T 
and projection f = r ® /,* : T ^ T' are deformed as iH^t = t + (5t, fH^r = f + (5f, where 

51 = iiO) Sr* 
6f = 6r® 5i* 

And there is a linear deformation of identity map idjr + Scj) : J- ^ T , where 

The pull-back on functions (idjr + (50)* : Fun(jF) — )■ Fun(J^) is the infinitesimal canonical transforma- 
tion / 1-^ / + {/, -R} with generator 

where x G W, ^ G Ty*[— 1] and < • > is the canonical pairing. Note that 

A"R = StTw"S(j) = (94) 
since Scj) maps from W" to l{W'). Next, d<j) has the following properties: 

L + Si = {idjr + S(j)) O i 

f + 5f — r o (idjr — (50) 

The latter property means in particular that the map idjr -f (50 moves JF" = ker(f ) C to T" = 
ker(f + 5f) C .F. Therefore we define the minimal deformation of C as 

C = (id^ + 54)) C 

and hence the integral (PT|) is transformed as 

gS'A ^ ^gS(r(.')+i")/?> (95) 

gS((id^+50)o(j(^')+^"))/?i (96) 

(e^/'^ + A(e^/'^i?)) 
= e^'/'^ A'(e^'/''i?') 

where R' = e^"^ Z'' • e^/'^R and in the last step we used the Statement [H Also in the transition 
from integral over C to integral over C we use (IMl) (otherwise there could be additionally a 
contribution of deformation of measure on the Lagrangian submanifold) . 

So we showed that infinitesimal deformation of the induction data (t, r, £) i— > (t -I- (5i,r -f (5r, >Ciii) 
leads to the canonical transformation for the effective action S' , with generator given by 

R' = e~^'l^ ■ J e^/'"'(-*+ < e, ((5i o r - t o (5r o V"){x) >) (97) 
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□ 

Remark. It is reasonable to split type II deformations into two subtypes: the type Ila (parallel) 
deformations, not changing the splitting W = l{W') ® W" and hence coming from automorphisms of 
W, and the type lib (perpendicular) deformations, shifting l{W') only in the direction of W" , and 
twisting the splitting W ~ i{W') ® W" . Conditions on Sl and Sr are 

o r + t o (5r|| =0 

for Ila deformations and 

r o Sl± — 

for type lib deformations. This classification is equivalent to representing the automorphism (50 : 
W ^ as 

Scf) — L o 5x\ \ ° r + S(f>j_ ^ i o [r o 5l) o r + [V" oSbor — loSro V") (98) 

where i5x|| — roSi : W' W is the automorphism of W' , generating the parallel part of deformation, 
ans S4>± ~ V" o Sio r — Lo Sr o V" : W W is the automorphism of W, generating the perpendicular 
part of deformation. Parallel (Ila) and perpendicular (lib) parts of deformation affect the effective 
action quite differently: the parallel part just induces a change of IR variables z' in IMj) . while the 
perpendicular part deforms the Lagrangian submanifold of integration itself. The splitting (|98p sug- 
gests the following form of the result ([57]) . where effects of all three types (I, Ila, lib) of deformations 
of induction data are split manifestly: 

R' =< C', r o Siix') > +e^^'/^ ■ J e^/''(-*+ < ^, (V'Sl or-LoSro V"){x) >) (99) 

where x' G VF', G I^'*[-l]. 

4.3. Effective action for the abstract BF theory. Now we will apply the formalism of the section 
14.21 to the abstract BF theory, associated to a DGLA (Vjd, [•,•]), with the space of fields (|72p and 
the action (I55|) . In notations of section we have to set W — V[l\. 

Let be a Z-graded vector space endowed with a DGLA structure, i.e. the differential d and Lie 
bracket [•,•]. Let also {V , d) be a deformation retract of the cochain complex (V, d), with embedding 
L : V' ^ V and projection (more adequate term in this setting is "retraction" ) r : V V — linear 
maps of degree 0, satisfying r/, = idy. In this setting l and r are additionally required to be chain 
maps (i.e. di — id, dr — rd) inducing an isomorphism on cohomology H'{V') = H'{V) (i.e. i,r are 
quasi- isomorphisms) . Thus we have a splitting of V into IR and UV parts: 

V = l{V') ® V" 
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where V" = ker(r) C V. Now this sphttmg is consistent with the differential d and the UV part V" 
is acycUc. We define IR and UV projectors as 

V' = ir -.V 

V" = idv - V -.V 

Next we introduce the odd cotangent bundles J^ = T*[-f](F[f]),J^' = T*[-l]{V'[l]), T" = T*[-l]{V"[l\) C 
!F — the space of fields of abstract BF theory, space of IR fields (on which we will construct the ef- 
fective action) and the space of UV fields. On the level of spaces of fields we have the splitting 

where i = i © r* : T' ^ J- is the embedding of IR fields, f = r (B i* : T ^ T' \s the retraction to IR 
fields. 

To specify the Lagrangian submanifold C for the integral (|9ip . we need to introduce a new object 
— the chain homotopy operator, contracting V to i(U'), i.e. a linear map K -.V ~* V'^^ of degree 
-1 satisfying 

Ki^rK = (100) 
dK + Kd ^ V" (101) 
^ Q (102) 

Condition (jlOOp means that K acts nontrivially only on V" C V and is zero on l{V') C V . Define the 
d-exact and if-exact parts of V": V'^^^^ = d(U"), V^_ea; = K{V"). Then (due to we have 

and d : V'^-ex ^ y'd-ex ^^e isomorphism (of vector spaces), and K : Vj'^^^ ~> Vx-ex 
inverse. Projectors to the first and second subspaces in the decomposition (|103p arc V'J_^^ = dK and 
'^K-ex ~ respectively. Hence the triplet of maps (i, r, K) defines the Hodge decomposition for V: 

V = LiV) © u,"_,, © (104) 

The dual decomposition for V* is 

V* = r*{V') © V^:_,, © Ujll,, (105) 

where d*,K* -.V* ^V* are the dual operators for d,K, and U^t_g^ = K*iV"*), V^'*_^^ = d*{V"*). 
Define the Lagrangian submanifold £k C T" as the odd conormal bundle 

Ck = iV*hl](V^^-e.[l]) = VK-exin © VK'-exh^] C (106) 

Notice that £ is actually a hnear subspace in V. 

50 



Next, using the construction ([9T|) we define the effective action S" G Fun(jF') for abstract BF 
theory as 

^S'{i^\p')/h ^ f ^S{LW)+^",r'{p')+p")/h (--^Qy^ 



j exp Q < r*(p') + dw" + 



) + u", l{uj') + c^"] > 

where IR and UV super-fields are defined as in section 14.11 i.e. as the shifted identity maps lu' : 
V'[l] y, p' : V'*[-2] -> y'*, : V"[l] V\ p" : V"*[-2] V"* . Let (e^ be a basis in V , 
(e") be a basis in V^_^.^ and (cj) be a basis in V^'_^^ (the dual bases in dual spaces are denoted the 
same, but with raised index). Then 

c^'-ey^ , p'^pW' 
II II II III II II III 

= ^K-ex = 6/^ ■. Pd'-ex ^Pl^ 

where we introduced the splitting of UV super-fields u!",p" into -exact d-exact parts: uj" = uj'^ + 
^d-ex' P" ~ P'd'-ex ^p'c ™ accord with the sphtting (|103p . Written in coordinates on Ck, the integral 
(fWI) is 



gS'(w',p')/ft _ 



where 



1- J (.i<r'{p')+p'cM^')+dui'c+i[i-{'^')+^'cA'^')+^'l]> J^Vuj"^ Y\_'^Pl (108) 



N 



accounts for the normalization of measure on Ck. Integral (jlOSp is understood perturbatively, i.e. 
as the sum of Feynman diagrams, arising in the stationary phase decompositioil^ near the point 
a;^ ^ p'c = on Ck- Here 5*0 =< p'^, duj'^ > is interpreted as the free (Gaussian) part of the action, 
and the other terms in action are treated as a perturbation. I.e. we decompose the action on Ck as 

S\ck — Sq + Sint 

where the free part is 



I, J 

and the perturbation ("interaction"): 

Sint = <p',(Lj' > +'^<p',r[L{Lj'),L{uj')]> + <p',r[L{uj'),uj'l]> 
+ \<p',r[c.'l,c.'l] > +i <p^,[.(c.'),« > 



There is some abuse of terminology here: point uj'^ = p'^ = is in general not a stationary point of 5 
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We use the natural notations for the structure constants of the differential and of the Lie bracket: 

d) =< e\ej >, 4 =< e^ej >, =< e^ r[t(ej), i(efe)] >, /j^, =< e% r[i(ej), e^] >, /}^ =< 
e%r[ej,eK] >, Z/^, =< e^, [t(ej), t(efe)] >, //^ e^, [i(ej),ei^] >, /J^ =< e^, [ej,efc] >. 
Introduce the notation 

I I 

for the average of function / G Fun(J^) over UV fields with the Gaussian measure defined by free part 
of action 5*0. Expectation value ^ / Fun(jF') is understood as the function of IR fields lo' ^p' . 

Propagator for the integral (jlOSp is 

where K^j ~< e^,Kej > is the matrix of the chain homotopy operator K : V^'_^^ ^ii-ex^ inverse 
to the matrix of differential dj. According to the standard routine, the perturbation series for (jlOSp 
is generated by the expression 







^cxp 








^exp 





dp"j duj"i 



(109) 

u;"=p"=0 



(110) 

u)"—p"—f^ 



Sum over Feynman diagrams arises from expanding both exponentials in right hand side of (|109p 
or piOp into Taylor series. The standard argument of perturbation theory gives S' as the sum 
of connected Feynman diagrams. We will first demonstrate the calculation of the first terms of 
perturbation series for (jlOSp . and then we state the general result. First terms of Taylor expansions 
for the exponentials in (jllOp yield 
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\ ^^£(1) ' ^P£(l) / \ ^^£(2) ' ^^£(2) / 

° hh <^^(1)'['''^^')''^A2)] > ^ <P£(2)> W^'),^£(l)] >+•••) (111) 

Here indices (1), (2) tell which derivatives acts on which variables. We also separated the part of 
Sint independent of UV fields. To evaluate the terms of perturbation series we use the following two 
identities: 

{dJi^^^'d^) ° < XPci^yS >=< f,-K9 > (112) 

where / e Fun(J^) (g) V* and g E Fun(jF) (g) V, and the second identity: 

^5^,^^^°<P£(i),0^£(i) >= (-l)«'^<^''"">Strvi^O = -(-l)^h<P'°->Str^(-i^O) 

""^'^ (113) 
where O G Fun(J^) (g) End(y) is a linear operator, Stry is the super-trace over V, defined by 

StryO = ^(_l)|a|(l+gh<e",Oe„» ^ ^a^^^^ > 
a 

Now we can write the first few terms of the perturbation series for p08|) as 

e^'/'' = exp i (^(< y, dco' >+l< P', r[L{u;'), l{u;')] >^ • (1 - Strv{-K[L{u;'), .])+ 

+ ft-ii < p', r[i(c.'), ~K[i{cj'), l{cj')]] > +^StTv{-K[i{u;'), .]) • Strv{~K[t{u;'), .])- 

- i StTv{~K[i{u;'), -~K[l{cj'),.]]) + ■■■) (114) 

The fact that the operator —HK plays the role of propagator for super-fields (the "super-propagator") 
is also implied by the following observation: 

< (gp^ >o= -hK 

where g) p'^ is understood as an element of Fun(£) ^ V ^ V* = Fun(£) g) End(V^). Transition to 
the series for effective action S' itself amounts to taking logarithm of the series (|114p . Considerable 
portion of terms disappear (namely, the ones corresponding to non-connected Feynman diagrams): 

5' p', doj' > +i < p', r[L{uj'),i{iu')] > +i < p', r[L{uj'),~K[i{uj'), > + 

+ 1<P, r[-K[Liuj'),L{ij')],~K[L{u;'), l{u;')]] >+ h Stry (-if [i(cj'), •])- 

o 

- fti Stry(-if[.(c.'), -K[l{lj\ .)]]) - fti Strv{-K[-K[Licj'), i{u;')],.]) + ■■■ (115) 
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To formulate the general result, it is convenient to use the notations for iterated operations. Let 
T be a planar binary rooted tree (edges are supposed to be oriented in the direction of root). Leaves 
and the root are understood as external edges (with single incident vertex), all vertices have valence 3. 
Each internal edge e € T has a parent edge Cp (such that Cp and e have a common incident vertex, and 
Cp is placed closer to the root) and two children: the left e; and right (leaves only have a parent, 
the root has only children). To denote a tree we make use of the standard correspondence between 
trees and bracket structures. 

Next, let X and Y be two Z- graded vector spaces and let X2 : X ^ X ^ X , X2 : X ^ X Y he 
two bilinear maps. Then for a tree T with |r| = n leaves we define the n-linear map 

by the following algorithm. Let {xi, ■ ■ ■ , a;„) e X". Decorate i-th leaf (going around the tree counter- 
clockwise, starting from the root) by Xi. Then we gradually decorate the other edges e e T following 
the rule x^ — X2{xenXe^) for internal edges e and Xroot = X2{xrooti, Xrootr) for the root. The value of 
iterated operation is defined as Iterj,.^^.^^(a;i, • • • , Xn) = Xroot- For example: 

^^^"^ ((*(**)){**yyM-M {xi,X2,X3, Xi, X5) = A2(A2(a;i, A2(x2, 2:3)), A2(a;4, 2:5)) 

We also need to introduce a notation for traces of iterated operations. Namely, let L be a planar 
oriented graph with one cycle ("one- loop" in terminology of Feynman diagrams), whose vertices are 
of valence 3 (moreover, there are always two incoming edges and one outgoing), and with \L\ — n 
external edges — leaves (oriented as incoming). If we cut L along any edge in the cycle, we obtain a 
tree T with n + 1 leaves, one of which is marked (the one corresponding to the cut edge). We define 
n-linear map Loop^.jsj^ : X*^" ^ R as a super-trace over X 

Loopi.;^^(xi, ...,Xn)= Strx IterT;A2;A2(a;i, • • • ,Xi-i,»,Xi, ■ ■■ ,a;„) 

where i is the position of the marked leaf in T (we enumerate the leaves, going around T counter- 
clockwise, starting from the root). Example: 

Loop(((^,),)^).;^2 = StrjfA2(A2(A2(a;i,a;2),»),a;3) 

where * denotes non-marked leaves and • is the marked leaf. 

Let us denote Tpi the set of planar trees and Lpi the set of planar oriented one-loop graphs. We also 
denote TnonPi the set of trees without planar structure (i.e. the set Tpi modulo graph isomorphisms) 
and denote LnonPi the set of one-loop graphs without planar structure. For a non-planar graph F we 
denote Aut(F) its automorphism group, i.e. the group of permutations of vertices not changing the 
incidence matrix. The order of group of automorphisms is denoted |Aut(F)|. Now we can state the 
general perturbative result for (jlOSp . 
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Theorem 4. Effective action for the abstract BF theory, associated to a DGLA {V,d, [,]), induced 
on the space T' = r*[— and defined by the integral I1108\} . has the form 

S'iuj',p') = S'°iuj',p') + hS'\uj') (116) 
where the tree part is the sum over non-planar binary rooted trees: 

S'°{u;',p')=<p\dLj' > + ^^^^ <P',IterT;-if [.,.]; r[.,.l(i(^'),--- ,'.(w')) > (117) 

and the one-loop part is the sum over non-planar connected oriented one-loop graphs: 

S'\oj') = - u;T77^Loopi^_^[.,.](t(c.'),--- ,4^^')) (118) 



ivfcJ-inonPl 



First terms for S'^ are 



S">{lu',p') =<p',dc.'>+- <p',r[.(^'),i('^')] >+2 <P''^[«'-^W^'),i('^')]] > + 
+ 1 < p', r[c{u;'),~K[L{u;'), ~K[c{u;'), ,{u;')]]] > + 

+ 1<P\ r[~K[i{Lo'), i{uj%~K[c{i,'),Lii,')]] >+■■■ (119) 

(first two terms yield the restriction of initial action on the IR fields i* o S — S{L{ijj'),r* [p'))). For 
the one-loop part S'^: 

S'\iu') = - Strv{-K[i{u;'),,]) - i Strv{-K[L{Lu'), -K[i{uj' ,,)]])- 

- i Strvi-K[~K[L{Lu'),L{u;%.]) - i StvyhmLu'), -~K[i{L,'), ^K[l{cu'), .]]])- 

- i Strv{-K[-K[c{u;'), ~K[,{u;\ .)]]) - ^ Strv(-K[-K[i{uj'),-K[i{uj'), + ■■■ 

(120) 

This result is standard and essentially contained in ()110|) . we just introduced the "operation for- 
malism" for Feynman diagrams, which is convenient for this specific theory and justified by identities 
(|112lll3p . The important property of integral (jlOSp is that no Feynman diagrams with more than one 
loop appear. This is due to the fact that edges of Feynman graphs are oriented (since the free part of 
action couples the fields lu and p, living in dual spaces) and due to the special rules of orientation of 
edges: each vertex has exactly one outgoing edge (since Smt is linear in field p). 

Feynman rules for ()108p can be formulated as follows: the propagator decorating the internal edges 
is—K. The "incoming" external edges are decorated with t((jj'), "outgoing" — withr*(|5'). In 3-valent 
vertices one evaluates the Lie bracket [•,•]. There is also a special graph — the trivial "tree" with 
one leaf, where we decorate the edge with d. 

The following statement is a direct consequence of the construction of effective action via the 
integral (|107p and the Statement [2J 
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statement 5. Effective action S' for the abstract BF theory satisfies QME: 

/\^'gS'{uj' ,p')/h _ g 

It is informative to check the QME expHcitly in lowest orders of perturbation series (|115p . Due to 
pTB]) and due to independence of S'^ on p' (which impUes A'S'^ = {S'\ S'^} = 0) the QME for S' is 
equivalent to the system (|24l25p : 

{5'°,^'"} = (121) 
+ A5"0 = (122) 

Let us check the CME in lowest orders in lv' using the super-field formalism: 

= {<p',d> >,duj') + (<p',d* >,K[l{uj'),i{lo')]^ + {<p\r[L{ijj'),i{*)] >,duj') + 
+ P', d. >, \r[c{io'), -K[l{uj'), + ^< p' , r[.(c.'), ^(•)] >, ^r[.(c.'), ^(c^')]) + 

+ p', r[t{u:'), ^muj'), .(.)]] >-^<p', r[L{.),-K[i{uj'),i{cu')]] >, do;'^ + • • • = 
=< p', d^Lo' > + <p',r Qd[i(w'), + M^'), diiuj')]^ > + 

+ <p',r Q i o r[i{J), + \dV{uj'), ~K[l{uo'),,{uo')]] + 

- + 0+ i <p',r[i{Lo'),{V' + dK + Kd)[L{uo'),L{Lo')]] >+■■• = 

= i < p', r^t^'), ^(^')]] >+••• = + 0(pV4) 

Hence, in the order 0{p'uj') the CME holds due to the Poincare identity d^ = 0, in the order 0{p'lu'^) 
— due to Leibniz identity for V, in higher orders — due to Leibniz and Jacobi identities for V and 
the defining property of the chain homotopy V' + dK + Kd = idy. Let us now check the quantum 
part of QME: 

{.'0,.'^} + A5'"^.'^(^,|).'"-(^,|).'0 

= {{-Strv{-K[L{.2), •i]),diu') + ^-Stry (-if [4.2), .i]), ^r[i{u;'), L{cj')]j + 
+ {-StTv{-K[L{uj'),-K[L{,2), •!]]), d^') + {-Strv{-K[-K[i{uj'), ^(.2)], 'i]), diu') +•••)+ 
+ (Stry.d + Stry,r[t(co'), t(»)] + Stry,r[i(w'): -KHcj'), + istrv,r[-X[t(cj'), ^(w')], ^(•)] + ' ' ' ) 
= {~StYv{-K[di{uj'),,]) - ^StYv{-K[ir[i{ou'),i{i,%.])~ 
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- StTvi-K[L{to'), -K[dL{to'), .]]) - StTvi-K[-K[L{to'), dL{u')],>]) + •••)+ 

+ {StYvV [i{uj'),.] + StrvV'[L{uj'), -K[i{uj'),.]] + ^StrvV'[-K[i{uj'), i{uj%.] + ■■■) 

= StrviV + dK + Kd)[L{uj'), •] + Stvy {-K[l{lu'), {V' + dK + KdMcu'), •]])- 

- istiv(-i^[(^' + dK + KdMuj'), tiuj')],*]) + ■■■ 

= Stry •] + StYv{-K[i{ij'), [i{cu'), .]]) - ^StYv{-K[[i{uj'), i{u;%>]) + • • • = + 0{u;'^) 

In this computation wc only used the cychc property of trace, Leibniz and Jacobi identities for V and 
the property of chain homotopy V' + dK + Kd = idy. Also for the lowest order of QME we had to 
use the uniniodularity of Lie bracket on V. 

The data necessary to define the effective action for the abstract BF theory is the triplet of maps 
(t,r,X). 

Definition 11. Let {V,d) and {V',d) be two homotopic cochain complexes. The data of induction from 
V to V' is defined to be the triplet of linear maps {L,r,K) (embedding, retraction, chain homotopy), 
where l :V' ^ V , r :V ^ V , K : V ~* V are subject to the following relations: 



di = id (123) 

dr = rd (124) 

n = idv (125) 

rK = Kl = (126) 

dK + Kd = idy - tr (127) 

K^ ^ (128) 



The fact that continuous deformation of the induction data leads to the canonical transformation 
for effective action follows directly from Statement [H However, using formula ([99]) . we can make a 
more precise statement. 

Statement 6. Infinitesimal deformations of the induction data {L,r,K) are of form {i,,r,K) i-^ (t + 
5l, r+5r, K +SqK +SK) where the following relations should hold: d di = Sl d, d dr = 5r d ,r Sb+Sr t = 
0, K 6K + SK K = 0, d6K + SK d = 0,r5K =^6K i^O and where SqK ^ -K 6l r - i Sr K is the 
minimal deformation of K , associated to the deformation of embedding and retraction. Under such 
deformation the effective action changes by a canonical transformation 

S' ^S' + {S\ R'} + hAR' 

with generator 

R'{uj',p') =<p',rSL{Lu') > + 
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+ e-^'l^ f e^('('"')+'""^''*(p')+''")/'"' (- < pI, d SKlu';. > + < p'i 5l{lo') > - < p', 5r{Lol) >) (129) 

JCk 

Proof. We will separately treat the deformations of type I (deforming K, keeping t, r fixed) and 
of type II (deformation of t, r, supplemented by the minimal deformation of K). Type I deformation 
acts on the Lagrangian submanifold Ck by a;^ i—t io'j^ + ^^"c^ P'c ^ P'c ^ ^P'c^ where the deformation 
uj'l^ has to satisfy the equation {K + 5K){uj'l^ + Suo'l^) = (plus the dual equation for the deformation 
of p^). General solution can be given as Suo'l^ — SKuj'^. Hence the deformation K i-^ K + 5K leads 
to the deformation of Lagrangian submanifold Ck ^ {Ck)^, with the gauge fixing fermion ^I* =< 
P£, d SKuj'l^ >. Type II deformations are treated as in the proof of Statement H) Minimal deformation 
of the chain homotopy SqK under type II deformation is obtained from equations d SqK + SqK d = 
-Sl r - LSr, SqK K + K SqK = 0. The solution is SqK = -K Str ~ l Sr K. 
□ 

4.4. Effective action for BF theory as a generating function for algebraic structure on 
the subcomplex. Let S' E Fun(J^') be the effective action for abstract BF theory on space = 
T*[— 1](1/[1]), associated to the DGLA {V,d, [•,•]). According to the perturbative result of section 
14. 3[ we have 

S'{uj',p')^S'°{u;',p') + hS'\uj') 

with the one-loop part S'^ independent of p' and the tree part S'^ depending on p' linearly. Let us 
write the tree part as 

y°(c.',p') = E(-i)'''^V.QX^') 

i 

with G Fun(y[l]) a collection of functions on and let us define a vector field on V'[l] (a 

derivation of algebra of functions Fun(y [1])) 

Q = Q'-^ G Vect(y' [1]) = Der(Fun(l-'[l])) 

Therefore 

S''iu;',p') = ^(-l)l^l+V.gc."^ - -<p\Qu' > 

i 

(in super-field formalism we mean that Q acts on lu'^ and is moved through the basis elements e[ eV). 
The CME {S"°, 5"°} = means that ^ q, i.e. Q is a cohomological vector field on V'[l]. Notice 
also that the BRST operator Qjr, = {S°,»} on the full space of BV fields T' = r*[-l](V"'[l]) is the 
cohomological vector field on T\ tangent to the zero section V'[l\ C T' , and Q is the restriction 

Q = Qr'\v'[i]- 

Let us decompose components of Q into the Taylor series in variables lo'^ : 

n=l n=l 31, ■■■dn 
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where the Taylor coefficients are defined as derivatives 

( d d 



'=0 



Now define the set of super- antisymmetric polylinear maps (the "classical operations") : A'^V 
V', by fixing their values on the basis of V' (i.e. by means of structure constants): 

i i 

where e(ji, . . . ^jn) is the sign defined as 

e(ji, ■ ■ ■ ,3n) = (-l)(l-'"-il+i)-'-'"l+(IJ"-2l+i)-(|j"-il+|j"l)+---+(|j'il+i)-(|j'2l+---+|j"l^ (131) 
The fact that operations are really (super-)antisymmetric is checked straightforwardly: 

i 

= ^(-l)N+ie: (-l)(b'=l+i)(b'^+il+i)Q|„)^.^...^.^_^^^.^...^.J-l)l:''^^^ . . . , jfe+i, jfe, . . . , j„) 

i 

= (-l)'^'^^"^^^^'^(")(4,-.-,4,„e;,,...,e;j (132) 
Property gh(Q) — 1 implies deg(Z(„)) = 2 — n. In terms of maps ^(„) the vector field Q is 

^?--(E^^h(^''---'-'),^^ (133) 

(we mean that /(„) acts on the basis elements e^, while variables w'* are carried through, accounting 
for the sign in definition (|130p ). The tree part of action is 

^'" = (^'''E;J!^(«)(^''---'^')) (134) 

The CME in terms of classical operations is the system of quadratic equations on the structure 
constants of operations l^n)'- 

E ^ (w',...,^',^(.)(^',...,c.'))=0 (135) 

r>0,s>l: r+s—n 

for all n > 1. 

Pair {V' , Q), with V' a Z-graded vector field and Q a cohomological vector field on vanishing 
at point G ^^'[1], is called an Loo algebra (or a " homotopy Lie algebra"). Hence the tree effective 
action endows V' with the structure of Loo algebra. In alternative definition, the Loo algebra is a 
Z-graded vector space V , endowed with a sequence of polylinear super- antsy mmetric maps (the Loo 
operations) Z(„) : A"V' V of degree 2 — n for each n > 1, and operations are required to satisfy the 
system of quadratic relations (|135p — the (higher) homotopy Jacobi identities. The two definitions of 
Loo algebra are related by p33p : cohomological vector field is the "generating function" for operations. 
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Let us also write the first equations of the system (|135|) in the standard form of equations on 
structure constants (without the super-fields) . They are obtained by applying the differential operator 
d3n ■ ■ ■ aS^ to For n = 1 we get 

^(i)a(i)(e-)) = 

— the Poincare identity, i.e. ^j-j^) is the coboundary operator. For n = 2: 

/(i)a(2)(e^,e;.)) - Z(2)a(i)(eO,e;-) - {-l)\%^ie',J^,)ie'^)) = 

— the Leibniz identity, i.e. is a derivation of ^(2)- 

+ (-l)l'l+l^l;(3)(e:,e;,;(i)(4)) + (-l)(l'l+i)(l^l+l'=l)/(3)(e;,e',^ 

+ i-l)\^\+mM+U\+i)l^^^^^'^^^'^j^^^^^^^^^ (136) 

— the homotopy Jacobi identity. In case Z(3) — 0, this identity becomes the usual Jacobi identity for 
^(2). In case ^(3) — Z(4) = • • • = the Loo algebra is the ordinary DGLA. The DGLA case corresponds 
to Q at most quadratic in coordinates on y [— 1]. In DGLA case /(i) = d is the differential, Z(2) = [•, •] 
is the Lie bracket, and the cohomological vector field is 

The perturbation series (|117p for the tree effective action gives L^o operations on V' as sums over 
trees: 

/(„)(w',...,w') ='^! lAutmi ^t^^T;-g[».']; '■[».'] (^(^O:-- - . '-(^O) (137) 

for n > 1 and l(y^(uj') = duj' . Structure constants of operations /(„) are obtained from (|137p by 
applying • • • -g^- In particular, for /(i) we have 

l(iM)=de[ 

— the differential on V . For 1(^2)' 

k2M,e'^)=r[L{e[),L{e'^)] 

— the Lie bracket in V, projected to V . For /(3) we obtain 

Z(3)(e:, e^., el.) = r[- KW,) , L{e% L{e'^)] + 

Next let us write the one-loop part of effective action as S'^{uo') — \og p{uo'), with p e Fun(V^'[l]). 
Then in terms of Q and p the effective action is 

S' = - < p', QJ > +h\ogp (139) 

60 



The classical part of QME (I12ip . as discussed above, is equivalent to = 0. The quantum part of 
QME in terms of Q, p is 



AS- + {S'\ S-} = 5: ^(Q.'^) + ^(Qc-) logp) = i ^ipQ-'l = 

= divQ + Q log p = divpQ = (140) 

where divpQis the divergence of vector field Q, with the measure /i = p • /icoord = P ■ Yii 'Dlo"' on 
i.e. the measure of density p. Therefore we have the following interpretation of QME: 

= (141) 
divpQ = (142) 

i.e. Q is a cohomological vector field on V'[\\ and p is the density of a Q-invariant measure on V'[V\ 
(i.e. such that measure of a set is preserved by flow generated by Q). 

We define "quantum operations" on y — a sequence of polylinear super-antisymmetric maps 
(7(„) : A"y — > R of degree deg(7(„) — ~n via the Taylor expansion for S'^{u!') = \ogp{uj'): 

S'\i,') = logp(c.') = ^ - g(„)(^', ...,uj') (143) 

n=l 

I.e. the structure constants of quantum operations are defined as 

q(nM„---,el) = e(ii,...,in) [gji: ' ' ' gjn ^""S p{^')^ 
The quantum part of QME p42p in terms of classical and quantum operations ^(„), (7(„) is the system 
^ Stry-/(„+i)(w',...,w',.)+ ^ g(r+i)('^',-..,t^',^(s)(w',...,w')) =0 (144) 

r>0,s>l: r+s— n 

for n > 1 (for n = the equation is satisfied automatically: Stry/(i)(») = 0, since deg/(i) = 1). 
Equations for structure constants of operations are obtained from p44p . just as for (|135p . by applying 
sZTm" ' ' ■ dS^ri ■ III particular, for n = 1: 

Strv"/(2) (e-, •) + 9(1) (Z(i) (e-)) = 

is the homotopy version of unimodularity property (|84p . For n = 2: 

Stry4(3)(e^,e;-,.) + g(i)(/(2)(e:,e;.)) + (-l)l*l+i(Z(2) (e^d) (e^-)) + (-l)(l'^l+i'l^"lg(2)(e;-, /(i)(e:)) = 

The perturbation series for one-loop effective action (jllSp gives the quantum operations on V' as 
sums over one-loop graphs: 

<7(«) (w', ...,uj')^-n\ Y |^^i^N| LQQPL;-A-[...] ('^('^')> ' ' ' , '•(^O) 

ieL„o„pi, \L\=n ' ^ ^ >' 
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The structure constants are obtained as usual, by applying g^ni • • • gS'in. ■ particular, for n = 1 we 
have 

g(i)(e:) = -Stry(-i^Me:),.]) 

For n — 2: 

g(2)(e:,e;-) = - Strv{-K[-K[e'^,e'^l>])- 

- Strv{-K[e',, -K^, .]]) - Strv(-if [e^-, -/C [e^, .]]) 

Now we can summarize the algebraic structure generated by the effective action S' for abstract BF 
theory, associated to a DGLA structure on V , on a subcomplex (more precisely, deformation retract) 
V ^ V. 

Definition 12. We call a qLao algebra (a "quantum" Lao algebra) a 'L-graded vector field V' , endowed 
with a cohomological vector field Q (i.e. of degree 1 and satisfying = Oj on V'[V\, vanishing at 
point e ^'[1], and also with a Q -invariant (i.e. satisfying m'/^ ) measure /i on V'[l\. 

Equivalently, in terms of operations: 

Definition 13. A qLoc algebra is a "L-graded vector space V' , endowed with two sets of polylinear 
super- antisymmetric maps l^n) '■ A"y' V' and q^n) '■ A"^' M for rt = 1,2,3, .. . — the classical 
and quantum operations, satisfying two systems of equations: the system of homotopy Jacobi identities 
111 35]) and the system of homotopy unimodularity relations ^44^ - 

Therefore the effective action S' generates the structure of qL^o algebra on V' by means of p39p in 
terms of Q, p, or by (|134|143p in terms of operations. Notice that the effective action is the generating 
function for structure constants of classical and quantum operations on V' , precisely as the initial 
action of abstract BF theory was the generating function for structure constants of differential and 
Lie bracket on V. 

4.5. BFoo theory. Let (V, Q, fS) be a qLoo algebra. We define the corresponding BF^a theory by the 
BV action 

S{uj,p) — - <p,Q{u})uj > +hlogp{Lu) ~ 

\ n— 1 ' / n— 1 

on the space of fields 

T = T*[-1]{V[1]) 

with canonical BV Laplacian A. We use the notations for super-fields, operations, etc. as before. The 
difference from situation of section [4.11 is just that we construct the action not from the unimodular 
DGLA structure on a Z-graded vector space V, but from the qL^o structure. Abstract BF theory 

62 



then is the special case of BFoo theory, with Z(3) ~ Z(4) = • • • = 0, = g(2) = • • • = 0, i.e. only the 
first two classical operations are non-zero. The QME for action (|145p is satisfied automatically due 
to (|141ll42p or, equivalently, due to (|135ll44p . 

We define the effective action for BFoo theory precisely as we did for abstract BF theory in section 
14.31 I.e. we need a chain complex {V' , d), embedding l : V' V and retraction r : V ^ V that are 
supposed to be quasi- isomorphisms (we understand d — as the differential on V). We also need 
a chain homotopy K : V V, contracting V to i.{V'), and we assume the standard set of relations: 
di = id, dr = rd, r L = idy, Kl = rK = 0, dK + Kd = V" , K"^ = 0. The induction data — the 
triplet (i, r, K) define the Hodge decomposition p04p for V and the Lagrangian subspace Ck in the 
space of UV fields ()106p . The effective action on IR fields S' G Fun(J^') is defined as in section [Ql 
i.e. by the integral 

^S'{u,',p')/h ^ f ^S{L(Lu')+Lu",r'-(p')+p")/h 



+hf2^qinM^') + . • . , + o;^) I (146) 

n=l / 

To formulate the perturbative result for the integral p46p . we need the natural generalization of 
the Iter, Loop notation of section [4.31 Let T be a planar rooted tree, not necessarily binary. Then 
for two sets of polylinear maps A„ : X®" — ^ X, A„ : X*^" — > Y with n > 1, we define the map 
Iterj,.|^ y.^-^ y : X®'^' — > F as follows: edges of T are decorated with elements of X. Leaves are 
decorated with arguments of Iter, an internal edge with n children is decorated with A„ applied to 
the children, the root is decorated with A„ applied to children. We read the value of Iter from the 
root. Likewise the traces of iterated operations Loop are generalized to the case of connected one- loop 
graphs with vertices of arbitrary valence n + 1 > 2, where each vertex is required to have precisely 
one outgoing edge. We define Loop^.^^^j : X®'^' ^ M as before: the graph L is cut along an edge in 
the cycle and becomes a rooted tree T with i-ih leaf marked, and we set 

'^oop^.^^^yixi, . ..xm) = Str^ Iter7^.{;^^}.{;v„}(a;i, . . . , •, a;^, . . ■,xm+i) 

For example: 

^^^^{*{**)*)-{x„};{\^}i^i^^2^^3,X4) = A3(xi, A2(a;2,X3),a;4) 

Loop(,(^,)^).|;^^}(xi,X2,a;3) = Strx A3(a;i, A2(a;2, •), a;3) 

We denote Tpi, TnonPi, Lpi, LnonPi the sets of planar/non-planar trees and one- loop oriented graphs 
respectively, with vertices of arbitrary valence > 3, and requirement that each vertex has precisely 
one outgoing edge. 
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Theorem 5. Effective action for B Foo theory, associated to a qL^o algebra {V,Q,fi), induced on the 
space T' — r*[— [1]) hy means of integral ^IJS^, is 

where the tree part is the sum over non-planar rooted trees: 

TGT„o„pi: |T|>2 ' ^ 

(147) 

and the one-loop part is 

TeT„o„Pi: |T|>1 ' ^ 

Effective action S' satisfies QME and defines a BFoc theory on T' , associated to the qLoc structure 
on V' , with classical operations 1'^^-^^ — d and 

l[n){^',...,uj') =nl ^^'^'^T;{-i^i(^)}^>2; {H(„)}^>2 (^(^0, ■ ■ ■ : 4^0) (149) 

for n > 2, and quantum operations 

q[n){uj',...,uj') = -n\ Y ^^;;^Loopi.{_^;^^j}^^^(i(tj'),---,^(^')) + 

+ E lAutmi ^■3("-)>'"S^('^^'^' - - - ' '("^'^^ 

TGT„o„pi: \T\=n ' ^ 

for n > 1. 

Proof. Perturbation series for ()146p is obtained foUowing the same routine as in section 14.31 We 
just have to adjust the Feynman rules to include vertices of all valences n + 1 > 3 with one outgoing 
edge, corresponding to classical operations on V or, equivalently, to terms of order 0{pu;") in 
S. We also have to include root vertices with no outgoing edges of all valences n > 1, corresponding 
to quantum operations on V or, equivalently, to terms of order O^hu"') in S. Feynman trees 
containing a vertex of this second type in the root yield the second term in (|148p . The fact that 
S' satisfies QME is an implication of the construction p46p and Statement [21 Since the effective 
action S' again satisfies the ansatz ()145p . we can interpret it as the action of BFoo theory, associated 
to the qL oo structure on V' . Formulae (|149ll50p for operations follow directly from the Feynman 
diagram expansion (|147ll48p . Equations (|135ll44p for {^(„-)}, {<?(„)} are satisfied automatically, since 
S' satisfies the QME. 
□ 
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Therefore one can understand the class of BFoc theories as the closure of the class of abstract BF 
theories w.r.t. operation of inducing the effective action. 

Definition 14. Let (V,Q,/i) be a qLoo algebra and V' ^ V a deformation retract of V . Then we 
call the qLoo structure on V' defined by Ilil4-9\150\) the induced qLoo structure, with the induction data 
{L,r,K). 

Statement 7. Let (V, Q, ji) be a qLoo algebra, Vi '-^ V a subcomplex in V , (ti, ri, Ki) — the induction 
data from V to Vi,and let V2 ^ Vi be a subcomplex in Vi, and {12, ^2, K2) — the induction data from 
Vi to V2 ■ We define the composition of induction data as 

{L,r,K) = [i2,r2,K2) o [Li,ri,Ki) := {iiL2,r2ri, Ki + iiK2ri) (151) 

Then the iterated induction of effective action on V2 through Vi : 

yields the same action S2 on V2 as the direct induction to V , with the composed induction data: 
Or equivalently, in the language of qLoo algebras: iterated induction 

{V,Q,^J.) > {Vi,Qi,fJ.i) > (V2,Q2,/^2) 

yields the same qLoo structure on V2 as the direct induction 

(F,Q,/i) — > {V2,Q2,M 

Proof. Let us first check that (|15ip satisfies the relations for induction data. Indeed, obviously 
LiL.2 and r2ri are chain maps, then n ~ 7'2(riii)t2 — idv^, Kl ~ {Ki + ii-R'2?'i)'-ii2 = (-?^i'-i)t2 + 
ti(X2t2) ^0,rK^ r2ri{Ki + LiK2ri) = r2{riKi) + {r2K2)ri ^ Q, dK + Kd = d{Ki + iiK2ri) + 
{Kl + LiK2ri)d = {dKi + Kid) + ii{dK2 + K2d)ri = (idv - iiri) + ii{\dv^ - L2r2)ri = idy - ir, 
K^ = {Kl + LiK2ri){Ki + iiK2ri) = Kf + nK^n + LiK2{riKi) + {KiLi)K2ri = 0. Hence (HH]) is 
the legitimate induction data. 

Let us introduce the following notations for the UV parts of complexes V,Vi: V" = ker(ri) C 
V, V^' = ker(r2) C Vi, i.e. splitting of V and Vi int IR and UV parts is: V = li{Vi) © V(' , 
Vi = ^2(^2) ® V2 ■ Corresponding Hodge decompositions defined by chain homotopies Ki, K2 are 
V = Li{Vi)® ® K:Ki-e. and Vi = ^2(^2) © ^2';d-e. © ^2^2 -e.- At the same time, the 

induction data (|15ip define another splitting of V into IR and UV parts: V — t(V2) U/2, V12 = 
ker(r) = U/' ii(U2") C V. Therefore the Hodge decomposition is U = l{V2) V^i2,d-ea; ® ^i2,if-ex> 
where U/^^^.,, = U/;^.,, ti{V^[d-e.) and U/^.^-e. = '^'iVi— ® '^iiV2,K,-eJ- 
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According to the definition of effective action (I146|) . the exponential of action on Vi is 

gSi(uJi,pi)/fi _ / gS(ti(uJi)+ajj',rJ(pi)+p'/)/S (152) 



where £k, = N*[-l]{V{'j^^_^^[l]) C T[' = r*[-l](VY'[l])- Iterating the procedure, for the exponen- 
tial of effective action, induced on V2 from p52p , we obtain the following: 

J Ck2 ^^2 

S{L\{L2{^2)^-^2)+^'l,r\(r2{j>'2)-\-P2)-\-p'l)lh 



e 

Ck2 ^^2 ^K-i 'ZJ^i 



I g'S(t(w2)+w"2,r*(p2)+pi'2)/?i (153) 



' CKi®il(CK2) 

where Ck2 = N*[-l\{Vi'K^_^^[l]) C J^^' = T*[-l]{Vi'[l]) and we denoted h ^ H ® rl : Ti ^ T . 
Notice that Cki © ii{CK2) = ^*[^l](^i2 K-ex)^ hence wc obtained precisely the expression defining 
effective action on V2 with the induction data (|15ip . □ 

4.5.1. Equivalence of qL^o algebras. Talking about canonical transformations for the action of BFoo 
theory, we would like to restrict to the "special" canonical transformations, preserving the ansatz 
pis)) for BFoo action. 

Definition 15. We call the infinitesimal special canonical transformation (SCT) for a BFoo action 
S on T = T*[—1\{V[1\) the infinitesimal canonical transformation S ^ S + {S,R\ + h/S.R with the 
generator of the form 

R =< p, v{uj)uj > +hx{uj) (154) 

where v{lu) G Vect(V^[l]) is some vector field on V[l] with ghost number gh(w) = 0, and x{^) G 
Fun(V^[l]) is a function on V[l] with ghost number gh(x) = ^1- Equivalently, we call the infinitesimal 
SCT of a qLoo algebra {V,Q,^) the infinitesimal transformation of cohomological vector field and 
measure of form 

Q ^ Q + [Q,v] (155) 
p ^ p • (1 + divpw + Qx) (156) 

where the bracket means the Lie bracket of vector fields. 

The fact that for any given BFao action S the general infinitesimal canonical transformation, 
preserving the BFoo ansatz for it, has to be of form (|154p . is a consequence of trivial degree counting 
for p and h in the formula for canonical transformation S S + {S, R} + HAR. We can also give the 
definition of finite SCTs. 



Definition 16. We call the finite special canonical transformation for a BFoo action S = — < 
p,Quj > +hlogp T = r*[— l](y[l]) the finite canonical transformation of form 

S ^ S ^ - <p, U*Q{U*)-^uj > +h{U* log p + log Jac(C/) + U*Qx) (157) 

where U : V[l] V^[l] is a diffeomorphism of ghost number 0, i.e. such that the pull-back U* : 
Fun(l/[1]) —f Fun(V^[l]) preserves grading, and x G Fun(V^[l]) is a function on V[l] of ghost number 
-1. Equivalently, on the language of qLrx, algebras, we call the pair {U,x) o, finite SCT between two 
qLoo structures ((5,/i) and {Q,fL) on V, if 

Q = U*Q{U*)-^ (158) 

fl = e'3'^) (159) 

where the pull-back U* in U59\) acts as on measure (not as on function). 

Definition 1151 is obtained from here by substituting U* ~ idFun(y[i]) + ^ where v is an infinitesimal 
vector field. 

Statement 8. Let S be a BFoo action on V and S' an effective action on V' for it, induced using the 
data {i,r,K). Let also S be an action, differing from S by an infinitesimal SCT. Then the effective 
action S" on V' , constructed with the same induction data {b,r,K), differs from S' by an infinitesimal 
SCT. 

Proof. Obvious, since the infinitesimal canonical transformation S ^ S in the class of BFca 
action, leads to a canonical transformation for the effective action again in the class of BFoo actions. 
Hence S' differs from S' by an infinitesimal SCT. 
□ 

Statement 9. Let S be a BFoo action on V , and let S'l and S2 be two effective actions for it on V' , 
induced using data (ti,ri,ifi) and {^2,^2, K2) respectively. Then S'l and S2 differ by a SCT. 

To prove this we will need the following lemma. 

Lemma 1. Let (V, d) and {V',d) be two quasi- is amorphic chain complexes. Then the configuration 
space of possible induction data {L,r,K) from V to V' (i.e. of triples embedding-retraction- chain 
homotopy) is a certain bundle over the configurations space of Hodge decompositions {V — W (B 
^d-ex®^K~ex ■ ^ ^'l,' with the fiber — the configurations .space of automorphisms V' (as a chain 
complex) {(A, A^^,0)} ~ Aut(y). The base of this bundle is connected. 

Proof of lemma. Given a triplet {i,r,K), we construct the Hodge decomposition V = W ® 
Vd-ex © ^K-ex-< ^ = ''(^')> ^d^ex = ker(r) n im(d), V^_^^ = ker(r) n im(X). And vice versa: given 
a Hodge decomposition for V and an embedding t : y — > V7 C V^, we reconstruct the retraction as 
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r = L~^Vw (with Vw the projector to the first term in Hodge decomposition), and the chain homotopy 
is reconstructed as if = {d\vi^ -^v^' i-e- as the inverse map to the differential V^_^^ ^d-ex- 

Hence the space of triplets (t, r, K) is a principal bundle over the space of Hodge decompositions for 

V with fiber (and the structure group) being the group Aut(y) of chain automorphisms of V': 

Aut(y') {{i, r, K)}^{V^W® V^'_,, ® V^^.,, : W ^ V'} 

Automorphisms A G Aut(V^') act on {{L,r,K)} as 

{L,r,K) ^ {X,X-\0)o {L,r,K) = {i\\-^r,K) 

Consider the case when differential on V' is zero, i.e. V' — H'(V) is the cohomology of V. For 
the Hodge decomposition spaces V^'_^^ ~ im{d) = d{V) and W ® Vj'^^^ = ker(d) are fixed (defined 
by the structure of chain complex on V). Let us fix some linear subspace Wq C ker((i), such that 
ker{d) ~ Wo(Bim{d) and Wor\im{d) = {0}. Then the general W, satisfying these conditions, is obtained 
from Wo as a graph W = graph(Q;) of some linear, degree-preserving map a e Hom''(Wo — > im(c?)). 
Now let W be fixed. Choose some linear subspace V^^ex.o satisfying V = ker((i) © V^_^^ q 

^K-ex.o ^ ker(d) = {0}. Then the general V^_^^, satisfying these conditions is of the form Vl^_^^ = 
graph(/?), where /? e Hom"(y^_g^ q — > ker((i)). Hence, the space of Hodge decompositions {V ^ W (B 
K'-ex ® V^-ex ■ W r^V'jisa bundle over }iom°{Wa im(d)) with fiber Rom" {V^_^^ „ ker(rf)) 
(i.e. the base and the fiber are vector spaces), and hence is connected (and even retractible). Then 
for the case V' — H'{V) the lemma is proved. Note also that this space is non-empty, since the 
cohomology can always be embedded into V as Wq , and it is always possible to choose a complement 
Vl^-exfi to ker(d) in V. 

Consider now the general case, with V' a general chain complex, quasi-isomorphic to V . Choose 
some induction data (ti,ri,ifi) from V' to the cohomology H*(V). Then we have a decomposition 

V = ti{H{V))®V^'_^^®V^^_^.^. Then for a general Hodge decomposition for V: V = i{V')®V^'_^^® 
^K-ex' generated by a triplet (i, r, K), we have 

t(ii(H(y))) eim(d) = ker(d)cy (160) 
4Vd-eJ®Kl-e. - Md)cV (161) 
<K-ex)®V^_,,®keT{d} = V (162) 

Using the argumentation as above, we find that the space of images of the embeddings, restricted to 
cohomology, is {l{li{H{V)))} = Houi^ {lo{li{H (V))) im(d)), where lq : V ^ V is some embedding. 
Then the space of images of embeddings, restricted to the exact part of V' , is the Grassmanian 
m'-ex)} - Gr(im(d),y,':_,J = n„Gr((im(d))",(yjLeJ"). The space {V^'_^J with .(Fj^.J fixed 
is Hom°(yj^g^ Q '-(^d-ea;)) souic V^'_^^ q. Satisfying (|16ip . Next, choose some subspace Uq <ZV 
such that Uq ® ker((i) — V. General complement of ker(d) in V has the form U — graph(/3) with 
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f3 e Honi°([/o ker(d)). With U fixed, the space of images of embeddings, restricted to the Ki- 
exact part of V , is {i{V^^^^^)} = Gr([/, V'^^_^J; for the space {V^^^.J with U, i{V^^_,,) fixed, 
we have {Vl^_^^} = Hom°(V^_g^ g f-i^Ki-ex)) some arbitrarily chosen complement V^-ea: o 
of /-(V^j-ea;)) in U. Therefore we showed that the configuration space of Hodge decompositions is 
homotopic to a certain vector bundle over the product of Grassmanians 

Gr(im(d),y,%J X Gr(;7o,V'K,-eJ 

In particular, it is connected. 
□ 

Proof of Statement [9j For an infinitesimal deformation of induction data (ii, ri, /Ci) i— > {1-2,^2, K2) 
we can use Statement [6l since it never uses any specifics of abstract BF theory (as compared to BFoc)- 
Hence S'^ and S'2 are related by an infinitesimal canonical transformation. Since both effective actions 
satisfy BFoo ansatz, this is a SCT. 

Now consider the case of finite deformations (ti, ri, Ki) i~> (t2, ?'2, K2). According to Lemma, such 
a transformation can be represented as a composition 

(il,ri,Xi) 1-^ ii2,f2,K2) 1-^ (A, A"\0) O {L2,f2,k2) = (i2,r2,i^2) 

where {Li,ri, Ki) and {l2,t^2, K2) are in the same connected component of the configuration space of 
induction data. For the deformation {Li,ri, Ki) t-^ (^2,^2,^2) the corresponding effective actions are 
related by a SCT, as a consequence of infinitesimal case. Hence we only need to consider deformations 
of induction data of form {li^ti, Ki) > (A, A^^,0) o [Li,ri, Ki) = (i2,'"2,^2)- These deformations 
(automorphisms of V') affect the effective action as S'2 — X*S'i with A = A © (A*)^^, which is obvious 
from the definition (|146p . According to the Definition 1 16[ this is a finite special canonical deformation 
on V with {U,x) = (A,0). 
□ 

Definition 17. We call two qLoo algebras (Vi, Qi, fix) and (V2,Q2,M2) equivalent, if their cohomolo- 
gies (i.e. cohomologies of the differential d = l(^i^) are isomorphic H*{Vi) — H*{V2), and the induced 
qLoo structures on cohomology {H'{y),Q[, iJ,[) and (i/*(y), Qj, M2) '^'^^ related by a SCT {U,x)- 

Due to the Statement [51 this definition does not depend on the choice of induction data from both 
qLoo algebras to the cohomology. Also, according to Statement two qL^c structures on space V, 
related by an infinitesimal SCT, are equivalent. Also a qLoo algebra (V,Q,ii) is equivalent to any 
qLoo algebra {V ,Q' , n') induced from it, as a consequence of the Statement [71 

Two BFoo theories, corresponding to two equivalent qLoo algebras, are considered equivalent. 

Remark. We should mention two drawbacks of our discussion of equivalence of qLoo algebras. 
First, our treatment of the transfer of a canonical transformation to a subcomplex relies on Statement 
[21 and on the formula (|92p for transferring an infinitesimal canonical transformation. Therefore the 
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Statement [8] is formulated for infinitesimal SCTs and is straightforwardly generalized to the connected 
component of identity in the configuration space of finite SCTs, but not to other connected components 
— such a generalization would require the description of transfer of canonical transformations in finite 
(not infinitesimal) terms. Therefore, in particular, we cannot guarantee that two qL,^ structures on 
space V, related by a finite SCT (?7, x), are necessarily equivalent. 

Second, Loo algebras have a nice notion of morphism. Namely, one calls an morphism between 
two Loo algebras {Vi,Qi) and {V2,Q2) a non-hnear map U : Vi[l] ~~f V2[l] of degree zero ,such 
that QiU* = U*Q2- Two Loo algebras are called equivalent (or homotopic), if there exist an Loo- 
quasi-isomorphism between them, i.e. one additionally requires that the linear part of U induces an 
isomorphism on cohomology H*{Vi) = H'(V2)- On the other hand, for the case of gLoo algebras 
we could only define an invertible gLoo morphism (or gLoo automorphism) — the special canonical 
transformation fPefinition I16p . which is quite restrictive (in particular, it preserves the dimension). 
We would like to say that induction of a qLoc algebra is another instance of gLoo quasi-isomorphism, 
and our definition of equivalence of gLoo algebras (Definition I17p is inspired by this idea. But we do 
not know how to give a general definition of qLac morphism, generalizing these special cases — the 
gLoo automorphism and the induction. 

4.5.2. Effective action in terms of L^o morphism and torsion. 

Statement 10. Let S be the BFqo action, associated to a qL^o algebra (V,Q,^), and let S' be the 
effective action, associated to the induced gLoo algebra [V' ,Q' , ^l'), with the induction data {i,r,K). 
Define a nonlinear map U : V'[l] —>■ V[l] via the pull-back on functions U* : Fun(y[l]) —>■ Fun(V^'[l]), 
given by 

f{uj)^U*{f){uj') = e-^''^'^'^^'^/^' [ eSMu.')+uj",r'{p')+p")/hj^^^ ^^gg^ 
Then the perturbation series for U is 

U{uj')^i{uj')+ ^i^Iter^;{-if/(„,}.>.;{-^;(„,}„>.W'^'),---,^(t^')) (164) 

TeT„o„Pi: |T|>2 ' ^ 

Moreover, U is an Lao quasi-isomorphism between the Loo algebras (V, Q) and {V',Q'), i.e. 

U*Q = Q'U* (165) 
holds, and the linear part of U induces an isomorphism between cohomologies ofV and V . 

Proof. First, we need to check that U* defined by (I163|) is a homomorphism, i.e. U*{fg) = 
U*{f)U*[g) (this imphes that U* is really a pull-back for some map U : V'[l] ^^[1])- This follows 
from the observation that field lj does not interact with itself, i.e. there are no connected Feynman 
diagrams with more than one outgoing 1-valent vertex (corresponding to insertions of lo in the integral), 
and the other vertices generated by the action S. Next, let us check the property (|165p of Loo 
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morphism. To do this, we apply the BV Laplacian A' to the integral /^^ e^/^f — e^' ^^U*{f). We 
have 

A'{e'^'/^U*{f)) = A'(e^'/'^)[/*(/) + {e^'/^ U*{f)} + e^'/'^A'(C/*(/)) 

= + le^'^'^iS', U*{f)} + = le^'/^Q'U*if) (166) 

On the other hand, 

= \j^ e^/\S,f} = \j^ e''^Qf^\e'-'^U*{Qf) (167) 

Hence U is really an L^o morphism. It is a quasi-isomorphism, because the linear part of U is the 
embedding which is itself a linear quasi-isomorphism. Perturbative expansion (|164p follows from 
considering Feynman diagrams for the integral (|163p . 
□ 

Expression U{lu') in (jl64p looks ambiguously. We understand it as defined by U*{f){u!') = 
f{U{uo')), and therefore U{lo') — U*{lo), just as l{lo') = where we mean that t acts on 

in decomposition lo' = e^uj'^, while t* acts on in uj — eiUj^. One can also interpret U{lo') in terms 
of components of the L^o morphism — polylinear antisymmetric maps J7(„) : K^ V' — > V , which are 
introduced analogously to defining the classical operations Z(„) via Taylor series for Q. Namely, the 
structure constants of components of are defined from 

U{J) = e,U*{uo^) - le,C/(^„)(e;.^, . . ..e'^Juo'^^ ■ • •^'^"e(ji, . . . ,j„) 

where the sign e is defined by (|13ip . Therefore U{lu') is interpreted either as U* acting on coordinates 
on V[l], or via the components C/(„), acting on vectors £ V'. 
It follows from comparing (|164p and ()147p . that we can write 

S'°{oj',p') p',f2ro ^;(„)(C/(c^'), • ■ • , U{uj')) >= S°{U{cu'),r*{p')) 

71=1 

i.e. the value of tree part of the effective action in any point of J-'' is given by the value of the original 
action in the point, shifted along Ck, and the shift is given by the L^o morphism: lu' i-^ uj = U (lu') = 
l{uj') + K {■■■), p' <^r*{p'). 

Statement 11. Effective action for BFao theory, defined by {l^b)) , can be written as 

S'{uj',p') = S"{U{uj'),r*(p')) + hS\U{uj')) + h Stry log(l + Ko I{U(uj'))) (168) 
where the linear uj-dependent operator I{lo) e Fun(V^[l]) (g) End(y) is defined by 

oo ^ 

n=l 
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where U is the L^o morphism \164\j - 

Proof. The fact that S^\U{uj'),r*{p')) and S^{U{uj')) coincide with pl7)) and the second sum 
(over trees) in (|148p . foUows immediately from the formula (|164p for U . So we just have to prove that 
Stry log(l + KI{U{lo'))) coincides with the first sum in (1148p . Indeed, 

oo 

Strv\og(l + KI{U{uj'))) = - y -Strv{-KI{U{uj'))r 

^ — ' m 

m— 1 

£ ^^^""^ ( Iter^;{-^if;wU>2;{-^if;,„+i)(*,-,*..)}„>i(^('^'),---,4'^')) 



^TeTpi: |T|>1 



= - E Tp^^^^^^L-,i-Ki,.,u>M^')^-- (170) 

where passed to summing over planar graphs for the ease of treatment of the symmetry coefficients. 
We denoted [L] the length of cycle in L\ Lpi is to be understood as the set of planar one-loops graphs 
with one marked edge in the cycle. 
□ 

Expression ()168|) for the effective action can also be understood as follows. Introduce the function 
r e Fun(y'[l]): 

t{oj') = Sdety(l + KI{U{u'))) (171) 

where we mean the super-determinant: Sdetv(l + KI{U{uo'))) :— exp (Stry log(l -f JC/([/(tj')))). 
Function r depends on the induction data (t, r, K) and may be understood as the gauge fixing for 
the ill-defined expression Sdet\/((i -f I(U{lu'))) (the determinant of Hessian of action -^yT-^rrS\cK in 
the stationary point on Ck)- We call r the "torsion", where the term is inspired by the Ray-Singer 
torsion. In a sense r plays the role of Jacobian of the Loo morphism (cf. the definition of finite SCT 
(|157p ). Therefore, in terms of ioo morphism U and torsion r, the effective action is 

S'iu'^p') = S{U{u:')y{p')) -f niogT(^') 

5. SiMPLICIAL BF THEORY 

Here we will apply the construction of effective action from section H] to the case of topological BF 
theory, i.e. abstract BF theory associated to the de Rham DGLA V = Vl'{M, g), and induction to the 
subcomplex V' = C"(S,g) ^ of g-valued cell cochains of the simplicial complex S (a triangulation 
of M). Here M is assumed to be a compact manifold, possibly with corners, possibly non-orientable, 
and we assume that g is the Lie algebra of some compact finite-dimensional Lie group G (the gauge 
group). First we have to present the induction data {L,r,K), i.e. embedding t : C*(S,0) — > J7*(M, g), 
retraction r : il'{M,Q) C"(S,g) and chain homotopy K : r2*(Af, g) r2'^^(M, g). The idea is to 
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set t to be the embedding of cell cochains of S as Whitney forms [30], for the retraction r we take 
the integration of a differential form over simplices of S, for K we take the explicit Dupont's chain 
homotopy [H], retracting the differential forms to Whitney forms. We use [11] in our exposition of 
these constructions. 

In sections 15. 115. 21 we present the construction of Whitney forms and Dupont's operator on a stan- 
dard simplex, and construct the induction data for a general simplicial complex i}'{M,Q) — — ^ 
C-(S,0). 

In section [5T3l we introduce the notion of simplicial BF action Ss — the effective action for topo- 
logical BF theory on a manifold il/, induced on cell cochains of a triangulation S with the induction 
data (tH, fE, Ks). We also discuss the important property of simplicial action — its simplicial locality 
(Theorem |6]) . Namely, Ss. is represented as a sum of contributions ( "reduced actions" ) for individual 
simplices S. These contributions are given by universal formulae and can be obtained from solving 
the problem of induction for single standard simplex (in all dimensions D > 0). 

In section 15.41 we propose the abstract construction of gluing for qLoo algebras and prove that it 
is consistent with the induction procedure (section I5.4.2p . This construction clarifies in a sense the 
simplicial locality property of simplicial BF action from a more abstract point of view. 

In section 15.51 we compute the reduced action for 1-simplex explicitly (Theorem [7]) . Explicit check 
of the QME for the simplicial action for 1-simplex (section 15.5. ip leads to a non-trivial quadratic 
identity for Bernoulli numbers (|274p . Of course, this identity can also be obtained more directly [5]. 
Also, from the explicit check of quantum part of QME we see that the one-loop part of the simplicial 
action for 1-simplex can be completely reconstructed from the tree part by means of QME. Classical 
part of the induced qLoo structure on cell cochains of the interval (section I5.5.2p , generated by the 
tree part of simplicial action for 1-simplex, is a known result (see [T2], [H]). 

In section 15.61 we address the problem of computing the reduced action for the simplex of general 
dimension. We cannot find the explicit formula here and can only present the perturbative result, i.e. 
we compute the contributions of first few Feynman diagrams (Theorem[51). The technique we used here 
allows one to compute the values of tree diagrams for the simplex of arbitrary dimension. However, 
values of one-loop diagrams can only be partially reconstructed using the symmetry of simplex, the 
tree result and the QME. In section [5.6.11 we demonstrate the explicit computation of the simplest 
non-trivial one-loop diagram for 2-simplex, and the result turns out to agree with the prediction we 
derived from the tree result and QME. 

5.1. Whitney forms. Let A" = [0 • • • n] be the standard n-simplex with vertices labeled by integers 
from to n and with barycentric coordinates (to, . . . ,tn) with the constraint to + ■ ■ ■ + tn = 1 and 
ti > for every i. Let us introduce a collection of linear differential forms 

k 

X^o■■■^, = kl Y^{-IYUJU, A...dtZ...A dU, e n'^iA") (172) 

r=0 
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for every sequence io, . . . ,ik of vertices of A", hat means exclusion. Forms Xio---ik have the foUowing 
properties. 

• Consistency with permutations of vertices: 

for any permutation tt G Sk- Therefore the form Xio---ik ^ X<y can be understood as associated 
to the oriented fc-dimcnsional face cr = [io • • • «fc] of A". 

• Restriction of Xa to a yields the standard volume form on a: 

(Xa)U = fcirf^ii A • • • A dU^ 
In particular, the integral of Xa over the face a is 

Xa - 1 (174) 

• If (7, a' are two faces of A" and cr is not contained in cr', then 

(X.)U'-O (175) 

In particular, for any face cr' 7^ cr we have 

Xa = (176) 

• De Rham differential acts on forms x a-s 

'^X^a■■■ik=^X^^a■■■^k (177) 

■i 

Forms Xa span the subcomplex ri^(A") C 51* (A") in the DGA of differential forms on A". Com- 
plex r2^(A") is called the Whitney complex, and its elements are called Whitney forms. Isomorphism 
between the complex C*(A") of cell cochains of the standard triangulation of A" (i.e. the one con- 
sisting of faces of A" of all dimensions) and the Whitney complex il^(A") is given by the map 

sending a basis cell cochain ea to the Whitney form Xa for each face a C A". Therefore we have the 
embedding iA- : C"(A") r2*(A"). Its image is the Whitney complex iA"(C"(A")) = f^t^,(A") C 
r2*(A"). The fact that this embedding is a chain map follows from (1177p . An important property of 
Whitney complex for a simplex is that it is consistent with restriction to a face: il^(A")|cr ~ (cr) 
for any face cr c A". 

Let now S be a triangulation of the manifold M . For every simplex cr G S we define the corre- 
sponding basis Whitney form Xa by its restrictions to the simplices of triangulation cr' G S: 



0, a (/_o' 
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where ^ e il'((T') is the Whitney form on cr', corresponding to the face a G a' , defined by 
(|172p . Forms x<j are piecewise-hnear differential forms on M, and their hnear span C ^'{M) 

(Whitney complex for the triangulation S) is a subcomplex, i.e. it is closed under de Rham differential. 
Alternatively one can formulate the construction of r2J(/(S) by gluing Whitney complexes for simplices 
of highest dimension in S over faces of codimension 1 . More precisely, we are gluing Whitney complexes 
by restriction maps ^^{a) D,^{(7)\^' = f2^(cr'), with a' C ct, dim cr' = dimcr — 1. 

The embedding of cell cochains of triangulation S into differential forms is again given by is : Co- ^— *■ 
Xa, i-e. a basis cochain associated to simplex cr G S is sent to the corresponding Whitney form on 
M. Therefore we have the chain map : C*(S) ^ n*{M), whose image is r2^(S). We define the 
retraction rs : C'*(S) by integrals over simplices: 




for a G Q*{M). The fact that is a chain map is implied by Stokes theorem, and the property 
r-B o L-B = idc.(2) follows from the properties p74ll76p of Whitney forms. 

5.2. Dupont's chain homotopy. First consider the case of standard n-simplex A" = [0 • • • n]. For 

every vertex i of the simplex we define the dilation map 

(t)i : [0, 1] X A" ^ A" 

given by 

(j)i{u; to,..., tn) = {utQ, ...,UU + {1-U),..., Utn) 

Let TT : [0, 1] X A" ^ A" be the projection to second factor and let tt* : f7'([0, 1] x A") ^ f]*-i(A") 
be the integration over the first factor. Let us introduce the operators 

as 

for a G il*(A"). Let ev' : f7'(A") — > M be the evaluation of a form in vertex i (vanishing for forms 
of degree > 1). Stokes' theorem implies that /i* is the chain homotopy between the identity map 
id : f7'(A") f7'(A") and ev^: 

dh' + h'd = id - ev* 

Also the following holds: 

h'h^ + h^h' = 

since h^h^a = 'K^(l)*ja, where 0^ : [0, 1] x [0, 1] x A" A" is the map 

(j>ij{u,v;to, . . . ,i„) = {uvtk + v{l - u)5ik + (1 - v)5jk) 
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and (j)ji{u,v) = (j)ij(v,u), where (u,v) i— > {u,v) is a diffcomorphism of the square [0,1] x [0,1], given 
by 1 — u = u{l — v), v{l — u) = (1 — u). 

Dupont's chain homotpy operator i^A" : r2*(A") J7*~^(A") is defined as 

ri-l 

Ka^ = E(-l)' E X^o■■■^.^^'■■■'^'' (178) 

A:^0 0<io<---<ik<7i 
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k=Q io;---,ik=0 

and satisfies the following properties. 



(1) Consistency with restrictions to faces: for a face a C A" we have 

(i^A-a)!, -if,(a|,) (179) 

for any form a E r2*(A") 

(2) Dupont's operator vanishes on Whitney forms 

ir^„i^„=0 (180) 
and the integrals over faces for the image of K also vanish 

rA"i^A"-0 (181) 

(3) The "simplicial de Rham theorem" : operator Xa" is a chain homotopy between the identity 
map id : ri*(A") f2*(A") and the projection to Whitney forms: 

di^A" + KA^d = id - lA^^A" (182) 

(4) The property 

(KA^f = (183) 

(see [H] for the proof). 

Property p79p follows from the property pZSp for Whitney forms. Namely, it implies that upon 
restriction to a all terms in (|178p vanish except those, where all zq, . . . are vertices of the face 
a. We also use the fact that dilation <j)i for a vertex i E cr C A" sends points of a to points of a. 
Also (|179p implies in particular that the restriction {KA"Ct)\cr docs not have a component of degree 
dimcr, which implies ()18ip . Property ()180p is proved by a straightforward computation, which we will 
present here. 

Proof of (|180p We have to prove that Kxityik — 0- Using S'„-symmetry of the simplex A", let 
us set [«o ■ ■ ■ ifc] — [0 • • • fc]. First we consider the action of /i* on xo - fe- For i > k we have 



4'iXo---k = fc! 'y^^{—lYutr{todu + udtp) ■ ■ ■ (trdu + udtr) ■ ■ ■ {tkdu + udtk) 

I k r-1 

= klu'^du i ^ ^{-ly+Hrtsdto ■ ■ ■ (Ms ■ ■ ■ dtr ■ ■ ■ dtk + 



\r=0 s=0 
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k k \ 

+ {-ly+'+Ktsdto ■■■dtr---dts---dtk \ + u''+\o-k 

r=0 5=r+l / 

upon transposition of r and s the first sum in brackets becomes the second sum with opposite sign, 
hence the expression in brackets vanishes and (f)*xo---k = u''~^^Xo---k is a form of degree on the interval 
[0,1]. Hence 

i> h''xo-k = 

Now consider the case i < k. 

k 

4>iXo-k = k\^{-iy{utr + {l-u)5ir) J| {{tj - 5ij)du + udtj) 

= k\u''~'^dui ^ {-iy+%utr + {1 - U)5ir){ts - 6is)dto ■ ■ ■ dts ■ ■ ■ dtr ■ ■ ■ dtk + 

\0<s<r<k 



0<r<s<k 



J2 {-ly+'+'^iutr + (1 - u)6ir){U - S^s)dto ■ ■ ■ dtr ■ ■ ■ dts ■ ■ ■ dtk 

+ {u''+^xo-k + (-l)*fc!(l - u)u''dto ■■■dti---dtk) 
Mu'^du [ ^ {-ly^Hrtsdto ■■■dt's---dtr--- dtk+ 



L 0<s<r<fe 



+ ^ {-iy+''+^dtrdtsdto---dtr---dts---dtk 

0<r<s<k 

- Mvl'du I ^ (-l)*+''t^dio ■■■dti---dtr---dtk+ ^ (-l)*+''+4rC^io ■ ■ ■ dtr ■ ■ -dti- ■ ■ dtk \ + 

r<k 0<r<i 

+ k\{l - u)u''-'^du I J2 {-'^y^'tsdto ■■■dts---dti--- dtk+ 



{-iy+^+H,dto ■■■dt,---dt,---dtk 



i<s<k 



+ (u''+\o-k + - u)u''dto ■■■dtf-dtk) 

= {klu'^du ■ + i~iyku''duXo..^..k + i-'i-TK^ - u)u''~'duXo..^..k) + 
+ (u''+\o-k + - u)u''dto ■■■dtf-dtk) 

= {-lyku'^-^du Xo..Z..k + (w''+'xo...fc + (-l)'fc!(l - u)u''dto ■■■dti---dtk) (184) 

Only the first term in the final expression is a degree 1 form in variable u. Therefore we obtain the 
elegant result 

' (-l)%...T..fc' 0<i<fc 
0, i> k 



h'xo- 



k 
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Or for the Whitney form, associated to an arbitrary face a = [jo • • ■ jk] C A" 
Using this we can compute i^A^Xo - J 



0, i^[jo---jk] 



1=0 0<io<---<ii<n 



fe-1 

= E(-i)' E E E (-ir+^+«^''^<^^M.di„--.rft,,.--dt,„. 

1=0 0<io<---<ii<k 0<r<lO<s<k, s^ij 

■ dto-- ■ dU„ ■■ - dts - ■■ dti, ■ ■ - dtk 
fc-1 / 

= ^ ^ ^ (•_J^)r+s+i,. + tJ{i:ij<s} + tJ{i:s<ij<v} . 

/=0 0<io<---<i!<fe \o<r<lO<s<ir.., s^ij 

■ trtsdto ■ ■ ■ dts ■ ■ ■ dti^ ■ ■ ■ dtk + 

0<r<; ir<s<k: s/ij 

= E(-i)'(^70 ■ I ^ {-iy+%tsdto---dts---dtq---dtk+ 

1=0 ^ ^ yo<s<g<fc 

+ E {~^Y^''^^Utsdto---dtq---dts---dtk\ (185) 

0<9<s</£ J 

The last expression vanishes, since the expression in brackets is zero. Here ('^y^) denotes the binomial 

coefhcients. 

□ 

Notice that in computation p85p we proved the following important property for Whitney forms: 
for any face a — [io- ■ - ik] C A" and any < Z < fc — 1 we have the quadratic relation for Whitney 
forms: 

E (-l)^^"-^''=^X.o-., A x,,+i-,. = (186) 

jo<---<3l, jl + l<---<3k- {jo---3l]^{jl + l---jk}={io---ik} 

where we sum over ways to split the set of vertices of a into two subsets with I + 1 and k — I elements, 
respectively. The sign (— l)(jo - jfc) jg sign of permutation [jo • • • jk] ^ [*o ■ ■ ■ ik]- For example, for 
the face a = [012] and I = the relation (I186|) is 

XoXi2 - X1X02 + X2X01 = 



Let us also give the proof of the simplicial de Rham theorem (|182p . 
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Proof of fll82p Let us compute the super-sommutator [d, Ka^] = dK + Kd: 

n n 
k=0 io,---,ik=0 

+ J2i-'^yt^odU, ■ ■ ■ dU.h'" ■■■[(!, h'-] ■ ■ ■ hA 

r=0 / 
n n / k 

= II(-l)'' '^^'o • ■ • dU.h'" ■ ■ ■ h}" + Y,{-^YU,dU, ■ ■ ■ dU.h'" ■■■Wr...h^^ 

k=0 io,---,ik=0 \ r=0 

- Y.(-iyU,dU,---dU,h'''---eY'----hA 

n I n n 

= dU„ ■ ■ ■ dU.h'" ■ ■ ■ h'" + dU, ■ ■ ■ dU.h'" ■ ■ ■ h'^ 

k—0 \io,...,ik—0 

n n 

J2 J2 UodU,---dU,ey"'h"'-^ ■■■h'" 



k—0 io,...,ik—0 

n n 



= id - ^ J2 t^odt^, ■ ■ ■ dU^eV'-h'"-^ ■■■h'« 

k=0 io,...,ifc=0 



Now we only have to prove that 



ey^-h'"-^ ■■■h'°a^ / a (187) 

'[io-'-ik] 



— the integral over the respective face of A", for any fc-form a e J7'^'(A") (it is clear that for a form 
of degree 7^ k left and right hand sides of (|187p vanish automatically) . 

Denote f{x) = {h^''^'^ ■ ■ ■ h^''a){x) the function on A" and x E A" a point. We can write 

where 

and TT, is the integration over cube [0, l]'^. Instead of computing f{x) as the integral over cube of the 
pull-back of a by the map 4>ig...i^,_^ , we can compute the integral of a itself over the image of the cube 
in the simplex (this image depends on the point x): 



fix) = / a 

i0,o...,,_i([O4]''x{x})cA" 

Since 4'ia---ik-i the iterated dilation — towards the vertex [ife-i], then towards [ifc_2] etc., it is clear 
that image of the cube [0, l]*"' is the convex hull of the set of vertices [ip], • • • , [ik-i] and the point x: 

</'io---i*.-i([0'l]'' X {2;}) = Conv([io],- ■ • , [ik-i],x) 

i.e. a fc-simplex inside A", containing the (fc — l)-face [iq ■ ■ ■ ik-i] and with a vertex in point x. We 
denote the geometric vertices with square brackets to distinguish them from labels. Therefore we 
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showed that for any /c-form a € f2'^(A"), any (fc — l)-face [io ■ ■ ■ ik-i] C A" and any point x S A", we 
have 



■■■h''°a){x) = a 

J Conv{[ia],--- 

In particular, setting x — [ik]-, we recover ()187p . 
□ 

Now suppose we have a manifold M with triangulation S. We define the chain homotopy : 
il*{M) by restrictions to simplices S, i.e. for every cr S S we set 

{Ksa)\^ = K,ia\,) (188) 

for any differential form a G fl*(M). Due to the property (|179p . definition (|188p is self-consistent. This 
definition also implies that properties (|180ll81ll82ll83p of Dupont's operator on a simplex globalize 
to the triangulation straightforwardly: 

KsLs = 
r^Ks = 
dKs, + K-E,d — idj7.(jv/-| — (.hth 
{K^f = 

5.3. Simplicial BF action. We are interested in the topological BF theory, i.e. the abstract BF 
theory, associated to the DGLA of g-valued differential forms on the manifold M: 

V = n'{M,Q) =Q®n'{M) 

and in the effective action S^. on the space of fields T's. = T*[— 1](Vh[1]), constructed canonically from 
the complex of g-valued cell cochains of the triangulation S of M : 

For the induction data we choose the triplet of maps {Ls^rs, Ks), constructed in sections 15.1) 15.21 
Space V splits into IR and UV parts 

(g) n'{M) ^ s (E) Lsic (E)) ® s (g) n"'{M) 

where IR part is the complex of g-valued Whitney forms on triangulation g (g) ri^(S) and UV part 
consists of g-valued forms a" G g il"' (A/) whose integrals over all simplices of the triangulation 
vanish: 

a = 



The space of UV forms is in turn split into c?-exact and Xs-exact parts: 

g ® n"'{M) = g ® nZe.{M) ® g K'-e^M) 

80 



It is important to note the two specific properties of this situation (as compared to the general case 
of induction of effective action for abstract BF theory). First, the maps {Ls,r-=, K^) act nontrivially 
only on the de Rham part of forms, i.e. on the second factor in g (g) il'{M), and are trivial in 
coefficients g. Second, the induction data {I'EtTe, K^.) are consistent with restrictions to the simplices 
of triangulation n*{M) -> f7'(cr), C"(S) C'{a). 

Let (e^) be the basis cochains on S, corresponding to the simplices of triangulation, and let (e*^) 
be the basis chains. Let also (Ta) be some basis in Lie algebra g and (T") be the dual basis in g*. 
Then, according to general formalism, the coordinates on the space of IR fields = 1](Vh[1]) 
are {uj'"^,paa), with ghost numbers gh(w'^") = 1 — |(t|, gh(pcra) — —2 + \a\, where \a\ denotes the 
dimension of simplex a. Therefore the super-fields are 

a,(T a,(T 

However, for this situation it is more convenient to pass to the system of g-valued coordinates w'^ = 
Taw'^° : g and g*-valued coordinates Pa — J^aP'^^T"' : J-s — > g*. The ghost numbers are 

again gh{uj"') = 1 — \<j\, gh(pcr) = — 2 + \<j\. In terms of coordinates {u;'^ ,p„) the super-fields are 

WH = ^e^uj", PS = ^PaC" 
a a 

One can understand as a g-valued cochain on S of total degree gh -I- deg = 1 (we assume that basis 
cochains and chains have de Rham degree deg(ecr) = — dcg(e'^) = |(t|), and — as a g*-valued chain 
of total degree gh -t- deg = —2. Also is understood as the value of cochain on simplex cr e S, 
and p„ — as the value of chain on a. 

We call the action S'h(wh,ph) of effective BF^o theory on the space T■E^ defined by perturbation 
series ()117lll8p . the "simplicial BF action" for triangulation S. 

Theorem 6 (Simplicial locality of the simplicial BF-action Ss)- There exists a sequence of universal 
functions 

({^"I.cA" , PA" ) G Fun(.g (g> C (A") [1] © g* ® C„ (A") [-2]) 

parameterized by non-negative integers n ( each S is a certain function of values of the cochain uj on 
all faces of A^^ and value of p on the hulk cell only), such that for any triangulation S of any manifold 
M the simplicial action Sb. can he represented as a sum of contributions of individual simplices of S 
(of all dimensions) 

Se{u^E,Pe) = SA{^'''}.'Ca,Pa) (189) 

I.e. the contributions of simplices are given by universal functions, do not depend on the combinatorics 
of S and depend only on the restriction of fields to the .simplex. 

Proof. Consider first the tree part of effective action on S: 
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|Aut(r)| 



• < P^e^^r^ o IteiY._^3[,_,].[,,,](tH(e^iW'^i), . . . , 13(6^1^1 w'^i^i )) > 

+ 51 II \Autm\ (p-'_^IterT;_A'H[.,.];[.,.l(x^i'^"''---'^-|T|^"'^' 

where d^^^ e'^^dca^ > is the matrix of differential on C*(S), i.e. = ±1 if <ti is a face of 
codimension 1 in cr and d'^_^ = otherwise. We denote < •,• >g: g* (g) g ^ M the canonical pairing 
between the Lie algebra and its dual. Operator K^, has the following property: non- vanishing of the 
restriction {Ksa)\a 7^ for a form a £ il*(M) implies ajo- ^ 0. Also non- vanishing of the restriction of 
product of Whitney forms {x<ti ^Xo-2)U implies that <7i and (T2 are faces of a; and (a Axai)\a 7^ 
implies that cri is a face of cr and a\a- ^ 0. It follows from these observations that in the expression 

Y / IterT;-K^[,^.];[,,,](X<Tlt^'^S • ■ • ,X<T|r|t^'^'^') 

only those terms contribute where all simplices cti, . . . , a\T\ are faces of the simplex a. Therefore we 
can write 

ctGH 

where we define the summand as a sum over trees 



) ■ • • 1 AO" 



TGT„o„pi: |T|>2o-i,---,o-|r|Ccr 



Here we understand Whitney forms Xuj = Xa} G ri'(CT) as differential forms on the simplex a. 
Now consider the one-loop part of the effective action on S 

ieL„o„pi CTi,...,o-|j^|eH ' ^ 

We would like to split the super-traces over r2*(Af, g) according to the following splitting of the space 
of differential forms: 

f7.(A/) = 0r!'(a) (190) 

creH 

where denotes the space of differential forms on the simplex u with zero restriction to the 

boundary da: 

= {«e : a|a, =0} 

In the splitting (|190p we assume that the projection il*(M) is given just by restriction to 

the corresponding simplex; the embedding ^^'(ct) i7*(Af) for a simplex a of top dimension is given 
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by extension of a form a £ by zero to the complement of a in M . For a simplex of dimension 

dimcr < dimM we embed a G ^'^ip) into ^'{M^ by means of a smearing function pa G C°°(M) 
supported in the small neighborhood U„ C M of the face a (i.e. Ua is a "thickening" of cr), and 
equal to 1 on the face u itself. I.e. the embedding i7*(Af) is given by a i— > po- ■ tTctQ!, where 

TTo- : f/cr ^ c is a projection to the face. 

Using p90p . we spht the super-traces over r2*(M) as 

LoOPi._^^[,^,].O.(M,0)(X^iW''\ ■ • . = XI LoOPi._;f_^[,^,].o.(^^g)(XaiW''% • ■ . , Xa, ^ , w"'^ ' ) 

(we are now indicating the space over which the super-trace is taken in the Loop notation). According 
to the arguments we used for the tree part of 5*2, Loop^._^^[, .j.j^.jg. g)(xo-ii-L''^S ■ • ■ iXo'iii'-^'^'^') 
be non- vanishing only if all the simplices cri, . . . , a\i^\ are faces of a. Hence 

a 

where 

^- = - |Aut(L)| ^°°P^--^'t'''l-"S("-B)^^"^^"'' • • ■ '^"1^1^"'^') 

Therefore, (|189p is proved, and moreover we have 

\ o-i 

TeT„o„pi: |T|>2Ti,...,CT|y|C(T I V ;i ^CT / 

Y |Aut(L)| ^°°P^'-^'t'-'i'"»^"-B)^^"^^"'' • • ■ '^"1^1^"'^') (191) 

□ 

Simplicial locality property (|189p implies that to find simplicial action 5*2 for any triangulation of 
any manifold, it suffices to know the sequence of universal functions Sa" for n > 0. The latter can be 
recovered from simplicial actions Sa" foi' M = A" the standard simplex (with standard triangulation, 
consisting of all faces) for each dimension n > 0: 

o-cA" 

Therefore, to write down the general action of simplicial BF-, we need to make a series of universal 
computations: we need to compute for n = 0, 1, 2, . . . 

Notice also that functions S'a" do not satisfy QME, since the spaces 5(g)C*(A")[l]®0*(g)C„(A")[-2] 
where they act do not have a canonical BV structure. However, their sum p89p over faces of any 
simplicial complex S satisfies QME by construction. 

We call 5a" the "reduced" simplicial BF action for simplex A". 
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Remark. We obtained the action Se on a simlicial complex by inducing it as effective action for 
tlie topological BF theory on a manifold, with some special choice of the induction data (ts, r^, Ks), 
and discovered that the result (|189p in a sense is built up from results for individual simplices. It 
turns out that one can take a different approach and obtain Se by means of a certain universal gluing 
procedure for BFoo theories, applied to simplicial actions on individual simplices, i.e. we do not need 
the manifold M in this approach and wc are not inducing an effective action, but instead we construct 
a new solution Se of QME from a sequence of "standard" solutions {5A"}n>o- In particular, S is not 
required to be a triangulation of some manifold here. We will come to this point in a more abstract 
setting in section [?.4. 21 

5.4. Gluing procedure for qLoo algebras. In this section we describe the abstract construction of 
gluing for qLoo algebras. 

Definition 18. We call the following set of data the "gluing data": 

• two qLoo algebras {V,Qv, Pv) and {W,Qw i Pw) 

• two projections tti,tt2 '■ V W 

• two embeddings ii, i2 '■ W V 

We assume that the following axioms are satisfied: 



TTiti = 7r2t2 = idvF (193) 

7rii2 = 7r2ii (194) 

QvttI = nlQw (195) 

QV7T*2 = TT^Qw (196) 



where nl 2 '■ Fmi(W[l]) — !■ Fun(T^[l]) are the pull-backs by ^1^2- 

Properties ()193|194|) mean that the projections 7ri,2 invert the respective embeddings ti_2 and that 
the images of embeddings li^2 in V do not intersect. Properties (|195ll96p mean that 7ri.2 are linear 
Lao morhisms between Lao algebras {V,Qv) and {W,Qw)- In terms of operations this property is 
written as 

T^lW(n){^V, ■ ■ ■ ,^v) = ^TV(n)(7riWy, . . . , TTiWy) (197) 
V ' V ' 

n n 

''^2lv{n){ ^V, ■ - — lw{n){ ^2i^V, ■ - , 7r2CJy ) (198) 

n n 

for n > 1. Notice that for n ~ 1 this means that 7ri.2 are chain maps. Embeddings 61.2 are not 
required to be consistent with algebraic structure on V, W. In particular, they are not required to be 
chain maps. Therefore, (.1,2 are just two linear maps of vector spaces. 
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Due to ()193|194|) . we have the foUowmg decomposition for vector space V: 

V = U ® Li{W) ® i2iW) (199) 

U = ker(ii7ri + i27r2) = ker(7ri) H ker(7r2) C V. Let us introduce the foUowing Hnear combinations of 
7ri^2 and 61,2: 

TTl + 7r2 12 — tl 

7r_=7r2-7ri, 7r+ = , t_ — - — , l+ = li + L2 (200) 

(notice that 7r± are not L^o morphisms). They automaticaUy satisfy 

TT-i- = 7r+(-+ = idvK, 7r_i+ = 7r+i_ = 

and we have the twisted version of decomposition (jl99p : 

V = U®L+{W)®L-{W)^V'®V" (201) 

where we denoted 

y = ker(7r_) = t/®t+(W), V" = l^{W) 

Let Lv'.v V ^ V and Try^y : F ^ be the embedding and projection defined by (|20ip . Also 
denote 

the projection from V' to W (notice that restrictions of tti and tt2 to V' coincide and one could define 
TT = 7r2iy',y). 

Definition 19. We define the "glued" qL^o algebra from the gluing data {{V, Qv i Py)i iW, Qw, Pw): ""1,2, 
as the triplet iV' ,Qv' , Pv')- 

y' = ker7r_cV" (202) 

Qv = i^v'yQv^vy (203) 

PV = (204) 

where L^^ y : Fun(T/[l]) Fun(y [1]) and tt^^, : Fun(F'[l]) ^ Fun(T/[l]) are the pull-backs by ivy 
and t:v,V' respectively. Equivalently i2U3\2U^ can be formulated in terms of operations: 



W'(n){ !^v', ■ ■ ■ — T^v,v'W(n){i'V' y^v T ■ ■ , L.V' yi^v) (205) 

n n 

qv'(n){^v', ■ ■ ■ ,t^y) = qvMii-v'yi^v', • ■ • , t-vy^^v) — qwMiT^^v , ■ ■ ■ jTtwv) (206) 

V ' V ' ' V ' 

n n n 

for n > 1. 

Statement 12. (1) Triplet {V , Qv' , Pv) satisfies the relations of qL^a algebra, i.e. 



fv 



(207) 



}v{pv)+ PvAinQy^ = (208) 
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(2) The Loo part of the glued algebra {V ,Qv') is a Loo subalgehra in {V^Qv), i-e. the coho- 
mological vector field Qy is tangent to the subspace V'[l] C V[l] and Qv' is the restriction 
Qv — Qv\v'[i]- ^'^ other words, embedding iv'.v and projection t:v,V' are linear Loo rnor- 
phisms. 

First we prove the lemma, generalizing ([2|). 

Lemma 2. Let M and M be two Q -manifolds, with cohomological vector fields Qm and Q_\f respec- 
tively. Let ui,2 : Ai ^ M be a pair of maps, satisfying Qm'o-i 2 — ^1 2Qm'- Then Qm is tangent to the 
submanifold A4' = {a; G | ui{x) = U2{x)} C A4 and restriction Qm' = {Qm)\m' is a cohomological 
vector field on Ai' . 

Proof of Lemma [2l The ring of functions Fun(Al') is canonically identified with the quotient 
Fun(Al)/(im(u2 — u\)). There is also the canonical embedding lm' .m ■ A4' Ai (pull-back t^, ^ is 
precisely the canonical projection to the quotient Fun(A^) Fun(A^')). Let us introduce temporarily 
some projection 7rM,M' ■ Ai Ai' satisfying t:m,M' ° I'M',m — idAi'- Define the vector filed Qm' on 
Ai' as 

Qm' = i^*M' ,mQ mt^*m,m' (209) 
Statement that Qm is tangent to A4.' means that this Qm' does not depend on projection tt^ 

Indeed, let t^m.M' be another projection and / e Fun(A^') a test function. Then {tt*m m' ~ 
""vvi M')if) i^ mapped to zero by Lm' m (t^*^ projection to quotient) and therefore lies in the ideal 
(im(u2 — ^^i))- Hence we have {t^*m m' ~ ""Xi a^')(/) ^ Si ffi ' ("2 ~ for some functions 

gi e Fun(A^) and some hi G Fun(A/'). Apply Qm to this decomposition: 

Qm{t^*m,M' -'^*M,M')if) = ^QM{9i)-{u*2~u[){hi)+g,-QM{u*2-u[){hi) (210) 

i 

= ^QM{9i) ■ {u*2~ u[){hi) + g^ ■ {u*2- u[)Qj^{hi) (211) 

i 

In the first step used the Leibniz identity, in the second — that u\ 2 commute with Q. Therefore 
Qm{t^*m^m''^*m.M')U) lies in the ideal (im(u^-u^)), and therefore i*m, ^mQm{t^*m^m'^'^*m,M') = 0. 
Therefore Qm' does not depend on the choice of projection ttm-M'- 
Next, it is easy to show that Q'm, — 0. Indeed, 

Q\i' = I'M' .MQ%t^M,M' ~ ^M' ,mQm{^ ~ ^M,M'''M' .,M^^^^M,M' (212) 

First term is zero, since Q%^ — 0. Second term is zero, since 1 — tt^ m'''*M' m i^ the projection to 
ideal (im(u2 ~ uD) C Fmi(Al), and as we checked above this ideal is closed under action of Qm- 
Therefore Q^, ^ 0. 
□ 

Proof of Statement 1121 Part Q of the Statement is the linear case of LemmaO with Ai ~ V[l], 
Af — W[l] being graded vector spaces, with Qm — Qv, Qj\f — Qw, maps ui^2 are the linear Loo 
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morphisms 7ri.2- Their are linearity implies that the submanifold M' = V'[\\ is a linear subspace. 
That TTv.v is an L^o morphism, follows from construction (j203p . while the fact that the embedding 
iv',v is an Loo morphism follows from Lemma [2] 

Classical part of QME ()207|) follows from Lemma [21 Let us check the quantum part of QME (|208p : 
Qy'(logpy') + drvQv = 0. Since the embedding iyy '■ V V is a. (linear) Lo^ morphism, the 
projection tt = -kiLv.v '■ V ^ W in also a (linear) Loo morphism. Hence 

Qv'{iogpv') = Qv'(iv, y log pv -'^*\og pw) (213) 
= L*y, yQv log pv - TT*Qw'^ogPw (214) 
= —iy t ydiY Qv + T^*di\ Qw (215) 

where in the last step we used QME for V and W . So we only need to show that 

(div(3v)|y/[i] = divQy + 7r*div(3i4/ (216) 

Let us use the decomposition of Qy in Loo operations lv(n) ■ A"y V: 

Let us split Lu into components, tangent and normal to V': uj — uj' + uj" , where uj' = (idy — i_7r_)(xi 
and Lo" = L^Ti^Lo. Compute the divergence (div (5v')|y/[i] : 



(divgy)|y/[i] 



(218) 



v'[i] 



= - (^Stry (n\x)\ ^^^^) (^, • • • , •) j 

OO ^ 

= -Stry ^ — — — -/y(„)(w',- • • ,w',») - (219) 

n=l 
oc ^ 

-Stry»^— — — Zy(„)(w',--- ,C^',.) 

n=l 

oc 

= div Qy, - Stry» ^ _ ?y(„) {J, ■■■ ,uj',») (220) 

(this is just the splitting of divergence into tangential and normal parts). We have to compute the 
last term, i.e. the normal part of divergence (div"(5y)|y/[i]: 

7r-Zy(„)(t^',--- ,t^',t-x) = (7r2-7ri)?y(„)(a;',--- ,t^',t_x) (221) 

= W(n)(7rw', • • • , TTw', 7r_t_x) (222) 
= W(n)(7rw',- • ■ ,7rw',a:^) (223) 

where x € W, lw{n) are the operations on W, and we used the fact that projections 7ri^2 are 
Loo morphisms and therefore can be carried through the operations. It follows immediately that 
Stry"Zy(„)(w', • ■ ■ ;<^'j •) = Strvi^Zvi/(„)(7rw', • • • ,ttuj',u). So we showed that (div "(5y)|y/[i] = 'K*diY Qw, 
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which impUes ()216p . 
□ 

Note that the key point in the proof that forces us to introduce the embeddings ti.2 with non- 
intersecting images is the step (|222|) - (j223|) . where we use 7r_t_ = id^. 

Split case. The most important case of gluing is when the initial qLoc algebra is the direct sum 
of two qLao algebras: V = Vi (BV2, Qv — Qvi ^ id + id (g) Qv2i Pv — PVi ® PV2, and the embeddings 
and projections act like ti,7ri : W ^ Vi and 62, "■2 '■ W ^ V2 (of course, we require that projections 
are Loo morphisms). Therefore we have two separate splittings Vi — Ui (B li{W), V2 = U2® i^2{W). 
The glued qLoo structure arises on the space V = Ui®U2® l+{W). 

Main example: gluing induced qL^o algebras on simplicial complexes. For the simplicial 
BF theory this means the following: let Si, S2 and F be three simplicial complexes, where F is 
embedded into Si and S2 as a simplicial subcomplex. Then for the cochain complexes Vi,2 — Q ® 
C*(Si^2), W — C'{F) we have the natural gluing data — embeddings and projections. Namely, 
let {c^}, {c^} be sets of simplices of Si and S2 not lying in images of F in Si and S2 respectively, 
and let {cr-'^-'^} {<J'^^} be the sets of simplices of images of F in Si and S2, respectively. Denote also 
{cr^} the set of simplices of F . Then embeddings ti^2 and projections 7ri.2 are given by: 

'-1,2 : e^-F ^ e^i.2F 



7ri.2 



eal,2 I— > 



The glued space with the basis {eo-i} U {60-2} U {e„+F — e„iF + e^2F} is naturally identified with the 
space of cochains C*(S') of the simplicial complex, glued from Si and S2 along F, with the set of 
simplices {a^} U {cr^} U {(t+^}. The fact that projections 7ri_2 are Loo morphisms for the respective 
Loo algebras, follows from (|189p . Indeed, 

T^ilsi(n) I X! S'^^^'^' + X! 'S'tI^w'^''", . • . , ^ e^iw'^' + ^ e^iFUj'^^" j 

= hin) [ X! ^^'^^^ , ■ ■ • , X! ^1 ('^'^''^ "^^"^^ ] 

i.e. the projection is carried through classical operations — the defining property of linear Loc mor- 
phism, and analogously for 712- If the initial qLoo structures on g (g) C*(Si_2) are 



n— 1 a, a I... . ,fT„ GHi 



^1 f) 

= T.^, E (-l)'^'^^'i.(n)(e..--,...,e.„.-)^ 

n— 1 a, a I... . ,fT„ 

logpHi = E~T E ^HiH (e^iw''', • ■ • ,ea„w''") 



n—l (Ti,...,{T„GH 
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n=l (Ti ,...,(t„GH2 

then, according to the general construction of gluing, the qL^o structure on g (g) C*(S') is 

n=l crieHi\_F; cri,...,o-„eHiCH' 

+ E E i-^t^^^<(n) (e..--, . . . , ^ + 

n=l [T2eH2\F: cri , . . .,(T„ £22 CH' 

e+f^-; 



' <T + ^',£T + ^,...,<T + ^G_FCH' 

oo -j^ 

logpH' = E;^ E 9Hi(n) (e^rit^'^', ■ • • ,e<,„w'^") + 

n=l ' cri,...,(T„GHiCH' 
oo ^ 

+ E^ E 9H2(n)(e^i^''\---,e^„w''")- 

n=l ' CTi,...,<T„eH2C3' 

oo 



«=1 <T+^,...,^+''eFcH' 



Or, in the shorter notation. 



,<r+-F 



logpH' = logpHiL.iF^^^+i- +l0gPH2L.2F^^„+i. -logpFl 

The glued BFoo action on g ® C*(S') can be written as 

Therefore, iterating this construction we can "glue" the simplicial action Ss. for an arbitrary sini- 
plicial complex S from the actions for individual simplices: we start with any simplex and gradually 
glue the others one by one. The resulting action Ss satisfies QME by construction (Statement fT2|). 
The fact that Se does not depend on the order in which we glue the simplices follows from the fact 
that actions for individual simplices can be written as 

a' C(7 

Then for Ss, using (I224|) . we obtain the expression (|189p . manifestly independent on the order of 
gluing. Here we never use the construction of effective action, nor the manifold M, geometrically 
realizing the simplicial complex S. Therefore the gluing construction gives a more general variant of 
simplicial BF theory, where S is allowed to be any simplicial complex, not necessarily a triangulation 
of some manifold. 



Example: circle. Let us also give an example of gluing, where V is not of form Vi (S) V2: the 
gluing of the interval into the circle. The general construction successfully works in this situation. We 
have V = geg © flei © geoi — the cochain complex of the (triangulated) interval [0, 1], where eo,i.oi 
are the basis cochains. Also W = geA (A - is the label of the gluing point). Projections 7ri^2 and 
embeddings ti^2 are given by 

71"! : xeo + yei + zepi 1-^ xca (225) 
7r2 : xeo + 2/ei + zeai ycA (226) 

ti : XCA 1-^ xeo (227) 
L2 '■ xca I— *■ xei (228) 

We obtain V — V (B V" , where V = ker7r_ = g ® e+ © g ® eoi (here e+ = L+{eA) = ei + 62) is the 
cochain complex of the circle, embedded into the cochain complex of the interval, and V" = g ® e_, 
where e_ ~ i^{eA) — '^^^'^^ is the cochain complex of point A, embedded into as a linear subspace 
(not a subcomplex). We will return to this example again in section [5.5.31 

5.4.1. Imposing a boundary condition. Let us mention another construction for qLoc algebras, resem- 
bling the gluing (but simpler) — the construction of imposing a boundary condition. Let V and W be 
two qLoc algebras and tti : V W he a linear L^c morphism. Then the space V' = kerTTi C V has 
the qLoo structure Qv' = (Qv)|y , Pv = {pv)\v'- The CME holds due to LemmalU and the quantum 
part of QME is proved by checking that the normal part of divergence of Qy vanishes: div"Qv' = 0, 
by the argument analogous to (j22ip - ()223p . 

A geometrical example is the following: let S be a simplicial complex and F its simplicial sub- 
complex, then V = 2 1^ C*(S), W = q (S) C*{F), the projection is constructed from the geometrical 
embedding. Then we have the qLoc structure on V' — 2 (E) C"(S'), where S' = 'E\F (it is not a true 
simplicial complex, but rather a relative one). 

For example, we can set S to be the interval [0, 1] and to be a point [A], embedded as the right 
boundary point [1] of the interval. Then S' is the interval without the right boundary point, and it is 
not a true cell complex, but the cochain complex is well-defined: V' = g (8" eo © g egi and it has the 
relict qLoa structure. 

We will present the explicit result for this example and for the gluing of interval into a circle in 
section 15.5.31 

5.4.2. Consistency of operations of gluing and induction. In this section we will prove the statement 
that (under certain conditions on the gluing and induction data) operations of gluing and induction 
for qLoc algebras commute. In particular this allows to interpret the gluing of effective BF^c actions 
as effective action for some other BFoo theory (which is useful as an indirect method of computing 

90 



effective actions, since technically gluing is much simpler than induction). This statement should be 
considered as an abstract version of Theorem [S] 

Let {V,Qv T pv), {W,Qw, Pw) be two qLoc algebras and let 7ri^2 : V W, : W ^ V he 
the gluing data. Then V' — ker7r_ is endowed with the glued gLoo structure {V ,Qv' , Pv) (all 
notations are as in Definitions 118119^ . Let also V ^ V , W W he two deformation retracts 
and V -^^ ^Kv) ^ y ^ [i-w ,rw ,Kw) ^ ^ ^^^^ data (arrows denote the 

direction in which the qLao structure is transferred). Then V, W are endowed with induced qL^o 
structures (by means of the formulae of homotopy transfer (I149|150p . see Definition [T4|) : (V", Qy, py) 
and {W, Qw^ Pw)- Therefore we have the following set of data: 

{V^Qv.Pv). {W^Qw.Pw) [V^Qy^py), (W^,QvF,Pw) 

induction 

(Tri,2,i.l,2)|gluing (229) 

{V',Qv,Pv) 

Definition 20 (Consistent gluing and induction data, induced gluing data, glued induction data). 
We say that two sets of induction data {Ly,rv,Ky), {i,]y , rw , Kw) are consistent with the gluing data 
(7i'i,2, '•1,2), if the following holds: 

Lw^l = TTl^y, = (230) 

rwTTi = TTiry, rwT^2 = T^2rv (231) 
KwT^i — T^iKv, KwT^2 — T^2Kv (232) 
where we introduced two projections 7fi.2 : V — > W : 

7fl = ri^TTltv, TT2 = rwT^2l'V (233) 

If properties \23(A231\23'2\) hold, we call the "induced gluing data" the collection of maps ■7fi^2 '■ V W , 
ti,2 '■ W ^ V , where the projections are given by Ii233]} and the emheddings are 

li = ryLibw, I2 = rvi'21'W (234) 

Then we introduce linear combinations of projections and embeddings tt j- : — > W , l± : W —f V as 
in i200\) and define the glued space V' = ker 7f_ C V , with embedding Ly, y : V ^ V and projection 
TTy y/ : V V' . Wc define the "glued induction data" [lv' ,ryi ,Kyi) as 

Lv = TTyv/tyty, y : V' ^V' (235) 
rv ^ -^vy'Tvi-v'.y ■ V ^V' (236) 
Kv = TTv.v'KyLvy ■■ V (237) 

Statement 13. Let (Ly,rv,Ky), {lw ,rw , K\y) be the induction data consistent with the gluing data 
(7ri,2,(-i,2), i-e. properties IMEMMW hold. Then: 
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(1) Maps ^233\234\l satisfy the axioms of gluing data U93\\196\) . 

(2) Maps {122H^^ satisfy the axioms of induction data JIMflSg)] . 

(3) The glued qL^a structure on V' , constructed from the gluing data (7fi^2,ti,2) coincides with 
induced q Lac structure, constructed using the induction data [lv ^rv' ,Kv')- 

In other words, the diagram i229\) is completed to a commutative square 



{V,Qv,Pv), {W,Qw,Pw) {i-w,rw.Kw)^ {V,Qv,Pv), [W,Qw,Pw) 

tnductton 



C'?Tl,2,'-l,2) 



gluing {7ri,2 ,'-1^2) 



induced gluirig (238) 



{V',Qv,,pv,) i^v',r,'.K,') ^ {V\Qy,,Py,) 

glued induction 

Proof. Let us first prove ([T]). Axioms (|193ll94p of gluing are cfiecked trivially using (|230l23ip : 

TTiti = TTirv I'li^w = fwT^ii'i'-w — r^idw I'W — id^y 

7fit2 = 7firyi2'-H' — fW t-W — 

=0 

and analogously one checks 7f2t2 = idi^/, 7^2^! = 0. Then we have to check that #1^2 are Loo morphisms, 
i.e. that 

for n> 1. Induced L^o operations lv{n) ■ A"^ V, lw{n) '■ A"M^ — !■ W are constructed by means 
of (|149p as sums over trees: 



lAutmi 

TeT„o„Pi: \T\=n ' ^ 

■'^teiT-{~Kvlv(m-,}^>2;{rvlv(^)}m>2(''V{^v)^ . . . , ty(Wy)) 

lw{n){^W^---^^w) ^ lAutmi ' 

I"eT„o„pi: \T\=n ' ^ 

■'^ieiT-{-Kivhv(^)}^>2:{rwlwi^)}^>2(''W{i^w)^ • ■ ■,t-w{^^w)) 

where n > 2 (for n ~ 1 the unary operations are differentials of the corresponding complexes lyii) 
dy, ly^,^-^^ = dvi,). Using (P5DH^5^ and pg?]) . we obtain 



= Y \Ji^J^(T)\ ^^''''T■{-KvW^^)}rr.>2■,{^Tlry ivi^>}^>2i'vi^v)^ ■ ■ • 
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for n> 2. For n = 1 we have to check that projection tti is a chain map, which is obvious since by 
definition (|233p is is a composition of chain maps. So we checked that tti is an Loo morphism. For tt2 
the check is analogous. Therefore, we proved the part ((T)) of the Statement. 

Let us check the part ([2|). The fact that tv/,ry/ are chain maps (axioms (|123|124|) ) follows from 
part ^ of the Statement 1121 iv ,v ^T^vy and ly, vi'^^v V' ^oc morphisms and, in particular, chain 
maps. Therefore the glued embedding iy (|235p and glued retraction ry (|236p are compositions of 
chain maps and hence are chain maps themselves. Next, to check axiom ()125p . let us use the following 
representation for the projection to the glued space: 

f-vy^vy — idy — t_7r_ 

(obvious from construction of the glued space V' — ker7r_). This implies 

rv'i-v' = T^vy'^v t-vyi^vy W-v' .y — idy/ — Try y/ryt_ 7r_ty iy' y — idy/ — 

The last term vanishes, since the projection 7f_ vanishes on the image of embedding lyi y. We check 
axiom (|126p analogously: 

ryiKv' — T^vy'Tv i-vyT^vy Kyiyy = ^vy' ^yKv^t-v y ~ TTy yiryt-TT-Kvi'V'y ~ 

=idv — i'—7^— ~^ 

= — TTy yiryL-Kw TT-Ly>y = 
=0 

KyrLyr = TTyyrKy Ly yT:yyi Lytyry — TTyyi Ky by iyi y — TTyyKyi-'K-byiyty = 
— idv— i— 7r_ —0 

= — TTyyi KyL-i\y TT-Ly, y — 
=0 

Next, let us check the property (|127p of chain homotopy: 

dyKyi + Kyidyi ~ TTyyi {dy Ky + Kydy)Ly y = idy — TTvy l-v{>'V' y^V y' + t-7r_)ryiy/^y = 

=idv -i-vrv =id57 

idy — iyryi — TTyyiiyl^rw TT^Lyiy = idy — byiTyi 

=0 

Finally, check (fTM]) : 

(Kyi)'^ — TTvyKyLyyTTyyiKyLyiy = Tryyr[Ky)'^Lyiy — TTyyi KyL-Kw T^-^V y = 
— idv— — TT- —0 —0 

Therefore, the part ^ of the Statement is proved. 

Let us turn to part ([3]). The classical operations of qLoo structure on V', glued from {V, Qy, py), (W , Qy/, p^y) 
according to ()205p . are 



W'in){^v'i ■ ■ ■ ^^v) — ^vyWin){''V'y^v'' ■ ■ ■ : ^vy^v) — 
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TeT„o„pi: \T\=n ' ^ 

(239) 

Let us use that 

and that ■Ky.v t^i,2 are Loo morphisms: 

IterT;{-ifv'!v(™)}™>2;{7rv.v-"-v/v,(„,}™>2('-V'-y',yWy/, . . . , tyty/ yojy,) = 

= IterT;{-Kv'iv(™)}™>2;{(rv'7rv',v'+^v,v''-vt~7r-)/v'(™)}™>2(''^^''VVV^l7^ ■ ■ • ' ^-V l-y' .y^^V') = 

= ^ieTT-{-Kviv(^)},n.>2;{rv'iv'(m)i^v.v":---'^v.v")}^>2i''V''V'y'^v'^ ■ ■ • ,'-y'-y',yWy,) + 

— 7r =7f 

- IterT;{-g„;„(^)}„>3;{7r^;._^,rv<._ivy(„)}„>2('-tV ^7flty, y U;y,, . . . , Lw TTlty, y t^y,) = 

— 7f =7f 

= IterT;{-if^,/^^(,„)}„>2;{r^,Wv■/(™)(^v,v'•.•••^'r^,^,,.)}„>2('-^^'•y^y'^V'> ■ • ■ , '•V'-y'.y'^y' ) (241) 

where n — niLy, y — Tt2Lyi y : V' ~^ W . So the second term in (|240p does not contribute to 



Now we want to show that analogous manipulation of carrying the projection Tryy through a vertex 
of the tree can be performed not just in the root of tree T, but in any vertex. For this reason consider 
a sub-tree T d T, having the vertex of T in question as its root, and containing all its descendants. 
We have 

^^^^f:{-Kvlv(„.)U>2-{-^v.v'Kvlv(n.)U>2^'-^''V',V^V'^ ■ • ■ ' I'Vl'V'y^V') = 

= ^^e^'^f-{-KvWi^)}„.>2A-Kv'W'(r„){-^v.v-*,---,-^v,v'*)},^>2^^^^V'y^V ' ' ■ , l-V ' ^^V ') + 

+ ^^^'^f-A-Ky^lv,>^^^}r.>2-A-^v,V-Kv^-lwi^)}r^>2^'^'^ ^2!^^ ' ■ . ''W ^2Lv^^V-)- 

— 7f 7f 

- ^'^^'^f-,{-Ky,l„,^^}^^rA-^v.v'Kv>^-lwi.a)}^>2^'^l^^ ' ' ■ , ^-W ^iLy^^^v ') = 

— it TT 
= ^^^^f-,{^Kvlvi^)},r^>2l{-K^'lv'(r^)i^V.V'',---,^V.V'')}^>2^''^''y',V^^ ' ' ' ''Vl'V'y^V') 

From this we obtain by induction 



Iter^f, 



■,{-Kvlv(r^)}m>2;{~^v V Kvlv(r^)}m>2^''V''V' .V^V' ' ■ ' ' ' ^ ^y ' , y ^y , ) 



Iter^^ 



{-Kv,ly,f^^}rr.>2;{-Kv,ly,^^^}^>2( ^V^V"'V''V',V^ ^V'^ ■ ■ ■ , T^V,V'I^V''V'y^ ^V') (242) 
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Therefore, using (I241l242p . we can rewrite the glued ioo operations on V' (|239|) as 

= ^' J2 iAutmi ^^''''^^^'^^'''-'(")^"'^^-^''^'''^'("')^"'^^^'^'^^^'^' ■ ■ ■ ' 

TeT„o„pi: \T\=n ' ^ 

So we obtained precisely the expression for the Loo operations on V' , induced from the Ljx) algebra 
{V', Qv')- Therefore we proved part Q on the level of classical operations. We also have to consider 
the case of unary operation n — 1 separately, since representation of induced operations as sums 
over trees works only for n > 2. But checking consistency on the level of glued unary operation 
(differential) ^^/(i) = dyr is checking its consistency with the induction data {lv' ,fv' , Ky'), or more 
precisely checking axioms (jl23|124p . We already made this check proving part ([2]) of the Statement. 

Let us now turn to proving part ([3]) on the level of quantum operations qy, The quantum 
operations on V' , glued from V, W, are according to 



Qv' (n) i^v' I ■ • ■ > ^v" ) = 9y (n) {i^v'y^v' > ■ • ■ : i^vW^v' ) - Qwin) {t^^v' ' ■ • ■ ' '^^V' ) 



lAutfDI {^°°^^'{-^viv(^)}^>2;vi^v>'V',v^v': t-vi-v'y^v')' 

LeL„o„pi: \L\=n ' ^ 

L00Pi.{_^^^;^.^^j}^^^.Vl/(tW7rWy,, . . . , ivyTfWy,)) + 



TeT„o„Pi: |T|=n ' ^ 

-IterT;{-K„i„(„)}„.>2;{g„,-,„^)}„>i(tiv7fWy,, . . . , LwT^uJv')j (243) 

(the third index of Loop denotes the space over which the super-trace is taken). On the other hand, 
the quantum operations induced from V' (let us temporarily denote them 9y'(„)) are 

qv'{n)i^^v'^- ■ ■ = Y |Auta)| ^°°P^-^~'^^''^'(")>"'^^-^''-''^'^^'' ■ ■ ■ 

LeL„„„pi: \L\=n ' ^ 

+ X] |Autm| ^^^^^'^'^^'''-'('")>'"^^-^^^'("')>"'Si(^'"'^v''---'^^'^v') (244) 

TeT„„„pi: \T\=n ' ^ 

Denote L the tree, obtained by cutting one-loop diagram L along some edge of the cycle, and assume 
for convenience that we chose such a planar representative for L, that the cut edge in L (i.e. the marked 
leaf in L) is the last leaf of L if we are going around in counterclockwise direction, starting from the 
root. Let us compute the super-traces over V in ([243]), using the sphtting V — LvyiV) © i-{W): 

^OOPL;{-Kvlv(m)}m>2;vi^Vi'V',V^V'^ • ■ • ' ^Vi-V',V^V') = 

= Strvlter£.^_^^,^^^^j^^^.^_^^,^^^^j^^^(tyiy, yWy,, . . . , H/iy, yWy,, •) = 

= Stry/Iter£.^_^^,^^^^j^^^.^_^^^^^^^;^^^^j^^^(iyty, yWy,, . . . ,LyLy,yUJy,,Ly,y) + 

+ Strwlter^.{_^^,^(^^}^^^.{^,_^^,^(„^,}^^^(iyty',yc^v-', ■ • ■ , Lyiv' ,v^v' , ^-•) (245) 
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To compute the first term here, we use ([242]) (or rather a trivial modification, where the last leaf is 
decorated with iv',v')- 

StryJter£.^_^^,^^^^ {ivLy,yUjy,, . . . , LyLvW^V'^i-v'^v) ^ 

= Iter^;{-K^,i^,,(,„,}„>2;{-^w;v'(™)}™>2('^"^V", • ■ ■,LV'UJv',») = 

= L00Pi.{_^^,;^,^^^}^^^.y,(ty'Wy,, . . . , LV'UJy,) (246) 

To compute the second term in ()245p . we carry the projection 7r_ through to the leaves, using (|230j232p 
and that 7ri_2 are Loo morphisms (|197ll98p : 

StrH/Iter£.^_^^;^^^^j^^^.^_^_^^;^^^^j^^^(tytV', yWy,, . . . , iyty, yW^,, = 

= StrH^Iter^.^_^^;^^^^j^_^^.^_^^;^^^^j^_^JtVK;^2^^y^ • . , lw ^2i^v^'^V' ^^^•)- 
- StrwIter£.^_^^;^^^^^j^^^.{_^^^.;^,^^^j^^^(tVF^]^^v^ ■ • , iw^^^^v^^V'^ ^^it^ •) = 

— TT =7f —^idw 

= ^oopL;{-K^-i„^,„^}^^r,wi''WTTu;v', LwTTUjy,) (247) 

Substituting (|245p together with (|246l247p into (|243p , we see that the first term (the sum over one- loop 
graphs) in (j243p coincides with the first term in ()244|) . Now we only have to compare sums over trees 
in ()243p and ()244p . Let us compute the contributions of trees in ()244p using (|242l) : 

^teTT■{-K^,l^,^^^}^>2■,{qv'(„^)}r.>l(''V'^^v'l ■ • • > i-v't^v') = 

= ^'teTT■{-Kvlv(m)}rr^>2■,{qv'(^)i^V,V'^.■■■,^V,V'^)}rr^>l [i-V ' ,V^V ' ^ ' ' ' > ^Vf-Vy^V') = 

= IterT;{-Ki,;^(^)}„>2;{g,^(^j(iy/^y7ry^y/ »,...,iy, yTTvy •)}„>! (''V''y',v''^y' 7 • ■ • 7 ''y'-y',v''^y')~ 

= id^-t_7r_ =id^-t_7r_ 

— Iterj^.{_;4;^,;^^^^j}^^2.{qj^^^j(7r7ry_y, .,...,7r7ryy/ •)}„>! (''V'-v'',v'Wv', , . . . , ivt^v' ,v^V') 
In the decompositions of projections iy yT^v.v = idy — i_7r_ the second term is negligible, since 

— TT — 7f2 

- Iterf.{_^^_^;^^^j|_^^^.|_^^,^^^^j^^^(tw^W^ • ■ . ,^ly^liy^y'^y') = 

— 7f — 7f2 

(analogous to the cancellation in (|24ip ). Therefore, 



Iter- 



= Iterr;{-_ft:^,z,,(„)}„>2;{9v(™)}™>i('-^'-v",v^v"' ■ ■ • , ty'•y',yWy/)- 
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And we see that contributions of trees in ([243]) and (|244|) coincide. This concludes the proof of part 

^ of the Statement. 

□ 

Main example: gluing de Rham algebras vs. gluing induced qLoo structures on trian- 
gulations. The following case of Statement [151 is important for the simplicial BF theory. Let M be 
a compact manifold with boundary and let N be another compact manifold (possibly with boundary) 
endowed with two cmbcddings into boundary of M: 

embi, emb2 : N — > dM 

such that images of embi, emb2 do not intersect 

embi(iV) n emb2(iV) = 

Then we have two pull-backs for differential forms: 

^1,2 = embj 2 : ^' {M, q) ^ Q.' (M, fl) 

Let Ui,U2 be small neighborhoods (thickenings) of embi(A^) C M and emb2(A^) C M, respectively, 
and let pi^2 € C°°(M) be two smearing functions supported on Ui and U2, respectively, having value 
1 on embi(A^) and emb2(A^), respectively: 

pi o embi = p2° cnib2 = 1 

Denote also n\ : Ui ^ N , ti\ : U2 ^ N the projections from Ui,U2 to N (a point of Ui is sent to 
the nearest (in some metric) point of the image embi(iV), value of tt^ is the preimage of this point in 
N; analogously for tt^). Embeddings ti.2 for differential forms are introduced as 

Projections 7ri^2 and embeddings ti^2 are the gluing data for qLoc algebras (for this case, just DGLA) 
of differential forms V = fl'{M,2), W — il'(iV, g). Axioms ()193|194p of gluing are obvious and 
axioms (|195ll96p follow from the fact that 7ri.2 are DGLA homomorphisms and, hence, linear Loo 
morphisms. Next, the glued (jLoo algebra (which is again a DGLA) V' is identified with the algebra 
of differential forms il'{M',g) on the manifold, obtained from M by gluing together two components 
of the boundary, embi(A^) and enib2(iV): 

M' = Af/{embi(x) emb2(x)| x e N} 

Notice that to identify V with n*{M' , g), we have to require only the tangent component of differential 

forms to the surface of gluing N ^ M' to be continuous, while the normal (in some metric) component 

is allowed to have a jump when passing across the surface of gluing. 
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Now suppose that we have a triangulation S of the manifold M and a triangulation F of N . 
Then the cochains C*(S,g) are endowed with the qL^o structure induced from ri*(M, g), an the 
cochains C'{F,q) are endowed with qL^o structure induced from ^1'{N,q). We denote the respective 
standard induction data (embedding cochains as Whitney forms, retraction by integrals over simplices, 
Dupont's chain homotopy) by (ts, ^h) and (tj?, rp, Kp)- Assume also that embeddings embi^2 are 
consistent with triangulation (i.e. they map simplices into simplices) and embed F into S as a 
simplicial subcomplex in two ways: embi,2 : ^ S. Then the consistency conditions ()230|231l232p 
for gluing and induction are satisfied automatically (namely, ()230|1 follows from the consistency of 
Whitney forms on a simplex with face restrictions, (|232p follows from (|179p and 12311 is obvious). 
Induced gluing data #1,2 : C"(S,0) — > C"(F, g), 1x^2 ■ C{F,s) ~> C'{E,q) is simply given by 
restrictions of cochains on S to _F (induced from simplicial embeddings embi.2), and by the respective 
embeddings of cochains on F into cochains on S (supported on embi^2(^)7 respectively). Indeed, unlike 
the case of differential forms, we do not need smearing functions for embeddings here. Glued induction 
data ri*(Af', g) — " ' ° ' — = — > C*(^', g) turn out to be the standard induction data for triangulation 
Therefore, due to Statement [T51 the action glued from S-e, Sp coincides with the effective action 3-=', 
induced from topological BF theory on M' with the standard induction data. Diagram (|238p here 
takes the form 

n'{M,g), n'{N,g) (^^^^^'^^ (C'(S, g), 5h), {C'{F,2),Sp) 

standard niduction 

(7ri,2,''i,2) J^gluing (tti, 2:ti, 2) induced gluing 

n'iM',Q) ^TT7'l ' (c-(s',0),5e') 

standard induction 

Another possible case is when the cell complex S' is not a "honest" triangulation. For example, for 
gluing the interval with standard triangulation into the circle (gluing the two boundary points) the 
glued cell complex is {[+], [01]}. Gluing data (for differential forms) are obviously consistent with the 
standard induction data for interval. Hence the glued simplicial action for interval really gives the 
effective action for circle. The glued induction data are: 

igi : xe+ + yeoi ^ x + ydt (248) 
: f + gdt ^ fiO)e+ + (^J^^g{i)di^ eoi (249) 

Kgi: f + gdt ^ j^g{i)di^t(^j^^g{i)di^ (250) 

Of particular interest is the case when the manifold Af — Mi U M2 is a disjoint union and 
embi : N dMi, emb2 : N dM2\ also A/1.2 and N are endowed with triangulations Si. 2,/" 
and embeddings embi_2 are consistent with triangulations. Then we describe the gluing of two mani- 
folds A/1.2 along a part of boundary into a new manifold A/', and it turns out that the simplicial action 
for Af' with glued triangulation S' coincides with the action, glued from simplicial actions on Si_2 
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and F. Hence, starting from gluing two simplices along a face and gradually adding new simplices, 
we can obtain Theorem [5] from the Statement 1131 

Remark. The possibility to glue from the standard induction data for individual simplices 
ft* {a) C*{(7) the induction data for a simplicial complex ^'-'''-^"^--') C'*(S) is due 

to two facts. First, due to consistency of standard induction data for a simplex with restriction of 
differential forms and cochains to a face a' C a, which means that the three following diagrams 
commute: 

n'{a) ^-^^ C'{a) n'{a) C'{a) Vt'{a) n'{a) 

•'-'1 ''"'1 

C'{a') n'{a') C'ia') n'ia') n'ia') 

for any face a' <Z a (first diagram is a property of Whitney forms, second is an obvious property 
of integrals over faces, third is a property of Dupont's chain homotopy). The second fact is the 
consistency of standard induction data for a simplex with the action of group of permutations of 
vertices of simplex Sn+i on the differential ri*(A") and cochains C"(A"): 

f7.(A«) ^J:^ C"(A") 17*(A") C"(A") n'{A") 1]*(A") 

1 4 ^^^^^ 

fj.(A«) C'(A") ri'(A") C7'(A") r!*(A") . 1]'(A") 

for any permutation of vertices tt G Sn+i- We mean the action on differential forms by U t-s- 1^^^) , di^ i-^- 

dt^(i) and on the cochains by eig...i^ e^(io)---7T{ik) where we assume e^,(j^)...^/(i^) = (-l)^'ejo...i^ for 

"internal" permutations of vertices of the face tt' : (iq, . . . ,ik) ^ (*0j ■ • • , ifc)- Consistency of induction 

data with the symmetry of simplex (|25ip is important, since otherwise we had to glue simplicial 

complexes from simplices with enumerated vertices and take care of consistency of numeration with 

gluing. 

5.5. Simplicial BF action for the interval. As we showed in section [S751 the problem of computing 
the simplicial BF action 5*2 for an arbitrary simplicial complex S reduces to a series of universal 
computations for S — A^ — standard simplex in dimension D with standard triangulation. 

Preliminary example: simplicial action for 0-simplex. For D = Q the problem is trivial, 
since 0-simplex A° — [0] is a points ([0] is the label of vertex) and the algebra of g-valued differential 
forms r2'(A'',g) coincides with the complex of g-valued cell cochains C*(A°,0) — geo = 0. I.e. the 
space of UV forms vanishes here: 57"* (A°) = {0} and the problem of induction is trivial, i.e. the 
simplicial action coincides with the initial action of abstract BF theory for Lie algebra ri*(A°, g) = g: 

^Ao =<Po,^[c^°,c^°] >fl (252) 

where < •, • >g: — > R is the canonical pairing between g and g*. This action is a function on the 
space of fields J-a« — l](g[l]) — g[l] ©g*[— 2]; field cj^ is the g-valued coordinate function on the 
first term and po is the 0*-valued coordinate function on the second term, gh(ct'°) = 1, gh(po) = —2. 



Action (I252p is the BFoo action, corresponding to the natural qLoo structure on g- valued cochains on 
a point C*(A",0) = g; there is only one classical operation 1{2){X;V) — [^tV] for x,y ^ g, all other 
operations vanish: = /(3) = 1^4^-^ = • • • = 0, (/(i) = ^(2) = • • • = 0. Or, in terms of cohoniological 
vector field and density of measure: 



' fl a,b,c 



— is the Chevalley-Eilenberg differential on Fun(g[l]) — the cochain complex of Lie algebra g (we 
denoted /^^ =< T", [T^.Tc] >g the structure constant of the Lie bracket in g), and the density of 
measure is trivial: 

i.e. the measure /xao = 'Duo^ = Ila-^'^'^'' coordinate Berezin measure on g[l]. Reduced action 

for 0-simplex (|192p coincides with the full simplicial BF action: 



Sao = Sao =<Po, >fl (253) 



Case D = \: induction data, Hodge decomposition for forms. Let us now turn to case 
D = 1, i.e. to the problem of computing — the simplicial BF action for the interval = [0, 1]. 
Cochain complex of the standard triangulation with coefficients in g is C*(A^,g) = geo © gei © geoi 
where eo,ei,eoi are the basis cochains, corresponding to the left and right end-points of the interval 
and to the bulk (the top-dimension cell). Basis Whitney forms (to,^i) £^re written in barycentric 
coordinates as xo = ^o,Xi = ^i,Xoi = todti — tidt^. Or in terms of a single coordinate t = ti (i.e. 
resolving the constraint on second coordinate to): 

Xo = 1 - Xi = Xoi = dt 

Therefore the embedding of cochains into differential forms la^ ■ C'*(A^,g) il*(A^,g) is 

Lai '■ a^eo + a^ei + a'^^e^i i-^ 

and the retractions r^i : ri*(A^,g) — > C"(A^,g) is 

TAi : a = f{t) + g{t)dt ^ /(0)eo + /(l)ei +( f g{t)dt \ eoi 



where we decomposed differential form a on the interval into components of degrees and 1 ; f,g 
is a pair of functions on the interval. Splitting of f2*(A^,g) into IR and UV parts is 0'(A^,g) = 
r2^(A\g) © r2"'(A\g) where the IR part (the Whitney complex) is 

ni^{A\g) - {aO(l -t) + ah + a°Ht\ a"'^'"^ € g} 

— linear 0-forms and constant 1-forms on the interval, and the UV part: 

n"'{A\s) = {f{t)+g{t)dt\ /(O) - /(I) - 0, g{t)dt = 0} 

Jo 
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i.e. O-forms, vanishing on the end-points of the interval, and 1-forms with vanishing integral over the 
interval. Projectors to IR and UV forms are 

V' = tA" o rA" : fit) + g{t)dt ^ /(O) •(!-*)+ /(I) ' ^ + 9{i)di^ ■ dt 
V" = id - : f[t) + g{t)dt ^ (fit) - /(O) -il-t)- /(I) • t) + (^g{t) - g[t)di^ ■ dt 
Next, the chain homotopy, defined by ()178p . acts as 

K^^i = Xo/i° + Xih^ ■ fit) + g{t)dt (1 - t) / g{ut)tdu + t f g{ut - it + l){t - l)du 

Jo Jq 

^il-t)[ g{i)di-t [ gii)di^ f g{i)di-t [ g{i)di 
Jo Jt Jq Jo 

I.e. K^i sends O-forms to zero (since a chain homotopy lowers the degree of a form by one), and acts 

on 1-forms as the integral operator 

K/^i : g{t)dt^ ( g{i)di - t ( g{i)dt 
Jo Jo 

The kernel of this operator is 

KAi{t,i)^e{t~i)~t (254) 

where 




is the unit step function. Next, the d-exact part of r2"*(A^) obviously coincides with the space of 
UV 1-forms (since any 1-form on the interval with zero integral is the differential of some function, 
vanishing on the end-points): il^'lg^(A^) = f7"^(A^). Therefore the iC-exact part of 51"' (A^) coincides 
with the space of UV O-forms (since the differential d : ri"°(A^) — > ri"^(A^) is invertible, and K^i is 
the inverse): = 17"° (A^). Therefore the Hodge decomposition (|104p for cochains on the 

interval is 

n'{A\g) = ni^iA\g)(sn"\A\s)(sn"'{A\g) 

= {a°(l -t) + ah + ® {git)dt\ f g(t)dt = 0} ® {/(i)| /(O) - /(I) - 0} 

Jo 

Simplicial action S^i is a function on the space 

.Fai = T*[-l](C*(Ai,0)[l]) = r*hl]((0eo®£|ei®0eoi)[l]) = 0[l]®0[l]©0[O]©fl*[-2]©fl*[-2]®fl*[-l] 

with 0-valued coordinates uj'^ , , u)^^ and g*-valued coordinates pojPijPoi- The ghost numbers for 
coordinates are: gh(ci;") = gh(w^) — l,gh(ci;"^) = O,gh(po) = gh(pi) = — 2,gh(poi) = — 1- 

Theorem 7 (Simplicial BF action for the interval) . The reduced simplicial BF action for the interval 
is 
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with the tree part given by 



^ (2n)! 



2n 



/ 1 r 01 , U , f 4.1, '^'i'^"^ ^ ^ 1 

= {Poi,7:['^ ,1^ +'^1+ { — ^coth 1 ^ ^ 



^o(u;i-wO)^ (256) 



2' ' ' V 2 2 

w/iere B„ are Bernoulli numbers: Bq = 1, Bi = —1/2, B2 = 1/6, Bs = 0, B4 = —1/30, ... and 
ad(^oi = is the adjoint action; one-loop part of S^i is 

n=l ^ ' ^ ' 7" 

2n 

= trglogl^ j (257) 

r/ie simplicial BF action for the interval is the sum of contributions of left and right end-points 
and the bulk: 

S'Ai(w°,w\a;°\po,Pi,Poi) = 'S[o](cj°,po) + <S[i](c^\pi) + 5[oi] (t^°, a;\ w°\poi) 

+ (poi, + o;^] + coth ^) o (o;^ - 0;°))^ + /I tr, log (258) 

Recall that the Bernoulli numbers Bn are defined by the generating function 



„ n! — 1 

n=0 

We will also need the Bernoulli polynomials Bn{t) defined by 

„xt 



E 



Bnit)^„_ xe- 



„ n! — 1 

n=0 

The first BernouUi polynomials are Bo{t) = 1, Bi{t)=t-\, B2{t) = t^ - t + \, Bsit) = t^ - fi^ + 
^t, B4{t) = — 2i^ + — ^ etc. To prove the theorem we need the two following lemmas. 

Lemma 3. For every n>l we have 

(ifAi(Xoi A .))" o XI = - (i^Ai(Xoi A .))" o xo = ^"^[^^+~i)f"^' (259) 

and 

/ XoiA(i^Ai(xoiA.))"oxi = - / Xoi A (j^Ai (Xoi A *))" o xo = - . (260) 
w/iere Bn{t) are the Bernoulli polynomials. 
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Lemma 4. For every n > 2 we have 

Strno(Ai) (Kixoi A •))" = (261) 
Proof of Lemma \3\ Let us introduce the generating function 

oo 

fix, t) = Yl ^" (^Ai (Xoi A •))" o XI (262) 

n=0 

Applying the differential dt = dt A to both sides and using the property of chain homotopy dfK^i + 
K^idt — V", we obtain 

dt A ^f{x, t)^dt + xdt A ^/(x, - y li^i i)di 
and hence 

where C{x) does not depend on t. Solving this differential equation with boundary conditions f{x, 0) = 
0, f{x,l) = 1 (only the n — term in ()262|) contributes to values of / in the end-points of interval), 
we obtain the unique solution 

/(X, t) = '—^ = i f ^ - = y Bn+^(^)-Bn+^ ,n (368) 

^ ^ n— 

Next, since ii'Ai(xoiA(xo+Xi)) = ■f^Ai(xoi) = 0, we have {Kai{xoi A •))"oxi = - {Kai{xqi A •))"o 
Xo for n > 1. Therefore (|259p is proved. Finally, (|260p is obtained from p63p immediately by 
integration over t (or equivalently, (|260p follows from (|259p and the property Bn{t)dt = of 
Bernoulli polynomials for n> 1). 
□ 

Proof of Lemma [4l Since the question of computing the trace of an operator over infinite- 
dimensional space f2'^(A^) is a subtle one, we propose three independent computations in three different 
natural bases on ri°(A^): in the basis of monomials {i"}, in the basis of delta functions {5{t — to)} 
and in the basis of exponentials {e^'^™* — 1}. And we check that all three bases produce the same 
result (PCTj) . 

Computation in the basis of monomials. Introduce the notation k = K^i{xoi A •) : r2''(A^) ~> 
fi"(Ai) 

f{t)^ I f{i)di-t [ f{t)dt 
Jo Jo 

We want to compute StrfiojAi)'^" directly by summing diagonal matrix elements of the operator 
in the basis of monomials {t"^}^^Q. We use Dirac's bra-ket notation for matrix elements: 
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Notice that the monomial t'-* = 1 does not contribute to the trace, since k o 1 = 0. Introduce the 
generating function 

oo 

/,„(a:,i) = ^a;"«;"ot'" 

71=0 

for TO > 1. Differentiating /,„ in variable t, analogously to the argument in the proof of Lemma [31 we 
obtain the differential equation 

d 
ot 

where Cm{x) does not depend on t. Solving this equation with boundary conditions fm{x,Q) — 0, 
fmix, 1) = 1, we obtain the unique solution 

U{x,t) = |(^l-e"^ dtmr-^e-"*^ +e"*^ diTOr-^e""* (264) 

e-^ - 1 v-^ to! _.. \ - to! _^ 
= T > 7 mX - > 7 TTlt X " (265) 

^ (TO-fc)! ^ (TO-fc)! ^ ' 

Let us write fm{x, t) as a power series in variable t: fm{x, t) — X]fc°=i fm.k{x)t^- Then the coefficient 
fm,m{x) is the generating function for diagonal matrix elements of powers of operator k, corresponding 
to monomial t"^: 

oo 

= E ^" < > (266) 



n=0 



Explicit formula (|265p implies that 



oo I. 
X \ ^ X 



Term 1 corresponds to the matrix element of identity operator, i.e. to the n = term in 



Notice also that fm.mix) = 1 + 0(a;'") implies that diagonal matrix elements < t^lK^'ji™ > may be 
non- vanishing only for m < n. Therefore the matrix of operator k" in monomial basis has only finitely 
many nonzero matrix elements on the diagonal. Finally, summing over m in (|266p and subtracting 
the contribution of identity operator, we obtain 



oo oo 



J2 a;"Strao(Ai)^" = ^ (/™,™(x) - 1) = --^ ^ ^ 



n=l 



k h -. X 1 ^ ^ Brfl 



X ^ ^ k -1 X t ^ ^ 

= > -tX = 1 — X — —-X — > — rx" 

fc + 1)! 2 

k=l ^ ' n=2 

which implies ([26T]): Strs70(Ai)K" = — for n> 2. 

Computation in coordinate representation (in the basis of delta functions). Another natural idea of 
computing Strooj-^i-jK" is to use the basis of delta functions {(5(i— io)}o<to<i) use the representation 
of the super-trace as a convolution 

Stroo(Ai)K" = 
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dti / dt2--- dtn< 5{t-ti)\K.\5{t-t2) >< S(t-t2)\K\S{t-t3) > ■■■ < 5{t~tn)\K\S{t-ti) > 

Jo Jo 

(267) 

where 

niti,t2) 5{t - ti)\K\S{t - t2) >= e{ti - t2) - h (268) 

is the kernel (I254p of the operator n. Let us introduce the generating function for super-traces of all 
powers of n: 

and rewrite it using (|267l268p as 



n 

n=l 



l{x) ^ [x I dtiB{ti - h) + ^x^ dh dt29{ti - t2)9{t2 - h) + 

+ \x^ ( dti f dt2 f dt30{ti - t2)e{t2 - h)0{t3 - ti) + • • • 

-J JO Jo Jo 

+ V ^— [x dhh+x^ dti / dt29{ti - t2)t2 + 
^ V Jo Jo Jo 



+ X^ / dh / dt2 / dt^eih - t2)0{t2 - h)t3 

Jo Jo 



Notice that 



/ dti dt2e{ti - t2)0{t2 - ti) = dti dt2 dt30{ti - t2)0{t2 - t3)e{t3 - ti) ^ ■ ■ ■ ^ 

Jo Jo Jo Jo Jo 

since the integrand is supported on a set of zero measure. Next, 

1 



dti-- - I dt,0{ti -t2)--- 0{t,-i - t,)t, = / U ^ 



Finally, the integral 

f 1 



l>ti>->ti>0 



dti0{ti ~ ti) 

is ill-defined and requires a regularization: we have to specify the value of distribution 0{fy in point 
i = 0. Let us choose the symmetric regularization: 0(0) = ^(^(^0) + ^(+0)) = \- Notice that this 
choice affects only the coefficient of x^ in g(x\ i.e. only the value of super-trace StrQo^^i-jK. Now we 
can finish the computation of g(x): 



fc=l \i=\ ^ ' / k=\ 



1 ,6=^-1 , sinh(.T/2) r dx ( X X \ ^ Bn ^ 
- X - log = - log — = / — 1 - - - — = - > r 2^ 

2 X x/2 Jq X \ 2 — 1 / n n\ 



Again we came ti the result p6ip . 

Computation in "momentum representation" (in the basis of exponentials). Let us use the fact that 
operator k takes values in UV functions, i.e. ones that vanish in points t = 0, 1. Therefore 

Strj70(Ai)'*" — StrQ//o(Ai)'*" 
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Introduce the basis {e^'^*™' — l}me:Z,m^Q in ri"°(A^). It is extremely simple to compute super-traces 
of operators in this basis, since it is the eigenbasis for k: 

27rim 

Therefore for n > 1 



V2^*"V I n 



where C{n) is the Riemann zeta function. Using Euler's formula values of zeta function in even integer 
points, we again obtain (|26ip . 

Thus all three bases gave the same result for Stroo^^i)/*" for n > 2. Notice that the case n = 1 is 
ambiguous: in coordinate representation and in the basis of exponentials we obtained Strf20(Ai)K = 0, 
however we needed a regularization: in coordinate representation we had to specify the value of 9(0), in 
exponential basis we have to choose the order of summation for the conditionally convergent sum over 
eigenvalues X^mGZ m^o 2-Kim ■ -'^^ ^^"^ monomial basis we even obtained the wrong value Strno(Ai)K = \- 
Notice also that the computation in monomial basis, despite its elegance (only finitely many diagonal 
matrix elements of are non-zero), is the least transparent: basis of monomials {t™} does not have 
a well-defined dual basis on the interval w.r.t. pairing (/, g) = Jq fg dt, while the basis of delta 
functions is orthogonal (self-dual) and the basis of exponential is orthogonal too. 
□ 

Proof of theorem [3 Let us compute the reduced action on the interval Sa^ using the series ()19ip . 
Notice that in the case of interval the majority of Feynman diagrams vanish. Namely, any Feynman 
diagram containing a vertex incident to three internal edges vanishes, since Kj^i[K/^ia, K/^i (3] = 
for any forms a, /3 E il*(A^,g) (since the operation K/\i[KAia, K^if]] decreases the degree by 
3). Also any tree containing a vertex, incident to the root and two internal edges vanishes, since 
r^ilK/'^ia, K/^i(3] = (since -ftT^ia and K^ifi are functions on the interval, vanishing on the end- 
points, hence their commutator is again a UV function and is sent by the retraction r^i to zero). 
These observations imply that only Feynman trees of type (* • • • (*(*(**))) • • • ) (the "branches") and 
one-loop Feynman graphs of type {* ■ ■ ■ (*(*(*•))) • • • ) ("wheels") contribute. Therefore series (|19ip 
reduces to the following: 

= (m,(^'-c.") + V /'[xoic.°\(-i^Ai[xoic^°\-]r°(xoc^° + Xi^')]) - 

\ n=0-^0 /g 

oo ^ 

- -Strg^no(Ai)(--K'Ai[xoi^*'\»])" 

n=l 

= ^m,(^'-c^") + E (/'^oi^(-^Ai(xoiA.))"oxo) ((ad„oO"oa;0) + 
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E (/'xoi^(-^Ai(xoiA.))"oxi) ((ad^oi)"oc.i)^ - 

oo ^ 

- - (Stroo(Ai)(-ifAi(xoi A .))") • {trg (ad^oi)") 



n 

n=l 



where we separated the de Rham part of values of Feynman diagrams from the trivial expressions in 
g-coefhcients. Finally, using (|260|26ip and that Xoi^Xo — Jq Xoi Axi = 5: we come to expressions 
(|256l257p . Notice that we did not need the value of the ill-defined super-trace StrfjojAijJ'^Ai (xoi A 
• ), since in the expression for S^i it comes with the vanishing (due to unimodularity of g) factor 
trgad(tJ°i) = tTg[LU°^,»]. 
□ 

5.5.1. Checking QME for S^i explicitly. The fact that simplicial action S/^i for the interval (I258P 
satisfies QME follows from its construction via BV integral (Statement [5]). However we can check 
QME for S'ai explicitly. This check is an important evidence for the self-consistency of the whole 
construction and correctness of computation of S'ai (in particular, of the computation of the super- 
traces (EH])). 

First let us check CME {S'^i,S'^i} = 0. Introduce the notation 



Bn for even n 
for odd n 



Write the tree part of the simplicial action on the interval (|258p as 



n=0 



Compute the anti- bracket {S^i, S^i}: 



--<Po,^[uj°,[uj°,uj°]] >g + <pi,^[uj\[uj\uj^]] >B + 



+ <Poi,i[c^°Mc.°,c.°]] + i[c."\[^i,c.i]]-i[[a;«\c.°-Kc.i],c."+c.i] >, + 
+ < Poi, I E n^(ad.,oO" o ([c.i,c.i] - [l.o,c."]) ~hf2 ^(ad^oO" o (^1 - c.°),c.° + u;^] >, 

n=0 n=Q 



\ n=0 ■ / a \ n=0 



0\ 



(269) 

First two terms vanish due to Jacobi identity. The remainder is a sum of expressions of type 



(ad:r)°[(ad^)'' o y, {a.d^y o z] 
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(270) 



with x,y,z £ g, a,b,c > 0. This expressions are not independent for different (a, 5, c): there are 
reiations between them due to Jacobi identity. In particuiar, 

(ad,)'^[(ad,)'' o y, (ad,)^ ° ^] = E (fc) [(ad.)'+' ° V, (ad,)"+^-^- o z] (271) 

k=0 ^ 

where (^) are binomial coefficients. We can use this to transform expressions of type ()270p to the 
"canonical form" — sums of expressions of type [(ad^:)" o (ad^;)'' o z] (they are not anymore related 
by Jacobi identity). Using (|27ip we can write 



d 



OC OO J — 1 

^M^^xY °y^-^) ° I Xlfj(ad:.)^ oz I =^^^/,.g^(ad^)'=[(ad:,)'oy,(ad^V-fc-i 

OO ooj — 1 A: 



E E E E ( / ) [(ad.)^+' o y, (ad.)^-i-' o z] 

i=0 j = l k=0 1=0 



EE ( E ( I j //-r.9J+r+i ) [(ad:r)'^ o 2/, (ad^)"' o z] 



Now we can continue the computation (|269p : 



E^7f[(ad.o0^o(c.i-c.0),c.°+c.i]- 



2 /! 

- ,£ (s (fe^ wtmy. C::t')) i(--)'.(.'-.»).(ad.„,'o(.'-.")i)^ 

(272) 

Third and fourth terms together yield 



£i^[(ad.o0^o(c.i-c."),c." + c.i]- 



2 /! 



= - E ^(^^(^;^'^)[(ad.o0^o(c.° + c.i),(ad.o0^o(c.i-^°)] 
i.e. they cancel the second term in (I272p . Therefore 
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CX2 / / 



CSO 

poi, ^/./[(ad^oi)^ o (c^i - u;"), (ad^oi)-^ o {uj^ - u;")] >j (273) 



I,J=0 

where coefficients are 



Aij -((5/, 1(5x0 + ^/.of^j,!)- 



_ 1 g/-. gj+r+i /J + r + i\ v-_Bj-^ ^J+a+i M =n r274^ 

2 Vi^o(^"'')' (•^ + ^+1)' V ^ + 1 J fr'.iJ-sy. {I + s + iy.{ s + 1 J) ^ ^ 

- a two-parametric family of quadratic relations for Bernoulli numbers 

Let us now check the quantum part of QME S^i : 

AS'^i + {S'^i , S^i} 

A_ A\ A\ , ^\\s' 1-1- l-\ 



B 



oc ^ n— 1 
t , On 



trgad^o + tr^ad^^i - -trgad^o+^i - X! ^ X! ^''f (ad^«0''[(ad(^»0" ^ ° {^^^ - •] 

V n=2 ' A:=0 > 



+ ( .° + + E ^(ad.o. )" o (.^ - .°), ^ ) o ^tr,(ad.. 

\ n=0 ■ / g \m=2 

-j^ oo n — 1 

trgad^jo + trgad^i - -trgad^o+^i —yY^^^g [(adi^oi)"^''"^ o (tj^ - uj°), (ad^, 



,01 )M 



n=2 fc=0 



+ E ^^t^^' [[c.oi,c.i-c."],(ad^oir-i.]+E E ^^trg [(ad<.oO"o(c.i-c.°),(ad^oir-i.] 

m—2 n— m— 2 

(275) 

Notice that the first three terms vanish due to unimodularity of g. To simplify the rest of the 
expression, it is convenient to use the following relation: 

trg [[a;, y], (ad^,)"^.] = tr^ ad^[y, (ad^)°.] - tr^ [y, (ad^)"+i.] = 

for any x,y € Q and a > 0, where we use Jacobi identity and cyclic property of the trace. This implies 

trg [(ad,)"oy, (ad,)''.] =0 

for a > 1, 6 > 0. Therefore to the fourth term in (|275p only terms with k — n — 1 contribute, and to 
the sixth — only terms with n = 0, and fifth term vanishes. Therefore 

AS'i^+{S%^,Sl^} = -f2^trg [l^^ - c^", (ad^oi )"-i.] + £ ^trg [c^^ - c^^ (ad^oO""^.] - 

n=2 Tfi—1 

(276) 

Thus we checked QME for the action (|258p explicitly. 
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Remark (indirect recovering of one-loop result via QME). Notice that computation ()275I276|) 

shows that the one-loop part of simpUcial action on the interval can be recovered completely from the 
tree part, i.e. the values of super-traces (|26ip can be indirectly calculated using QME from the tree 
part of action (i.e. from values of integrals (|260|) ). and the result coincides with the one we obtained 
explicitly, using different bases in the space of differential forms on the interval. Checking QME for 
the simplicial action is a perfectly unambiguous finite-dimensional computation, unlike the explicit 
computation of super-traces over r2'^(A^), and therefore is in a sense a more rigorous proof of the 
resuh (|26T|) . 

On the other hand , the CME for S'^i, as our computation shows, is equivalent to a nontrivial 
identity for Bernoulli numbers (|274p . Notice also that the computation (j269l272p explicitly shows 
that the reduced action itself for the interval does not satisfy CME: the contribution of end-points of 
the interval plays an essential role in the cancellation. 

5.5.2. Induced qLoo structure on C*[Is},q). It follows from the formula (|258p for S/\i that the qL^o 
structure on cochains of the standard triangulation of the interval C*(A^,g) = geo gei geoi is 
given by the cohomological vector field 



0- = -(i["°-°l'a^) -(if-'-'lw 





(277) 



£1 



on the space of cochains with shifted grading C*(A^, g)[l] = © © g, and by the density 

/ sinh^\ ^ /sinh^\ 

PAi = exp trg log = det, ,.01 



of Q/^i-invariant measure 

ah \ 



where indices a, 6, c run over the basis of g. Thus the measure /i^i is the product of coordinate Berezin 
measure on g[l] © g[l] (i.e. on the cochains concentrated on the end-points of the interval) and the 
invariant measure on Lie algebra g (i.e. on cochains concentrated on the bulk of the interval): 

/sinh "'' ■"^ ^ 



— the pull-back of Haar measure on Lie group G by the exponential map exp : g ^ G, see [12] ■ 

The classical and quantum operations {/(„■)}, {(/(„)} are written in terms of the super-field lo 
eoa;° eicj^ -I- gqicj"-'- as 

;(2)(w,w) = eo[tJ°,t^°] +ei[tj\wi] -f eoi[t^°\w° + t^^] 
Z(„)(a;, . . . , w) = 7iB„_i eoi ((ad^oi)" o (w^ - cj°)) , n^2 
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n 

In particular, operations ^(4) = /(g) = = • • • = and 9(3) = 9(5) = ^(7) = • • • = vanish, since 
the respective coefficients (the Bernoulli numbers) vanish. Also g'(i) = due to unimodularity of 
0. Equivalently one can say that polylinear super- antisymmetric operations /(„) : A"C*(A^,£|) — > 
C*(A\fl) and g(„) : A"C*(A\£|) R act on g-valued cochains a = eoa° + eia^ +eoia°^ e C*{A^,g) 
as 

I(2)(ai,a2) = eo[a?,a2] + ei[a},a2] + eoi Q[aJ\a2 + al] + ^[a? + a},a2^]^ , 
Z(„)(ai,...,a„) = ^i^eoi^(-ir-'=- 

Ead„oi • • • ad„oi • • • ad„oi o (al — a?) 

(7r:(l---fc---n)i-^(l---fe---n))eS„_i 

for n ^ 2, 

g(„)(ai,...,a„) = ^ ^ trg(ad„oi^^---ad„oi^J 

(7i-:(l---n)i-^(l---n))eS„ 

where the lower index for a is the number of the cochain (the upper index, as usual, is the simplex of 
the triangulation), sums over tt are sums over permutations and Sn is the symmetric group. 

Another way to formulate the result is as follows. In terms of basis eaa = TaCa on C*(A^, g) (where 
Ta is the basis in g) we represent cochains as a = J^ai^OaOi^" + ^laOi^" + ^oiaOi^^'^) e C*{A^,g), where 
a°", a^", 0:°^" e R, and we can write the operations in terms of structure constants: 



/(„)(«!,..., q;„) = X] XI ec^a^F^^„.„. „„a7^'---a 



<7<^ /-V^l^l ^,0" 71 tin 

(n)(Tiai,...,(TnaTi 1 

cr,o-i,...,cr„e{[0],[l],[01]} a,ai,...,an 



9(n)(ai, . . . ,Q!„) = X] X] 9(n)CTioi,...,CT„o„Q!r 

o-i,...,cr„e{[0],[l],[01]} ai,...,a„ 

where the structure constants are 



jOla yOla ca 

'(1)16 — ~'(1)06 — "6> 



]0a /la j-o /Ola /Ola /Ola /Ola 

'(2)06,0c — '■(2)16,lc — /6c> '(2)016,0c — '(2)016,lc " '(2)06,01c — '(2)16,01c — 2-''^<^' 



/Ola = —/Ol" _ /- -1 '.n-fc ^n-l 

'(ri)01ai,...,01aji_i,laji,01afe+i,...,01a„ '(n)01ai,...,01aji_i,lafe,01afe+i,...,01a„ V -"-J (n — 1)! ' 

E\ ^ j-a j-6i _ _ _ fbk — i _ _ _ fb„-i 

Ja^(i)6i Ja^(2)62 ' ' ' ■' a^(fc_i)6ji_i ^a^(fc+i)fefc+i ' ' ' Ja„(„)afe 

(7r:(l---fc---n)i->(l.--fe.--n))eS„_i 6i,...,6^,...,6„_i 

n>2 !</;;<«, 

9(n)01ai,...,01o„ — ^ _ ^, 2^ 2^ /a,(i)bi/a„(2)62 ■ ■ ■ •'o„(„)6„ 

■ (7r:(l---n)H^(l---n))eS„ 6i,...,6n 

All the rest structure constants vanish. We used the notation /^^ =< T", [T(„Tc] >0 for structure 
constants of Lie algebra g. 
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From the general construction (Statement [T0|) . we know that Loo structm'e (|277p on the space 
C*(A^, g) is homotopic to de Rham algebra of the interval (with coefhcients in g) f7'(A^, g). Moreover 
it is easy to compute the Loo quasi-isomorphism (|164p U/^i : C*(A^,g)[l] il* {A^ , q)[1]. 

Statement 14. The Loo quasi-isomorphism U^i : C*(A^,g)[l] — > r2'(A^,g)[l] between the L^o alge- 
bra (C*(A^, g), Qai) o.iT'd the DGLA of Q-valued differential forms on the interval (r2*(A^, g), d, [•,•]) 
is 

t/Ai(eow° + eiwi + eoiw°^) = uj^t + uj^{l - t) + u^^dt + (278) 

+ f:(-l)" -^"+^^^^-f"+^ (ad,oO" o (c.1 -C.0) 

n— 1 ^ ^' 



Proof. The fact that only trees of type (*(* • • • (*(**)) • • • )) contribute to (|164p follows from the 
argument from the proof of Theorem [T] Therefore the series (|164p is 

oo 
ri=l 

Using the result (I259|) . we immediately obtain ()279|) . Notice also that we can write (|279p in a more 
symmetrical form: 

where <i = t, to = 1 ~ ^ are the barycentric coordinates on the interval. 
□ 

5.5.3. Examples for constructions of section \5.4\ gluing two intervals into one, gluing interval into 
circle, tearing end-point off the interval. Now, having the result (|258p at our disposal, we can write 
explicit results for some simplest examples for constructions of section [5.41 

Gluing two intervals into one. Consider gluing two intervals into one by gluing right end-point 
of one interval with left end-point of the other. Let Si {[0], [!'], [OT]} S2 ^ {[!"], [2], [1"2]} be the 
standard triangulations for two intervals [01'] and [1"2], and let F = {[A]} be the simplicial complex, 
consisting of a single point. Embeddings 

F^E,: [A]^ [!'] 

of F into Si as the right end-point and 

F^E^: [A]^[l"] 

of F into S2 as the left end-point induce the embeddings ii_2 and projections 7ri^2 for cochain complexes 
Vi =C"(Si,g) =gen©gei' ®geoi', V2 = C"(S2,g) = gei" ® gea ® gei"2, M^ = C"(F,g) = ge^: 

ii -.W^Vi, x^CA ^ x^ev 
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L2 : W ^ V2, x^ca i-^ x^ey 
TTi : Fl ^ W, a;°eo + x^ ey + x^^ eoi' i— > x^ ba 
ir2 ■■V2 ^ W, x^ ei" + x'^e2 + x^ '^ev'2 ^ x^ ca 

The space of the glued qLao algebra is constructed as V = ker7r_ C Vi ® V2, hence here it is 

V = QCo © geoi' ® 062 © 0ei"2 © 061 + 

where ei+ = ei' + ei", and V is interpreted as the space of cochains V = C*(S',0) on the glued 
simplicial complex S' = {[0], [1+], [2], [01'], [1"2]}, where the right end-point of the interval [01'] is 
identified with the O-simplex [1+] and with the left end-point of the interval [1"2]. This identification 
does not affect V as a vector space, but is related to the differential (operation Z(i)) of the glued qLoo 
structure on V . For the glued qLoo structure on V, using the known results for the point and for 
the interval, we obtain: 

+ (^[c.°^a;° + .^'] + coth ^) o - c.°), ^) + 



2' ' V 2 

PBtP-o , / «inh — ^ — \ / smh^^^ — 

PE' = ^^=^ = detJ— -det/ 



"2 ad i"2 \ , 2 i + \ '5 
-coth^jo(u;^-c.^ ),^ 



2 



Super-fields for JT' = T*[-1](F'[1]) are w' = eow° + Ci+w^"^ -|- 62^^ -|- eovco°^' + el"2W^"^ p' = 
Poe^ +Pi+e^^ +P2e-^ +Poi'e^^' +Pi"ie^' ^, where ui^* = ) andpi+ =pv +pv'- The glued 

action on T' is 

+ (pov, ^[^°^a;° + a;!"] + coth ^) o - .;°)^ + 

+ ^pl.2,^[c.^"^a;l%a;^] + (^coth^) o (a^^ - c^^)^ + 

/ sinh \ [ sinh ^w^"^ \ \ 



+ tre log , ' +trglog 



\ ad,^oi' ; fl 6 I ad^i//2 I I 

\ \ 2/ \2// 

Circle glued from the interval. For the gluing of the interval into the circle, we have S = 

{[0], [1], [01]} — the standard triangulation of the interval, F = {[A]} — the "triangulation" of the 
point. Embeddings of F into S as left or right end-point 

F^S: [^]^[0], 
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induce embeddings and retractions for the cochain complexes V — C"(^,g) = geo ® gei © geoi, 
W = C'{F,2)^eeA: 

ti:W^V, x^CA x^eo 

L2 -.W ^V, x^CA i-> x^ei 
TTi : V ^ W, x^eo + x^ei + a;°-^eoi i-> x^ca 
7r2 : V ^ W, x^eo + x^ei + x^^cqi i-^ x^ca 

The space of the glued qL^o algebra is V = ker7r_ = 0e+ © geoi C V, where e+ = eo + ei. We 
identify V' with the cochain complex V' = C*(S',g) for the triangulated circle S' = {[+], [01]} (here 
[+] is the label of the 0-simplex, glued from the end-points [0] and [1] of the former interval). The 
glued qLoo structure on V' is 



p~ , / smn — ^ 

PS' = — = det ' 2 



/ sinh ■ 



PF " V 



/ 1 \ /s' h — -^'^ \ 

Ss-SF = (^p+,-[u;+,^+]j + (poi, [c^°\c.+])^ + n tr, log ( ^^^^^-^ j (280) 



2 / 

Super-fields for J^' = r*[-l](V"'[l]) avcuj' = e+cj++eoit^°\ p' = p+e++poie°\ where tj+ = ^{lo°+lu^) 
= Po + Pi • The glued action on is 

1 , ^ _lA , , ni . . / sinh 

As we know from the arguments of section [5.4.21 this action is the true effective BFoo action, induced 
from the topological BF theory on the circle with the induction data (|248H250")) . 

Interval with an end-point torn off. Finally, let us return to the example of tearing off the 
end-point of the interval from section [5.4.11 Let S = {[0], [1], [01]} be the triangulated interval and 
F = {[A]} a point. Embedding F ^ E : [A] i-^ [1] induces the retraction for cochain complexes 
V ^C'{E,q) ==060 ©061 ©geoi, W ^C'{F,5) =06^: 

■Ki : V W, a;*^6o + a;"'"6i + a::°"'"6oi i-^ x'^eA 

(we do not need the embedding W ^ V for the construction of imposing the boundary condition). 
Then V = kervri = geo © 0eoi C V . We can understand V as the vector space of maps V = 
C*(S',0) :— 0" from the set of simplices S' ~ {[0], [01]} (this is not a simplicial complex, since it is 
not closed under the boundary operator) into the Lie algebra 0. Then V' has the relict qLoo structure 

Q.--Q^.- - -/i[.o,.%i\ +/i[.-,.vf^coth^)o.° ' 



Ph'=Ph|h' = detg y—^^ 
and the corresponding action is 



2' ' J'atjO/g \2 V 2 2 J '9^01 

/ sinh 



ad 
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/ • , ad 01 

/ smn — ^— 



Notice also that if we tear both end-points off the interval, i.e. take S — {[0], [1], [01]}, F = 
{[A], [B]}, where [A] is embedded as [0] and [B] — as [1], we obtain V' = geoi — C*{E',g), where 
S' = {[01]} is just the bulk of the interval, and the qL^c structure is 

Qe' = 

/sinh ^ 



PS' = detg 1 ^ 



ad 



2 / 

I.e. all classical operations vanish, but the quantum operations are nontrivial. The corresponding 
action consists of one-loop part only: 

/sinh^\ 



5*=;/ — h tVa loa 1 , 

\ 2 / 

5.6. Perturbative results for the simplex of dimension D > 2. We successfully solved the 
problem of computing the reduced simplicial action on the standard simplex S^^d for dimensions 
13 = 0, 1 and obtained explicit results ()253p and (j256|257p . Now we address the case of simplex 
of higher dimension D > 2. Unfortunately, we cannot obtain the explicit result here and can only 
compute firs Feynman diagrams in expansion (|19ip for S/\^d . 

Splitting of values of Feynman diagrams into de Rham part and g-part. Introduce 
notation S^^d p for the contribution of Feynman diagram F G TnonPi U LnonPi in the expansion (|19ip 
for S^D, i.e. 

Sa'^ — ^ 5ao,t + ^ ^ S^o^L (281) 

TGT„o„pi LeL„onPi 

For convenience reason we introduce the tree with single leaf (*), and its contribution to S^o is the 
first term in p9ip : 

D 

fe=0 

(this sum should be understood as a sum over faces of codimension 1, i.e. over cr = [0 ■ ■ ■ k ■ ■ ■ D] C 
A'^). Let us split values of Feynman diagrams S^o^r ii^to the de Rham part and the part in g- 
coefficients 

Sai^,T = |Aut(T)| ^ <^PAO,^^ItcrT;-K^o[.,.];[.,.](X<Ti'^''S---,X^|r|'^'''^') 



(Tl ,...,(T|T| CA-° 
1 



|Aut(r)| ^^^Ja 



^ / IterT;-ii:^B(.A.);(.A.)(x<Ti, • ■ • ,XfT|r|)- 

_ , n "'AO 



< PA«,IterT.[,^,].[,_,](tj'^i, . . .,^"^1^1) >g erdo-il, . . . , \(T\t\ 
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where we mean that for every non-planar tree T we choose some planar structure and use it to evaluate 
IterT- Sign erdcil, • • ■ , IcitiI) = il is defined from 

IterT;-if^^ [.,.];[.,.] (X<Ti • • . ,X^|T|'^'''^') 

= IterT;-if^o(.A.);(.A.)(x<Ti, ■ • . ,XCT|^|)IterT;[.,.];[.,.](cj''S . . . , t^'^i^i )eT(|cri |, • ■ • , |o-|t|I) 

and arises from the permutation of variables uj'^ of parity (1 — \a\) mod 2 with forms Xa of parity 
\a\ mod 2 and odd operators K^d. Obviously the sign depends only on tree T and dimensions of 
faces cTi, . . . , (J^Tl- III particular, 

e(*)(ki|) = +1 

e(,(,,))(|ai|, 1^21, lasi) (_i)(k2|+i)k3|+(k,|+i)(k.|+k3|+i) 
We split values of one-loop diagrams analogously: 

CTi,...,(T|£,| CA-D 

= ~|Aut(L)| ^ LoOPL;--ff^D(.A.);OJ(AO)(Xo-i,---,X^|z.|)- 

(Tl,...,(T|i|CA-D 

where we again fix some planar structure for every non-planar graph L (and mark some edge in the 
cycle). Sign = ±1 is determined by 

^00PL;-K^nl:']:n'„(AO,s)iX'yi^'"\ ■ ■ • , XtT|,,| w'^l^l ) 

= ^oopL;-K^n{'A.y,n^,{A'^) (x<Ti , • ■ • , X<T|i| ) • Loopi.[.^,].g(w'"i , . . . , w'^i^i )eL(|cri I, . . . , \a\L\\) 
Similarly to ex it depends only on the graph L and on the dimensions of faces. For example, 

e(*.)(ki|) = +1 

e(*(*.))(ki|,k2|) - (-l)(kil+i)(k.l+i) 

Notice that if the length of the cycle in one- loop diagram is [L] = 1, then S/^d j^ = 0, since 
Loop^.[, , . . . , Lj'^i'^i ) — tr£|[--- , •] = due to unimodularity of g. Therefore, only one-loop 

diagrams L with cycle of length [L] > 2 contribute to ()28ip . e.g. L — (*(*•)), (*(*(*•))), ■ • ■• 

Let us introduce notations for de Rham parts of diagrams: 



Cao,t(0'1, ■ • • 7 ^ITl) — / IterT:-/f o(,A.):(.A.)(X 

J AO 



(7i: • • • : Xcr |^| ^ 

116 



for planar trees T and 



for planar one-loop graphs L. Thus Cao^t • C A-^}''"! ^ M is a map from |r|-tuples of faces of 
the snuplex to numbers. For any Feynman graph, CadtI'^'Ii ■ ■ ■ ^ ^\t\) depends on combmatorics 
of relative arrangement of the faces cti, . . . , cripi. In terms of Cao^t contributions ^Ao^r of Feynman 
diagrams to the reduced action S^d for the simplex are 

^ eT(K|,...>ij^ll)- 

(Ti,...,cr|T|CA-° 

for trees and 

Sad,l = ~ |Aut(£)| ^ eL(kiL---,|cr|L|l)CA",L(o-i,...,cr|L|)Loopi.[,^,].g(w'"\...,w'^i^i) 

o-i,....<T|i,|CA° 

for one-loop graphs. Thus the non-trivial part of the perturbative computation of S/^d is computation 
of numbers Cao.f- Notice that the de Rham part of the contribution of a Feynman tree is expressed 
in terms of multiple integrals (due to the construction of Dupont's operator (|178p on A^), while the 
for a one-loop diagram one has to evaluate a super-trace of certain integral operator over the infinite- 
dimensional space of differential forms ^^'(A''^). So one- loop computation is technically much more 
involved and might in principle contain divergencies. However, there is an alternative indirect way to 
recover certain part of the one-loop result, without explicitly computing super-traces, but using QME 
and the tree result. Another feature, simplifying the perturbative computations for simplex, is that 
result has to be symmetric w.r.t. permutations of vertices of A^. 

Symmetries of de Rham parts of Feynman diagrams Cad.t- If tt : (0 • • • D) ^ (0 • • • D) is 
a permutation of vertices of A^, tt e 5'„+i, we will denote its action on faces of A^ by 

perm^ : [«o • ■ ■ ife] ^ [7r(io) • • • 7r(ifc)] 

or just by 7r[zo • ■ ■ ifc] := ['"'(io) ' ' ' 7r(i/c)]- Permutations also act on differential forms on A^ by homo- 
morphisms perm* : f7'(A^) — > and send ti i~> dti dt^^f^iy The following properties of 

the action of permutations on forms are important for us 



/ perm> = (-1)^ / 
Ja" j ad 

A'a^^ (perm* a) — perm* a 



perm^X<T = X^ra 

for any permutation tt : (0 • • • D) ^ (0 • • • D), form a G ^*{/SP) and face cr C A^ 
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A straightforward consequence of these properties is the "external" symmetry of de Rham parts of 
Feynman diagrams (symmetry w.r.t permutations of vertices of A^): 

C/^D_y(7rcri, . . . , 7r(T|7-|) = {-ly C^d ^j'{ai, . . . , a\T\) (282) 
Cad^lCttcti, • ■ ■ ,7r(T|i|) = CAD,L(cri, . . . , cr|i|) (283) 

for any tt : (0 • • • n) (0 • • • n), T G Tpi, L E Lpi, (Ti C A^. Difference in the behavior of trees and 
one-loop diagrams (presence vs. absence of sign (—1)'^) is due to the fact that for a tree diagram 

CAD,T(7i'cri, . . . ,7rcr|T|) = / perm^IterT;-;^^^ (•A.);(.A.) (x<ti , ■ • ■,Xa^T^) = {~'^V Ca'^ .t{(^i, ■ ■ • ,o-|t|) 

— the sign comes from the pairing of permuted form with non-permuted fundamental class of the 
simplex, while 

CAD,L(7r(7i,. . . ,7rcr|L|) = Strn;(AO) (perm^ o Iteri._A'^D (.A.);~/f^D (.A.) (x-ri , • ■ . o perm^^ 

= C'a",l(o'1, • • ■ , cr|L|) 

There is no sign here, since permutation acts on the operator under super-trace by similarity trans- 
formation, and hence does not change the value of super-trace. 

Property (|173p of Whitney forms implies the "internal" symmetry of C^o y (consistency with 
permutations of vertices inside faces): 

CA«,r(^ifTi,...,^|r|^|r|) = (-1)"^ • • • (-l)"'^'CA«,r(fTi, . . . , fT|r|) (284) 

where every TTj : aj aj is a permutation of vertices of aj . 

There is the third kind of symmetry of Cao ^ — symmetry w.r.t isomorphisms of graphs k : F — > F': 

CAo,r'(o'K(i)7 • ■ • i(^K(\r\)) = <^k{\<Ji\, • ■ • , |o'|r||)C'AD,r(o'i, • • ■ i^\r\) 

where we mean that k sends leaves of F into leaves of F'. Sign eK(|cri|, . . . , |(T|r||) depends on k 
and dimensions of faces only (not on the combinatorics of their arrangement). For example, for 
K : (*i(*2*3)) ((*3*2)*i) (index say which leaves go to which ones), we have 



Cao,((**)*)('^3, 0-2, CTi) = / -K^olXas ^Xcr2) ^Xcri 



A-D 



= (-l)l-^ll-.^l+l-il(l-^l+l-3l+i) f X., A(-Aa«(x., Ax.3)) 

J A" 

Restrictions on values of Cao p arise from the case when k : F ^ F is an automorphisms of the planar 
graph. For example, for k : (*i(*2*3)) (*i (=1=3*2)) we have 

CAD.(*(**))(CTi,f73,CT2) = / Xffi A (-Xa-d(X(T3 A Xaa)) 
JAO 
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= / Xa, A {-K^o{Xa,^Xa,)) = (-1) '"^ ' 1"^' ((Ti, (72, CTg) (285) 

J AO 

Now we can formulate the explicit perturbative result for S^d for the simplex of arbitrary dimen- 
sion. 

Theorem 8. For the standard simplex of arbitrary dimension D > first terms of perturbative 
expansion for the reduced action are 



where 



S/^D = S'Ai3,(*) + 'S'ad,(**) + "Sao, (*(**)) + ^'S'a^, (*(*•)) 



Sa'^,{*) = X] Va'^,{*){<^i) <Pa'^,^''' >3 (286) 

o-iCAO, |<7i|=D-l 



CTl,0-2CAD, |o-i| + |<72|=r> 

.^J^^;i^<PA.,KS.-]>« (287) 

5a«,(*(**)) = I E (-I)(kll + l)(k^l + k3| + l) + (k.| + l)k3|. 



2 

CTl,0-2,<T3CAO, |<Ti| + |cr2| + k3 !=£>+! 



|cri|! |cr2|! ksl' 



•''?A^,(*(**))(o'l,cr2,cr3) • — — , . j— j j— — j j— — TTT ' 

" (|o-2| + Icral + 1) • (|cri| + |(72| + |(73| + 1)! 

• <^)A^,[w"^[a;"^a;"^]] >g (288) 
-^AD, (*(*.)) = ^l^^' X! trg(ad^^y)^ +Sd ^ trg(ad^^jfc_(^ifc+^^«)^ j (289) 

y 0<i<j<r> 0<i<j<k<D J 

Coefficients rj^ox G {iljO} depend on combinatorics of arrangement of faces and are defined as: 

• if o-i = [0 - ■ ■ k - ■ ■ D], then 

Va'^,{*){(Ti) = (-1)'= 

• if the intersection of faces ai = [io-- ■ i\ai\] and <J2 = [jo ■ ■ ■ j\a2\] ^ single vertex a\f\<j2 = 

[ir] = [js\, then 

VAO,i*.)iai,a2) = (-l)«(-l)(*o-Viiio-i;-j|.,|) 

otherwise r?AO,(**)(f i) ^2) = 

• if faces ai = [io ■ ■ ■ i\ai\], '^2 = [jo ■ ■ ■ j\a2\], 0-3 = [ko---k\„^] satisfy C72 n 173 = [>] = [ks], 
CTi n 0-2 = [iuiq] = [jvjr], cTi H £73 = [iq] = ^s\, then 

nAO,(.(.*)){o^,02,a^) = {-\Y^'+''^'^''-'''^+\-\)^^^^^^^^ (290) 

if 02 n C73 = [jr\ = [fcs],(Ti n (72 = = [jr\, (71 H (T3 = = [fc„fcs], </ien 

??AD,(*(**))(<7l,(^2,CT3) = (_l)'-+«+''+»(^-«) + l + k2l(_l)(*o---»l-ilJo---f.---i|.2|feo--C---fc:---ft|<,3|) (291) 

otherwise Va'^ ,{*{**)){<^i, (^2, (^3) = 0. 
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Coefficients Ad, 13 d depend on the dimension D of the simplex only, moreover 

Before starting to prove the theorem, we first need two intermediate results. 

Lemma 5. Let ai — [«o • ■ ■ i|cri|] and a 2 ~ bo'''i|o-2|] two faces of /SP . Then if the intersection of 
(Ti and CT2 is a simplex of dimension |cri H (T2I > 1, then 

Xa, A X.. = (293) 

// intersection of a\ and a-i is a single vertex [v] = [js] , then 

= (-^^ ^|!^i+i^!i)! ^^-^-°-V..o-i;...., (294) 
For the integral of product of two Whitney forms over we have 

{(•-l')s(-l')(»Q---'kiiJo---r.---3i..2i) 1'^;^!! ^, 
\ \ '^J (|cri| + k2| + l)!' 

if\cTi\ + \G2\=Dandair]cr2^ [ir] = [js] (295) 
0, otherwise 

The second sign is the sign of permutation (0 ■ ■ ■ D) 1-^ {io ■ ■ ■ i\ai\jo ' ' ' js ■ ■ ' j\a-2\)- 

Proof of Lemma \5[ Let us prove (j293p . Using the symmetry Sd+i O A^, we can choose 
ci = [0 • • • a] , (72 = [a — c,a + b — c] without loss of generality, where a — |(Ti|,5 = |cr2|,c = |crin(T2| > 1. 
In case c > 2: 

X<Ti A Xa^ = a\b\ J2 i-l)P+''+''+%tgdto ■■■dtp--- dtadta-c ---dtq--- dta+b-c = 

Q<p<a, a — c<q<a-\-b—c 

since every term in this expression contains dtj A dtj = for some a ~ c < j < a. For the case c = 1: 

Xa^AXa2^alb\ {-l)P+''+''+Hptgdto---dtp---dtadta^l---dtq---dta+b^l 

0<P<a, a~l<q<a+b-l 

Only two terms contribute here: p = a — 1, q = a and p = a, q = a — 1, and they cancel each other. 
Thus ([^M]) is proved. 

Now consider the case c = (i.e. cti and CT2 intersect over a 0-simplex [a]). We have 

Xai A x<T2 = a\b\ ^ {~lY+''+°-tptqdtQ ---dtp--- dtadta ---dtq--- dta+b 

0<p<a, a<q<a+h 

= a\b\ ^ {-lytptadto - - - dtp - - - dtadta+i - - - dta+b+ 

\o<p<a 

+ ^ {-lytatqdto- - - dta-ldta- - -dtq- - - dta^ 
a-\-l<q<a-\-b 

. , ^ alb\ 

= a\blta 2^ {-Iftpdto --- dtp --- dta+b ^ , , ^ , ^aXO---(a+f,) 
0<p<a+b ^ 
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Using the symmetry of simplex A^, we obtain (I294|) from this. 

For the integral (|295p to be non-zero, it is necessary that Xo-i I^Xa^ is a _D-form, i.e. \a\ \ + |o-2| = D. 
Therefore Xo-i and Xa^i have to intersect. If the intersection is a simplex of dimension > 0, the integral 
vanishes due to (|293p . If the intersection of Xo-i and Xa^ is 0-simplex, we hit the case p94|) . Therefore, 
using the symmetry of A^, we reduce (|295p to the integral 

toXo-D = B\ J^^ (^{tofdh ■■■dtD+ J2i-^Ttotpdto ■■■dip--- dto^ 

^Dli- '-^+D- ■——]= (296) 

\{D + 2y. {D + 1 + 1)1 J D + 1 ^ ^ 

We exploit the following useful formula here (see [15]). for the integral of a monomial over simplex: 

/ t1'--- tl"dh ---dtD = 7 ^„ (297) 

7ao {ai + --- + aD + D)\ 

Thus for the integral ((2951) . using (|294|1 and (|296p . we obtain 



(|ai| + |a2|)!^ ' D + 1 ' ' ' ' (j^^^ | + j^^l + 1)! 

□ 

Lemma 6. Let ai — [io - - - i|o-i|] and <J2 = [jo ■ ■ ■i|CT2|] ^"^^ faces of . If ai and (J2 intersect over 

a simplex of dimension > 1 or do not intersect at all, then 

KA^iXa, r\xa,) = (298) 
// they intersect over a single vertex [ir] — [js], then 



Proof of Lemma [6l Case |cri n cr2| > 1 follows immediately from ()293p . Consider the case 
(Ti n (72 = 0- Using the symmetry of A^, we set cti = [0 • • • a], (72 = [a + 1, • • • a + 6 + 1]. As implied 
by the computation (I184p and the fact that 0* is a homomorphism, 



4'i{X0---a A X(a+l)---(a+fc+l)) — w"^''^^XO---a A X(a+1) ■ ■ ■ (a+6+1) 

for z > a + & + 1. This is a form of degree zero in u and hence does not contribute to K^^d (xa-i A X(T2 )• 
Therefore we can write 

^Ao(X0-aAX(a+l)...(a+6+l))= X] (-l)'=+' + l- 

-l<fe<a,-l<i<h 

E X.o-.Uo-J>''---/i''"/i"'---/i''"(X0...aAX(a+l)...(a+6+l)) (300) 

0<io<-- <ik<a., a+l<jo<---<ji<a+b+l 
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We allow values k = —1 and I = —1 to account for the situation when one of sets {«o, . . . ,ik} or 
{jo: • • ■ 7 ji} is empty. To calculate the action of dilations on Whitney forms, we again use (|184p : 

'^H) ' -\-b 

XO---a A X{a+l)---(a+b+l) (-1)'° au^ dUQ Xo...j~o---a ^ X(a+l)...(Q+6+l) ^ ' ' ' 

3^ (_i).o+(n+i).-+fc+fe)„(„ - 1) ... (a - fc)<+'' . . . ul+'^-'du, Xo...ro...r....a A X(.+l)...(a+.+l) ^ • • • 
^ (_l)»o+(»i+i)-+(..+fc)+Oo+/c+i)+-+0,+fc+i+i)„(„ _ 1) . . . (a _ _ 1) . . . (6 _ 

a+5 a+b— A; 7 a+fc— fc — 1 7 a+fc— A; — ^— 1 7 a /om ^ 

■U„ ■■■U^ dUkV„ dvQ---Vi dviXo...[-„...r,...a^X(a+l)-fo-Ti-ia+b+l) (301) 

Here we omit the terms that are forms of non-top degree in variables uq, . . . ,Uk,vo, ■ ■ ■ ,vi, since the 
next step is to take the integral tt* over the cube [0, l]'=+'+2^ parameterized with the dilation parameters 
uo,. ■ ■ ,Uk,vo, . . . ,vi: 

hi' . ■■h^^h'-'' ■ • •/l'"(xo---a A X(a+l)-..(a+fc+l)) = TT* 0* • ' ' 0,*, ' ' ' (XO- -a A X(a+1) •■ ■ (a+b+1) ) 
= (-l)«o + --ife+Jo + --j!+^('c+i + l)(fc+i+2) Q ° ~ ^ ^ ^~ ^ 



a+5+1 a+&-fc+l a+b-k-l 

' Xo...i^...i;...Q A X(Q+i)...Jo...j;...(a+b+l) 

(-1)^ ■ 



Yo+-ik+3o+-ji+k{k+i+i)(k+i+2) _ a\b\{a + h I k 1)! 



{a-k-l)\{b~l-l)\{a + h+l)\ 

• Xo...j^.. A X(a+i)---fo---j;---(Q+6+i) (302) 
To finish the computation of (j300p . let us use the following observation: 

X»o-i.jo-j, = (fc + / + 1)! ^{-IfU^dU^ ■ --dU^ ■ --dU^dtj^ ■ ■■dtj,+ 

\p=0 



9=0 / 



fc! 
Hence 

(XO---a A X(a+l)---(a+f)+l)) 



(k + I + IV (k + I + IV 

-X^o■■■^. A dtj, ■ ■ ■ d^ + (-l)'^-+i^ '-dU^ ■ ■ ■ dU^ A x,o-j, (303) 



V ( ^^k+l+l+a^l+l) ama + b~l-k-l)\{k + l + l)\ 

J ^ ia-k-mb-l-ma + b+iy.kl 

E (-i)^°+*"+''-+^"+'^x.o.....Axo...r„...r... 

i 0<io< -<ji;<a 

E('_iVo+Oi+i)+---+0-i+0^+. ...fjf. Ay - - 

^a+l<jo<---<jl<a+b+l 

k+i+i+ai a\b\{a + b-l-k-\)\{k + l + l)\ 



(a - k - l)l(b - I - lyJa + b + 1)111 

-l<k<a,-l<l<b ^ ' ^ / \ ' < J 
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^0<io<---<ik <a, 

EC_iVo+(ji + l) + ---+O'!+0v- -Av - - 

^a+l<jo<---<ji<a+b+l 

In the first term first sum in brackets vanislies due to quadratic relation ()186p for Whitney forms, and 
the second sum in second term vanishes for tlie same reason. Hence K/^d (xo - a A X(a+i) - (a+b+i)) = 
and (|298p is proved. 

To prove (I299p . we use (|294p and the symmetry of simplex A^, to reduce to the case cri = [0], 
f72 = [0 • • • a]. Let us split K/'^d (ioXo - a) into two parts: 

KAoitaXO-a) 

a-l / 

= E(-1)M E X^o■■■^.^^"'■■■^^'°{t0X0■■■a)+ E XO^,■■■^,h''' ' ' ' h° {toXO-a) 

The second part here corresponds to the case iq = 0, the first — to io > 0. Computation of 
h'^" ■■■ h'^itaxo-a) is analogous to (I301I302|) : 

4,' . <pl 

toXQ-a {-ly'auQduo tQXQ...i„...a ■ ■ ■ 

^ (_l)»o+(n+i)+.-+(..+fe)^(^ - 1) ... (a - k)ulduo ■ ■ ■ ul-Huu t,X^...^...i,...^ 

Jll., ^_^\io + {^l + ^) + ■■■ + {ik+k)_2L f ,v _ ^ 

^ > a + 1 a_fc + i'o^o...zo-..-a 

_ ( 1 ya + {il + l) + --- + Hk+k) " ~ ^ . _ _ 

- ^ _^ ]^ ''OXo.--io---»fc---a 

Also • • • /i*i/i°(ioXo- -a) is computed similarly: 

ioXo---a auo^^diio (uoto - uo + l)xi--a (-l)*i+^a(a - 1). 

• ul^^duQ ul^'^dui {uQUito - uo + l)Xi...ri---a ' ' ' 
^ (-l)(''i+i)+-+('^+i)a(a - 1) ... (a - fc). 
• ug~Miio u^^^dui ■ ■ ■ ul~'^~^duk (uqUi ■ ■ ■ Ukto - uq + l)xi 

\a+l a+1 / 



Therefore 



a— 1 , 

.a — K 



ifA«(t0X0....) = t0E(-l)'^ E (-l)^" + ^^^^^^ + -^^'^ + '=^X.„....AXo....-...r....a + 

fc=0 0<io<-<ik<a 
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fc=0 l<ii<-<ik<a 
fc=0 0<io<---<ifc<a 

/c— l<'ii<---<ifc<a 

+ *oE(-i)'^ E •••rfi.. Axi...r,...r....a (304) 



fe=0 l<ii<---<'ifc<a 

First and second terms vanish due to (|186p . We also used p03p for a special case: 

Xoii-ik = kltodU^ ■ ■ -dU^ - kdto A Xn-ik 

The last term in p04p gives: 

. (_i)p+i+Hj:»j <PhpdU, ■ ■ ■ dU^dti ■ ■ - dt^,- ■ - dtp - ■ - dtZ- ■ - dta 

fc— l<ii<---<2fc<al<p<a, p^ij 

E (-irvii---rf^;---dta 

/c— p—1 l<ii<---<ik<a.,p^ij 



a+1 (a — Ij! a+1 

Using the symmetry of and (|294p , we obtain the general case of i 



^7i|!|a2|' 



(|(Ti| + |(72|)! |cti| + |(72| + 1 ^ 



(|fTl| + |ct2| + 1) • (IcTll + \<T2\- 1)! ^=^*o-».-»|„i|JO-Js-J|„ 



□ 

Proof of Theorem [SI Result ([286]) for is obvious, since we have for the de Rham part 



f?AO,(*)(fl) = C'ao,(*)(o'i) = / C^Xai = ±1 



A" 



if (Ji is a face of codimension 1 in (otherwise C^d (^)((Ti) — 0), and the sign depends on whether 
the orientations of ci and A^ are consistent. Next, the result (|287p for immediately follows 
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from (|295|) . since the do Rham part of this contribution is 

Ca^3,(»*)(o'i, 0-2) = / Xo-i A Xo-2 
Result ()288p for 5Ai',(*(**))(ci, (T2, era) foUows from p98|299p : for the de Rham part 

J A" 

to be non-zero, faces (T2 and 0-3 have to intersect in a single vertex (as implied by (j298p l. Let 
o'l — [io ■ ■ ■ ia], f2 = [jo ■ ■ ' jb], = [^0 ■ ■ ■ kc] and (72 intersects (73 in the vertex [jr] = [fc^]. Then 

Cao. (*(**)) = - / Xio---ia ^ K^n{xjo---jb Axfeo---fcc) 
JA" 

" i-^y^'^' {h + c+l)-{b + C-l)\ j^n ^ 

For the product of Whitney forms in the integrand to be non-zero, it is necessary that ai intersects 
with (72 U i73\((T2 n (73) = [jo ■ ■ ■ ir ■ ■ ■ jbko ' ' ' ' ' ' ^c] cxactly in one vertex (we treat set-theoretic 
operations U, \ as acting on the sets of vertices of simplices). Suppose this vertex = [jy] is in the 
simplex t72 (case when it is in (73 is reduced to this one by the symmetry (|285p ). Due to the constraint 
on dimensions a + b + c = D + l, simplex ai also has to contain the vertex [iq] = [jr] = [ks], which is 
therefore a common intersection point for all three faces. Using (|294p . we can write 

Ca- - (-1) (^b + c + i)-{b + c-iy: 

^ ' (^a + b + c-iy. J^D ^ ^ '''«-'''-^°-^--i''-i>'''°-''''-'''= 

= (-iY+s+v+eiv-r)+i , , ^(_i)(»o-.».o-i;-i;-..fco-fc:-fc.) f tohxo-n 

[b + c+ 1) ■ [a + b + c- ly. J^D 

= (_'\]r+s+v+e{v-r) + l(_',\(io---ia]o--Tv-fr---jbko---kl---k^) ^' 

^ ' ^ ' {b + c+l)-{a + b + c+iy 

where we used the symmetry of and (|297p . Thus the result (|288p for is proved. 

Next, (|289p is proved by the following argument. Write 5^15, (*(*,)) as 

•^A^, (*(*.))= "2 ^ e(*(*.))(|o'i|, |a'2|)CAD,(*(*,))((7i,f72) trg(ad„<'iad^<T2) (305) 
where the sign is (jcri |, |(72|) (— i)(kil+i)(k2|-i-i) g^^^j Rham part is 

Cao,(*(*.))(o'i, 0-2) = StrQ.(A-D)-fsrAo(X(Ti A K^D{xa2 A •)) 

For the super-trace to be non-zero, it is necessary for the operator K^d {xai A K^^d (xct2 A •)) to be of 
degree 0, i.e. we have a constraint on dimensions of faces |cri| + |i72| = 2. The possible variants are: 
lo'il = |o'2| = 1 or |(7i| = 0, |(72| = 2 or \ai\ — 2, |(72| — 0. Two last variants are equivalent, since due 
to the cyclic property of the trace we have 

C^A-, (*(*.)) (^2, ai) = (-l)(l'^^l+^)(l^^l+^)CA«,(*(..))(ai,a2) 
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Suppose |cti| — 2, \a2\ = 0. Under the interchange oftwo vertices in (7i\ct2 the super-trace CAD,(*(*,))(cri, 
has to change sign, due to (|284p . On the other hand, it should not change value, due to (|283p . Hence 
C'ao.(*(*»))(<''17 "'2) = in this case and we only have to consider the case \ai\ — \(J2\ = 1- If siniplices 
(Ti and (72 do not intersect, the super-trace vanishes by the same argument (interchanging two vertices 
of (Ti should change the sign of super-trace on one hand, and should not on the other hand). So we 
are left with the cases when cti and CT2 either coincide or intersect in one vertex. Therefore 



Cao,(*(*.))(0'17 0'2) — < 



Ad, if o-i = (^2 = [ij] 

Bd, if cTi ^ [ij], (72 = [jk] or cti = [jk], 02 ^ [ij] 

(306) 

-Bd, if CTi = [ik], (72 = [jk] or cti = [ij], 02 = [iA;] 



0, otherwise 

All pairs of coinciding 1-simplices are transferred to each other by permutations of vertices of , and 
all pairs of 1-simplices, intersecting in one vertex, are transferred into each other by a composition of 
permutation of vertices of and permutation of vertices inside the 1-simplices. Therefore C^d, (*(*,)) 
depends only on two independent values: Ad and Bd- Substituting (|306p into (|305p . we obtain (|289p . 
where we set 

Ad = -Ad + [D-\)Bd,Bd = -Bd (307) 

Finally, the formula ^W2\ for Ad follows from the QME and the tree result To use QME, 

we have to pass from the reduced action S'ad for simplex to the full simplicial action 

(tCAO TeTnonPl (tCAO L6L„o„pi crCA" 

Let us check the quantum part of QME in lower orders in ui: 



reT„„pi CT,cr'CA-D ^ "^19. TGT,„„pi,LeL„o„picr,o-',cr"CA-D \ / £1 

= E E (ji^. I:) 5;..- E E sUl-Msi,, 

+ E (-!)'*'( E Si<.,(|;.al) 5^.H..>, + 0("') 

O-CAO ^ crCcr'CAO \ /g 

We substitute here the expressions (|286H289| : 

= A.S'^r' + {'^A^ ' ^A^ } 

= E (-l)l'^l+N.,w(^)tr,l+ E (^l)l-l+l-^lr?.,(„)(a,aO 1]^'! tr.ad^.. -f 

126 



o-2,o-3CcrCAO, |CT| + |cr2| + |(T3| = k| + l 

k|!k2|!|a3|! , , 

■ (1^21 + kal + 1) • (|a| + \a,\ + \a,\ + i), Wad[..^^-] + 

+ (-I)l^ill^^l+I'^l77,,(,(„))(ai,a2,a)- 

0-l,0-2CcrCA°, |CTi| + |CT2| + |cr| = |CT| + l 

ki|!k2|!k|! 

■ (k^l + \.\ + 1) • (kil + W,\ + \a\ + i),t'-«(ad...ad..2) + 
+ ^ -4,|cr|trg(adj^j_^iad^.j)+ ^ S|cr|trg(ad(^^fc_ijj)_(^fc_^i)+(j^i_tji)ad^jfc_ij.fc_,_^ij )+0(a;^) 

[iiJCo-cA-D [jj*:]C(TCAO 

(308) 

Notice that the first term vanishes, since yy^. (^-(((t) = 0, second and third vanish due to unimodularity 
of g, and the last one vanishes, since (w'^ — u!^) — [uj^ — cj*) + {u^ — u^) = 0. Only fourth and fifth 
terms are nontrivial, moreover only combinations of simplices of type cti — [ij] , (72 = [*] C cr C 
or (Ti = [jj],cr2 = [j] C A'^ contribute to the fourth term (otherwise r/g. (■^(^^•)-)(cri, (T2, cr) = 0). Also 
l|29ip implies that the sign for the combination of first type is r]a.{*{**)){['^j]i HiO") = and for the 
combination of second type ?ycr,(*(**))([ij]j [j]^ f ) = +1, and the combinatorial coefficient is 

ki|!|a2|!|(T|! 1 



(1^21 + |a| + 1) . i\a,\ + \a,\ + \a\ + 1)! (|a| + m\a\ + 2) 
Therefore, continuing the computation (|308p . we obtain 



^ (^ (|a| + l)2(|a|+2) tr<,(ad^._^,ad„..) + 0(0;^) 



\ (\rr\ - 

[ij]C<TCA 

Since the right hand side has to be zero function on !F^o, we obtain formula (|292p for Ad- 
□ 

Notice that the status of tree results (I286I287I288P and of the one-loop result (|289l292p is different: 
tree results are obtained by direct evaluation of multiple integrals for de Rham parts of the respective 
Feynman diagrams, while the one-loop result is obtained indirectly from the symmetry argument, 
giving the ansatz (|289p for S'aj^, (*(*•)) , and an indirect computation of Ad from QME and the already- 
known tree result. I.e. we obtain the one-loop result, without performing the direct computation of 
super-trace over the space ^'{A^). We should also note that while in dimension D = 1 one-loop part 
of the reduced action can be exactly recovered from the tree part (section 15.5. ip , in higher dimension 
we can only recover a part of one-loop answer: we could recover Ad, but not Bd- Also the value of Bd 
is in a sense less interesting than the value oi Ad, since under the (special) canonical transformation 



S^n ^ S^o + {S^n , R} + hAR 
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with generator 

i? = const • ?i ^ trg{a,d^jk_^^k_^^^iJa.d^^^jk) 

0<i<j<k<D 

the coefficient of the term 



0<i<j<k<D 

in S'ao is shifted by a constant. Thus, if we are interested in the simpUcial action modulo equivalence 
(i.e. modulo canonical transformations), then values of coefficients Bd are not essential. 
For the full simplicial action for the result of Theorem [5] means the following: 

(TiCcrCAO, |cri| = |cr|-l 

4 i: (-i)"-'^"'"'v...,(^..^.) (|,,'i':'i;:^^,), <p..N".^"i>.+ 

''■l,<^2,o'3Co-cA-D, Icti 1 + 10-2 l + ks I = |o'| + l 



|ai|!|cT2|!|a3|! 



I0-2I + kal + 1) • (IctiI + I0-2I + I0-3I + 1)! 



y 0<i<j<D 0<i<j<k<D 



where 



[01]C(tCAO n=l 



[012]Co-cA" n=2 ^ ^ 



and for we know the explicit value from (|292p : 



D (-1)"+! 



ri=l 



(n + l)2(n + 2) 



Another equivalent formulation of Theorem[5]is in terms of first few operations of the qioo structure 
on C*{A^,g) — ©£,,-^0 Qe^, induced from de Rham algebra of the simplex il*{A^,g). In terms of 
the super-field lo ~ J^acA'^ e^oj" the operations ^(i), Z(2), /(a), (?(2) are 

7(1) (w) = ^ ?yCT,(*)(CTi)e^w'^i 

CTiCo-CAO, |CTi| = |cr|-l 

cri,(T2C<TCA°, |o-l| + |cr2| = |o-| 

''■1,0-2,(T3C(TCA°, |(Ti | + |o-2 | + |o-3| = |(t|+1 

|ai|!|a2|!|a3|! 



ICT2I + |fT3| + 1) • (|cti| + 1(721 + kal + 1)! 
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0<i<j<D 0<i<j<k<D 

Also one can say that the polyhnear supcr-antisynimctric operations ^(1,2,3) ■ C*{A^,g)®^''^'^ 
C*{A^,q) and q^2) '■ C'{A^,q)^^ R act on g-valued cochains a = J^acA^ e^Q;'^ on the simplex 
as 



l{i){ai) 
Z(2) (0:1,02) 
Z(3) (01,02,03) 



??a,(*)(<7l)eaOr 

ctiCctCA^, |cti| = |(7|-1 

^a,(**)(0'l,cr2) 

CTi.craCCTCAD, |cti| + |ct2| = |(t| 



E 



CTl,Cr2,0-3CCTCAD, |(Tl| + |<72| + |CT3| = k|+l 



(kl| + |(T2| + l)! 

ki|!|a2|!k3|! 
(|ai| + |a2| + |(J3| + l)! 



• f(-l)l"^l+'/?a,(*(**))(^l,^2,CT3) I . I . , KSK%«3l] + 

+(-l)'^^'('^^'+l'^^l)+l'^=l+N.,(*(**))(a2,a3,ai 



1 



0-3! + |cri| + : 

Fil + |a2| + 1 



^ trg(ad^ijad^ij) ^ ^^SV^'^af -af +a'/ A^^^af -a'^+a^- 

0<i<i<D 0<i<j<k<D 



9(2) (01,02) 

0<i<i<D 

Equivalently, in terms of the basis (TaC^) on g (g) C*(A^) the structure constants of operations are 

)(CTl,Cr2) 



/era 



''(2)(Tiai, (72a2 



|ai|!|a2|! 



'(ki| + 1^21 + 1)! -^"""^ 



(3)criai, (72a'2) craas 



ki|!|a2|!|(T3|! 



(|Ti| + |cr2| + |cr3| + l)! 
b 

+ (-l)l"^l^l"=l+l"='l'+l"=l+'r?<,,(,(,,))(a2,<73,ai) 

+ (_l)k3|(kl| + k2|) + k3| + l^^_^^^^^^j(^3^^^^^2) 



ksl + l^il + l 
1 



a 

a\a2 



9(2), 



\<Jl\ + \<J2\ + 

{Ad + {D- 1)Bd) Eb.c flJl.b^ if ai = a2 = [ij] 

Bd T,b,c farcfa2b' ^1 = ^2 = [jk] OV <Ji = [jfc], CT2 = [ij] 

-Bd T,b,c /aic/o25' if = N^]' = b'fc] or (Ti = [ij], (72 = [ifc] 

0, otherwise 
where /^^ are the structure constants of q. 

5.6.1. Explicit calculation of the super-trace Ca2^(*(*,)) on 2-simplex in coordinate representation. The 
problem of explicit computation of the super-trace 



Cad, (*(*•)) = Strn;(AD)-ft^AD(Xo-i AJS'ao(Xo-2 ^•)) 
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(309) 



on D-simplex can be approached in the following way. Introduce the basis 

1^0, ...,tl;h,...,i„>^ dU, ■ ■ ■ dUjih - i?) • • • S{tD - t%) 

on the space ft'lA^), enumerated by points inside the simplex ti, . . . , t/^ > 0, ti + ■ ■ ■ + to < 1 and 
by sequences of integers I < ii < ■ ■ ■ < in ^ D, where < n < D. The dual basis can be written as 

<4,...,t%;h,...,in\ = * {dU, ■ ■ ■ dUjSih - i?) • • • S{tD - t%) 

where 

is the standard Hodge star. Then we have the orthogonality property 

< ti, . . . ,t^;ii, . . . ,in\Pi, ■ ■ ■ ■ ■ ■ ,in ^ 

^ {dU, ■ ■ ■ dUjSih - i?) • • • S{tD - tl)d% ---dtj S{h -*?)••• SitD - Pd) 

A" 

and the completeness 

D 

^ Idt1---dt°, \t1,...,t%;ti,...,tn ><tO,...,t05;zi,...,z„| =ida;(A°) 

ri=0 l<ji< - <i„<D "^^^ 

Let us write the super-trace p09p as 

Cao,(*(*.))(0'1; 0'2) 

D-1 D-1 



E(-i)" E EMr^' E ldti---dti- 

n=0 l<ii<-<j„<D a,fc=0 0<jo < ■ ■<Ja <£>, 0<fco < ■ ■ ■<'i;6 <£> 



D-1 

= ^ ^ ^ (_l)(|ffi| + l'f2| + l)n+|5l||ff2|+l. 

n=0 l<ii<---<i„<D rfi,(T2CA-D 

•TT* / <t?,...,i53;«i,---,in|Xffi'/'5iX(TiX32C2X<T2|ii,---,iD;*i-----*n > (310) 



/A" 

where we introduced notations ^ cj)*^ ■ ■ ■ cj)*^ , cti = [jo • • • ja], (/'52 = 't^l,, '"^Ig^ *2 = [^o • • • h], 
and TT:,, is the integral over auxiliary variables (the dilation parameters) uq, . . . ,Ua,vo, ■ ■ ■ ,Vb. Thus 
we propose first to compute the super-trace over the space of differential forms on simplex with 
fixed dilation parameters, and then to integrate the result over dilation parameters. In this way 
we are avoiding the direct treatment of the very singular kernel of Dupont's operator in coordinate 
representation. 

Introduce the notation J^(cri, a2', ^i, 02) for the summand in (j310p : 
^^1,^2; 51, a2) E (-l)(l*^l+l^^l+i)"+l^^ll'^^l+i. 

n=0 l<ii< - <i„<D 
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• TT, / dt° ■ ■ -dt^ <t\,. . . . ■ ,in\Xai(l>*a,X<yiXa2(t>*a2XT2\tl, . . . , t?, ; li , . . . , i„ > 

Thus 

Ca",(*(*.))(o-i,o-2) = ^ i^{cri,a2;ai,a2) (311) 

There is a collection of arguments, allowing to state a priori that some terms in (I31ip coincide and 
some vanish: 

(1) "external" symmetry of A^: 

where tt is a permutation of vertices of 

(2) "internal" symmetry of (Ti , (72 , (Ti , (T2 : 

Z/(7riCTi,7r2Cr2;7flCTi,7f2CT2) = (- l)''i (- 1)'' V(cti , (72 ; CTi , 0-2) 

where tti, 7r2, tti, •7f2 are the permutations of vertices in the respective simplices 

(3) cyclic symmetry of the trace: 

1^(0-2, cri;CT2,CTi) = J^(cri,cr2;a-i,CT2) 

(4) if CTi C fT2 or (72 C CTi, then 

v{ai,a2;a-i,a2) = 
since the product of one of the pairs of Whitney forms vanishes 

(5) if CTi U (72 7^ A^ (recall that notation U is used for the set-theoretic operation on the sets of 
vertices), then 

i/(f7i, (72; CTi, 0-2) = (312) 

since in this case the point (ti,-- - ,t^) cannot be mapped into itself by the sequence of 
dilations (unless all the dilation parameters are equal to 1 simultaneously) . 

Notice that the last property is in a sense a regularization: point (t^, ■ • • ,t^) cannot be mapped into 
itself by a sequence of dilations, but it can be mapped into arbitrarily close points in certain sector of 
directions. 

Let us now restrict to the dimension D = 2. To obtain values of constants Ad and Bd from p06p . 
it suffices to compute CA2,(*(*,))(f7i, (72) for two cases: ui = (72 = [12] and ai = [01], (72 = [12]. As 
properties ([TH5|) imply, for the first case there are only two independent non-vanishing contributions: 

Ca2,(*(*.))([12], [12]) = 4i.([12], [12]; [01], [2]) + 2j.([12], [12]; [02], [01]) (313) 

and for the second case — four contributions: 

Ca2,(*(*.))([01], [12]) = 2//([01], [12]; [01], [2]) + 2i.([01], [12]; [02], [1]) + 

+ 2i.([01], [12]; [01], [02]) + i/([01], [12]; [01], [12]) (314) 

131 



Let us demonstrate the computation of J^([12], [12]; [01], [2]) in detail: 

2 f 

K[12],[12];[01],[2]) = - V^, / dtldtl<tUl-.i\Xmri(^lxi2X24>*2Xi2\tUl-.i> (315) 

(we use the obvious observation that only diagonal matrix elements for basis 1-forms contribute). 
Then 

\t\, 4; 1 >= dti5{ti - t1)S{t2 - t°) -tidtidt26{ti - tl)5{t2 - t^) 

^ ~vltidvi{tidt2 - {t2 - l)dti)5{viti - tl)5{vit2 -vi + \-tl) 
-vltit2dvi{tidt2 - {t2 - l)dti)S{viti - t°^)S{vit2 - wi + 1 - ta) 



X12A 



> -vltlt2dvidtidt25{viti - i?)(5(wit2 - vi + 1 ~ t^) 



— ^ ~v\u\t\t2dvidu2{tldt2 — t2dti)S{viU2tl — ti)S{viU2t2 — Vl + 1 — ^2) 
— '-^ —vlu2Ui{uiti — Ui + l)^t2dvidu2duid{viU2{uiti — Ui + 1) — t'l)S{viU2Uit2 — Vi + I — t^) 

"^'"^> —vfu^uiluiti — Ml + l)^t2((l ^ t2)dti + tidt2)dvidu2dui- 

■ 5{viU2{uiti — Ui + 1) — t\)5{viU2Uit2 — Wl + 1 — t2) 

We write only the terms that are top-degree forms in auxiliary variables mi,U2,wi- Therefore the 
matrix element in the integral over simplex in (|315p for j = 1 is 

< t°, tl; i|xoi0t05xi2X2<^2Xi2|i;, t^; 1 > 

= -vlu2Ui{uitl-ui + lf{t2f{\-tl)dvidu2dui 5{viU2{uit\-Ul + l)-t\) 5{viU2Ultl~Vl + l-tl) 

(316) 

Integral over is evaluated using the delta functions, and we are left with non-trivial integral over 
dilation parameters ui, U2, wi: 

TT^ I dt?dt°<t°,i°;l|xoi'/'t'/'ki2X2</'ki2|i?,i^;l> 

\uj\u2tdv.- ' ( U,uHil-U.?il-U.U2)il~..?\_ 1 



"'0 "'0 



{\ ~ U1U2V1Y \ {1 ~ U1U2V1Y ) 360 



Factor in the integrand is the Jacobian arising from delta- functions in (|316p . Analogously, 

for the i — 2 term in (|315p we obtain 

XO10t0SXl2X2</'2Xl2|i?,t2;2 > 

= —v\i32Ui0i{u\t\ — ui + \){v\U2U\t2 — wi -f !)((! — t2)dt\ + t\dt2)dv\du2du\- 

■ b{v\U2{U]t\ — Ui + 1) — i?) (5(uiU2Wlt2 — Ul + 1 — i§) 

^< t?,i§;2|xoi<?!>t</'Sxi2X2'/'2Xi2K?,i2;2 >= -uiM2Uit?(i2)^(^tii!-^ii+l)(^'i^t2Uit2-«i + l)c^^'i'^"2dur 

• h{viU2{uit\ - Ml + 1) - t\) (5(uiU2Ml^2 - + 1 - ^2) 
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TT, / dt^i" <i?,i2;2|xoi0tto2X2</';xi2|t;,t2;2> 

aui / au2 / uwi- 



^0 



(1 - -UiU2Wl)2 \ (I-U1M2W1) 



And therefore 



K[12],[12];[01],[2]) 

= - E ^* ^^?^^2 < t°i,4-. i\Xoiri4>oXi2X2cl);Xi2K tl-i >=-(-- -\ 

Other terms in l|313|314p are computed in the same manner: 



1 1 
360 ~ 360 / 



< l|xo20;0Sxi2Xoi</'J</'Sxi2|i?,i2; 1 > 

= —V2U2Ui{t\)'^t''2{viU2Uit\ — Wi + l)(uit^ — Ui + I)dv2dvidu2dui- 

■ S{v2{viU2Uit° - Ui + 1) - i'j') 5(W2W2W2(W1^2 " "1 + 1) - ^2) 

< tl 4; 2|xo20^0Sxi2Xoi0J0Sxi2|i?, 4; 2 > 
= — w|wiM2Wi(i?)^(l — <i)(uit2 — ui + 1)^ dv2dvidu2dui- 

■ S{v2iviU2Uit° - Vi + 1) - t") 5{v2U2U2{uit2 - Ul + 1) - t!]) 



K[12],[12];[02],[01]) = -V^, / dtldt'i<tW2-i\xo2^*2cpl 



Sxi2Xoi'/>t'/>Sxi2|i?,i2;* 



du, i\u2 1 dv, f'dz-^ ^ ( "i(i^"i)'"2^ia-^i)S^ 

{I - UiU2ViV2)'^ \ (1 - ■UiU2WlW2)^ 

1 



Jo Jo 

+ / dui / du2 / dwi / dv2 
Jo JO Jo JO 

\2„A„. /-I „, \2„A 



(1 - U1U2V1V2) 



2 



Ui{l - - - 1^2 + t'1^2 - U1U2V1V2) 

(1 — MiM2l'lf2)^ 

1 1 \ 1 



2160 2160 J 1080 

< t°,t°2; l|XO2</'2'/'SXOlXl0tXl2|i?,t2; 1 > 

— M1M2W1 (^5)^^2(1 ~ ^1 + UiU2Wlt?)(l — U2 + UiU2to)(iui(ilt2(iui- 
• (5(1 - Wi + UiM2'Uli? - i?) S{u2Vi{l -Ui+ Uit'^) - t§) 

< 4, 4; 2|xo20;0SxoiXi0tXi2|i!, t^; 2 > 

= Uiulvl{t1)'^{l - t?)(l - Ml + Mlt2)(l - M2 + UlU2tQ)dvidU2dui- 
■ (5(1 - Wi + UiM2Wli? - i?) S{u2Vi{l ~Ui+ Uit'^) - 4) 

i.([01], [12]; [02], [1]) ^-Y^^* I dtldtl < 4, 4; «|xo2'^;0SxoiXi0IXi2|i?, t^; « > 

dui / rfU2 / rfWi-; -5- h 

(1 — UlU2Wlj^ (1 — MlU2WlJ'^ 
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JO 



/ dui / du2 
Jo Jo Jo 



1 - Ui)ul{l - tt2)(l - UiU2)vf{l - Vl f 

(l-WlU2l'l)^ (l-UiU2Vl)^ 

720 "^ 720/ 360 



<i?,t0;l|X0i</'ttoiX02<^5to2|i?,i^;l> 

= tt2t'lt'2(l — Ul + Wli?)^t2(l ~ ^2)(1 — 1*2 + UlU2<o)'il'2<il'lC?M2(iMi- 
• 6{U2ViV2{l -Ui+ Uiti) - t1) 6{V2{1 -Vi+ UiU2Vitl) - t^) 

< i?,tO;2|xoi</'t</'SxoiXo2</'5</'Sxi2|i?,i^;2 > 

U2V2tit2{l — Ui + Uiti){l — Vi + UiU2Vit2){l — U2 + UiU2t^)dv2dvidU2dur 
■ 6{U2ViV2{l — Ui+ Ulti) - i?) 6{V2{1 — Vi+ UiU2Vit2) - t^) 



2 



^.([01], [12]; [01], [02]) = -l^TT, / dt°d4 < ^?,^2;^IX0l'/'^'/'SX0lX02</'^</'SXl2|^^,<^;^ > 



A2 

1 



i=l 

1 rl rl rl 



dui / du2 / dvi / dv; 



lo "^"'Jo ^"''Jo "'"'Jo " ^ [l - UiU2ViV2y 
(1 — U\)'^U2V\{1 — Vi)l'2(l — U2 + UiU2 — UiU2V2){l — V2 + V1V2 — U1U2W1W2) 



+ 



/ dui I du2 I dvi f dv2-7- 

Jo Jo Jo Jo (1 - UlU 



(1 — UiU2ViV2Y^ 

(1 — ■Ui)^U2Wl(l — Wl)^l'|(l — U2+ U1U2 — U1U2V2) 



UiU2ViV2)'^ (1 - UiU2ViV2)^ 



+ 



V864 1440 y 540 

< i?, 4; i|xoi<^I</'Sxoixi2<^2</'txi2|i;, 4; i >= 

= —ulv2{l-Ui+Uit'i){l — V2+U2ViV2-UiU2ViV2 + UiU2ViV2ti)t2il-t2)il — U2 + UiU2tQ)dV2dVidU2dUv 

■ 5{1 — V2+ U2V1V2 — U1U2V1V2 + UiU2ViV2t'( — t^) d{v2{l — Vi + UiU2Vit2) — 4) 

< i;,iO;2|xoi0I<^SxoiXi2<^2</'IXi2|i;,i^;2 >= 

= — 'U2^^2*l(l — Ul+ Wlil)i2(l — Vl + UiU2Vit2)i'i- — U2 + UiU2tQ)dV2dVidU2dUi- 

■ 6{1 — V2+ U2V1V2 — U1U2V1V2 + UiU2ViV2ti — ti) S{V2{1 — Vi + UiU2Vit2) — 4) 



2 r 

iy{[01], [12]; [01], [12]) = - V ^* / dtUtl < 4, 4; i|xoi.^I.^SxoiXi2.^;.^IXi2|i' 

1^1 



1) * > 



dui / du2 / dvi / dv2-: nj- 

lo Jo Jo Jo [I-U1U2V1V2Y 

\{l — U2)(l — Ul)w|(l — ■«if2)(l — V2 + V\_V2 — U\U2Vi_V2){l — V2 + U2V1V2 — U1U2V1V2) 

(1 - UIU2VIV2Y 
+ / dui [ du2 [ dvi [ dv2 



+ 



Jo Jo Jo 



(1 - U1U2V1V2Y 



ulil - U2){1 - t^l) U2(l ^ UiV2){l -V2+ U2V1V2 - U1U2V1V2) 

(1 — UIU2VIV2Y 



288 480 J 180 
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Finally the matrix elements < i?, *IXoi'/'i'/'oXoiX202Xi2|^i7 ^2; * >— vanish for i = 1,2 and hence 

K[01],[12];[01],[2]) = 
and we obtain the following values for the super-traces pi3|314p : 

Ca^(*(*.))([12], [12]) = M[12], [12]; [01], [2]) + 2:.([12], [12]; [02], [01]) = 4 ■ + 2 ■ ^ 



180 1080 540 



and 



Ca^(*(*.))([01], [12]) = 2i.([01], [12]; [01], [2]) + 2^.([01], [12]; [02], [1]) + 

+ 2j.([01], [12]; [01], [02]) + ^.([01], [12]; [01], [12]) 



2-0 + 2- +2 , 

360 / V 540 / 180 270 



1 \ 1 1 



Comparing this to (|306l307p . we conclude that 



Notice that the value of A2 obtained from the explicit computation of the super-trace coincides with 
the value ([292| predicted by QME. 

Analogous but more tedious computation of the super-trace Cas. for 3-simplex in coordinate 
representation yields 

A3 - — , B3 = - — 

(value of A3 again coincides with the prediction (|292p ). 

The scheme of computation of Ca^, (*(*,)) we employed here is the most simple and convenient 
among those we know. The key points here are interchanging the order of taking super-trace and 
integration over dilation parameters (j310p , and the use of property (j312p , playing the role of regular- 
ization. This regularization can be equivalently formulated as follows; the dilation parameters take 
values in the interval [0, 1 — e] and e is taken to zero. A remarkable feature of this scheme is that we 
never encounter divergent quantities on intermediate stages of the computation. 

We also computed Ca^. (,(,,)) using two other schemes. One method is to compute in coordinate 
representation, but without interchanging the super-trace and the integral over dilation parameters. 
Here the problem reduces to computing convolutions of (singular) kernels of Dupont's operator. As 
a regularization we used the point-splitting: one computes not the diagonal matrix elements, but 
matrix elements between nearby points (plus one should average over the direction of splitting) . Here 
in the intermediate stages one encounters logarithmic divergencies. Nevertheless, in the final result 
divergencies cancel out and one comes again to the result (j317p . Another, more cumbersome scheme 
is to use the basis of monomials. As a regularization one uses restricting the total degree of monomials 
by a large number N ^ 00. In the intermediate stages one again encounters divergencies ~ logA'^, 
but they cancel out in the end and the result coincides with (|317p . 
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Using the general perturbative result of Theorem [8] and the value of B2, obtained from the explicit 
calculation of the super-trace pi7p . we can write down the simplicial BF action on 2-simplex up to 
terms of order 0{puj^ + hio^): 



= + S*! + 5*2 + 5*01 + + 'S'20 + S( 



012 



+ {< Poi, ~ + + uj'] + ^[^°\ [^'\^' - ^°]] >B +;i^tr,(ad^oO') + 



01 , ,121 I r, .12 , ,20i , r, ,20 , ,011 , 

(jJ ,1-0 \ + 



\ O D 

+ [C^OI, + UJ^' + + [,.12^ [^12^ ^01 ^ ^12 ^ ^20]] ^ [^20^ [^20^ ^01 ^ ^12 ^ ^20]])^ 

+h ^-^(trg(ad^oi)2 + trg(ad^i2)2 + trg(ad^2o)2) + _i_trg(ad^oi+^i2+^2o)2^ ^ + 

+ 0{puj^ + hw^) (318) 
Here we split S\2 into the contributions of three vertices, three edges and the bulk. 

6. Effective BF theory on a cubical complex 

Here we discuss a modification of the setting of section [S] we consider the effective action for 
topological BF theory, induced on cochains of cubical cell decomposition S of manifold M . The 
induction data for a cubical CW-complex are constructed from standard induction data for individual 
cubes (analogously to the construction of induction data for a triangulation from standard induction 
data for simplices in section[H]). In turn, the standard induction data for the cube are constructed from 
standard induction data for the interval, using the "tensor product construction" (section EH]). Next, 
in complete analogy with the simplicial situation, we introduce the cell action on S, which features 
the cell locality property (section l6.2p . Hence we come to the problem of computing the cell action 
for one standard cube (in each dimension). Specific construction of chain homotopy for the standard 
cube leads to "factorization" of Feynman diagrams for the cell action (section 16. 3p : de Rham parts 
of Feynman diagrams for the cell action for _D-cube are decomposed into sums of _D-fold products of 
Feynman diagrams for interval, where edges of the factors are decorated with either chain homotopy 
for interval, or identity, or the IR projector for interval and we sum over allowed decorations (in 
an equivalent formulation, we decorate edges of the factor with the "extended propagator" for the 
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interval, depending on auxiliary parameters, and instead of summing over decorations, we integrate 
over the auxiliary parameters). This property greatly simplifies the problem of computing Feynman 
diagrams for the cube, and we can easily write a closed formula for any particular Feynman diagram 
for the cube of general dimension (Theorem II Op. However, we cannot present a closed formula for 
the cell action for the cube of dimension > 2, and can only give perturbative results. Next, it turns 
out that restrictions of the cell action for cube to certain subspaces of cochains of the cube can be 
calculated explicitly (only special Feynman diagrams contribute and we can explicitly sum up the 
contributions), which leads to some examples of manifolds with certain cell decompositions, where the 
cell action can be calculated explicitly (section 16. 4p . We regard these examples as preparation for the 
explicit examples of effective action on de Rham cohomology, which will be discussed in section 17.31 

Section TG.Sl is a digression where we give a sketch of finite-dimensional argument, why the cell action 
for cube satisfies quantum master equation (which by gluing construction automatically implies that 
cell action for any cubical CW-complex solves QME). 

6.1. Tensor product of induction data. Let {Vi, o?i) and {V2, ^2) be two cochain complexes, V{ ^ 
Vi and V2 ^ V2 — two retracts. Let also (ii, ri, Ki) be induction data from Vi to V( and (t2, ''2, K2) 
be induction data from V2 to V2 . Then we may define two sets of induction data from tensor product 
of complexes {Vi (X) V2 , c?i (81 id + id (g) ^2) to the tensor product of retracts {V{ V2, di (Xi id + id (X) ^2): 

{Li,ri,Ki)®L{i2,r2,K2) = {li ® i,2,ri ® r2, Ki ® id + r[ ® K2) (319) 

iii,ri,Ki)^R{i2,r2,K2) ^ (ti t2, r2, id i^2 + i^i <X "^2) (320) 

where V[ = ii^i, Vl^ = ^2^2 are IR projectors for Vi and V2 (we will also need the UV projectors 
VI = id - T'i, = id - ^2)- We call ([^TO)) and ((5^ the left and right tensor product of induction 
data, respectively. Left tensor product may be understood as contracting first Vi and then V2, i.e. as 
the composition of inductions 

Vi (g) V2 > Vi (g) V2 > (g) V2 

and the composition (|15ip is 

(idg) {L2,r2,K2))o{{ii,ri,Ki) (g id) = (tig)t2, rig)r2, ifig)id+tiorig)A'2) = (ii, ri, Ari)g)L (t2, r2, if2) 

According to the Statement [71 this definition implies that the tensor product of induction data auto- 
matically satisfies axioms (I123H1281) . Analogously, the right tensor product is interpreted as contract- 
ing first V2 and then Vi: 

Vi (g V2 > Vi V2 > V2 

and the composition 

((n,ri,ii:i) (gid)o(id(g (i2, 7-2, ^^^2)) = (ii(gi2, ?'i(g?'2, id(giir2+^'^i(gt20f2) = {i'i,ri, Ki)(»R{L2,r2, K2) 
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also automatically satisfies (|123H128"| . 

For the case (Vi,c?i) — {V2,d2), (V-[,di) — {V2,d2) it is reasonable to define also the symmetric 
tensor square 

(i, r, K)®'^"^^ ^ {l® L,r ®r,K ® ^ h ^ ® K) = 

= {i®L,r®r,K®{V' + ^V") + [V + ^V") ® K) 

Since this is a linear combination (half-sum) of the left and right tensor products, axioms (|123H127| 
are automatically satisfied by (i, r, K)®syra (t, f , K). Axiom (1128p is satisfied, since operators K, V', V" 
(building blocks of the symmetric tensor square for chain homotopy) mutually commute: 

-)' I -'^T)"^ 1 IT>I I ^'nll\^. ( fT,. IT>I I ^T>'l\ I tT>' I ^T>ll\ 



{K'^^y'-y = l^K ® {V + -V") + {V + -V") ®Kj [K ® {V' + -V") + {V + -V") ® K 

= ® {V + ^V")^ + {V + ^V"f ® + 

+K{V' + ip") ® {V + ]^V")K - {V' + ]^V")K (g) K{V' + ^V") 
= 

Similarly, given a collection of complexes {(^^i, rfi)}"=i; retracts {{V^,di)}f^^ and induction data 
{{Li,ri, Ki)}f^i, we can define the tensor product of induction data 

Vi® ■ ■■ i^Vn > Vi® ■ ■■ iSlVn 

where we have n! variants for the product of chain homotopies {Ki (g) • • • (g) Kn)-^ depending on the 
order tt"^ S Sn in which we contract factors inVi ® ■ ■ ■ ® Vn- Namely, if tt : (1 • • • ?i) i-^ (1 • • • n) is a 
permutation, then 

n 

{Kl®---® Kn)^ =y^{V' + e{TT{l) - TT{i))V") ®---®{V' + e{TT{i - 1) - TT{i))V") ®K® 

7^1 ' 

2—1 

® (V' + e{-K{i + 1) - T:{i))V") ®---®(V' + 6{-n{n) - Tr{i))V") (321) 

n — i 

where 9 stands for the unit step function. Of particular importance is the symmetric case, when all 
the complexes (yi,di) coincide, retracts {V/,di) coincide and induction data {{Li,ri, Ki)}^^i coincide. 
Then we define the symmetric tensor power of the chain homotopy by averaging over all n\ orders of 
retracting the factors: 

i^®-">" = ^ Y {K®---®K)^ (322) 



n< 



For instance, for n = 2: 



^®=y„2 ^ f^-pf j^-p' ^ 1 ^ p" pii ^ ^) (323) 



for n = 3: 
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J^<S>syr^3 ^ f^-p' (gj-pl J^-pl (^-p' ^-p' (^-pl X + 

+ ]^{K ®V' ®V" + K ®V" ®V' + V' ® K ®V" + V" ® K ®V' + V' ®V" ® K + V" ®V' ® K)+ 

+ \{K (g) r" ® V" + v" ®K® V" + V" (E) r" ® k) (324) 

Definitions ()321|322p and the following elementary property of averaging over permutations: 

1 ^ 0Wl)-7r(2))...0(vr(l)-vr(z)) = i 

ft. i 

imply that the product of A', n — i — 1 copies of V' and i copies of V" (in arbitrary order) enters the 
expression for K®"^"'"' with coefficient This imphes the foUowing representation for K®'^'"": 

= / {V + {1- \)V" + d\K)(E)---(E){V' + {1- \)V" + d\ K) 
Jo 

where we introduced the auxihary parameter A € [0, 1] and the integrand is a differential form on the 
interval [0, 1]. Therefore we introduce the "extended chain homotopy" 

j^x,d\ = (1 _ A) id + A + dA a: e n*([0, 1]) (g> End(V) (325) 

depending on A, dX. In terms of K^''^^ the symmetric tensor power of the chain homotopy is simply 

^ f (^j^X,dX^®n (326) 

where tensor power in the integrand (^^.<i-^)®" g 5^'([0, 1]) End(F'^") is the tensor power in endo- 
morphisms of V and n-fold wedge product in forms on [0, 1]. 

Remark. One can also write K^ '^^ in the elegant exponential form (a kind of heat kernel): 

j^X,dX ^ g(<i^-[d,.])o(r/f) 

where the new parameter r G [0, +oo] (the "proper time" ) is related to A by A = 1 — e^'^ and we 
denoted the de Rham operator on the ray [0, +oo] by dr to distinguish it from the differential d in V. 
Note that operator dr ~ [d, •] appearing in the exponential is a differential for the graded associative 
algebra r2'([0, +cx)]) ® End(V"). 

6.2. Induction data for a cubical complex, cell BF action on a cubical complex and its cell 
locality property. Let / = [0, 1] be the miit interval and let /" = / x • • • x / be the n-dimensional 

n 

cube. The de Rham complex of n-cube can be represented as the tensor power of the de Rham 

complex of interval: 

n 

The standard cell decomposition of the cube consisting of its faces of all dimensions (including 
the bulk cell), is the (Cartesian) power of the standard cell complex of the interval: 

Sz„ ={0,l,/}x ••• X {0,1,/} 

V ' 

n 
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We will denote faces of n-cube by sequences ( — ■ ■ ■ with C G {0, 1, -f}- Dimension of a face is 
IC^ ■ ■ ■ C"l = IC^I + ■ ■ ■ + IC"I- The cochain complex of standard cell decomposition of the cube is the 
tensor power of the cochain complex for interval: 



C'{r) = (C"(/))®" = (Meo ® Mei © Meoi)®" 

The respective notation for basis cochains on the cube is: e^i...^™ = e^i (E) ■ ■ ■ ^ ec^^. 

We define the induction data from ri*(/") to C*{I") as the symmetric tensor power of standard 
induction data for the interval (sections I5.1l5.2p : 

= Li ii^ (327) 

71 

ri^ = r J (g) ■ ■ ■ (g) r J (328) 

n 

Kp. ^ Kf = f ((1 - A) id + A + dX Kif (329) 

"'/aux 

where /aux = [0, 1] denotes the unit interval where the auxiliary parameter A lives. Thus embedding 
ijr, maps basis cochains to products of Whitney forms (the "cubical Whitney forms" ) : 

LP^ : 6(^1. ..^r. i-> XC1---C" = Xci ® ■ • • ® XC (330) 
For instance, for the square P with coordinates < <i,t2 < 1 the cubical Whitney forms are 

XOO = (1 - il)(l - t2), XOl = (1 - tl)t2, XlO = <l(l - t2), Xll = ^1*2, 

X/0 = (1 - t2)dti, Xll = hdh, xoi = (1 - ti)dt2, xu = iirf^2, X// = dtidt2 
Retraction r/>i acts by integrals over faces of the cube: 

r/ii : a i-^ e^i...^™ / a 

Chain homotopy Kj^i acts on a product of n forms on the interval G f2* (/) as 

fC/- : ai(ii) A • • • A a„(t„) i-^ 

^(1 - A) ai(<i) + A ^ai(0)(l -ti) + ai(l)ii +^ ai(ii) • rfti^ + 

+dA(^^ ai(fi)-ii^ ai(ii)^^ A---A 

A (^(1 - A) a„(t„) + A (^a„(0)(l - t„) + a„(l)i„ + ^ a„(t„) • dt„^ + 

+dx(^J «„(?„)- t„ y" a„(i„) 

Induction data (i/n , r/n , if/n) are consistent with the action of S'„ k Z2 (the symmetry group of 
n-cube) on differential forms f7*(/") and cochains C*(/"). We mean that the generator of i-th copy 
of Z2 inverts the orientation of i-th interval, acting on forms by inv* : r2'(/") — > il'(/"), where 
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invi : ti 1 ^ ti and tj i-^- tj for j ^ i, and on cochains of i-th interval by ep i— > ei, ei '—^ eo, e/ i-^ — e/. 
The S'„-symnietry permutes factors in = • -^fl'il) and C"(/") = C'(/)(g) - • •«)C"(/). 

Consistency of induction data with the action of Sn is implied by construction of [iin ^rjn ^ Kjn) as 
the symmetric tensor power of (t/, r/, Kj). 

Next, the induction data (i/n , rjn , Kjn ) are consistent with restriction of forms on cochains to faces: 
^ f7'(C), C"(/") ^ C"(C). I.e. the following three properties hold: 

(331) 





(r/™a)|c 



^c("lc) 



(332) 
(333) 



for any face C C differential form a G ri*(/") and cochain J^c^C'^'' ^ C*(/"). Properties 
I|331l332p obviously follow from the corresponding properties for the interval. Let us check 



Using the Sn ix Z2-symmetry, we transform the face C to standard form for some m 

(dimension of the face). Next, forms a E ^'{I) on the interval satisfy 

{V'ja)\o = a(0), {V'j'a)\o = 0, {Kia)\o - 
Therefore {Kjn9)\j...jQ...Q acts on the factorized forms ai (8) • • • (8) ctn G f2*(/") as 

■IQ-Q 

((1-A) ai+\ Vjai+dX Kiai)®- ■ •(g)((l-A) a„+A Vja^n+dX Kiam)<^am+i{0)®- ■ •«)a„(0) 



Since the last n — m factors yield just a multiplication by constant, this coincides with _R'/.../o...o((q;i ® 
■ • • ® an)|/- -/o- -o) = A'/.../o...o(q!i am) ■ am+i(0) ■ ■ • a„(0). Finally (|333p is extended to all (not 

necessary factorizing) forms by linearity. 

Now, using properties (|331H333| . we construct the induction data (is, r-^, Xh) for any cell decom- 
position S of any manifold M, where all cells are cubes. Namely, we define the action of embedding 

: C*(S) — > ri*(S) on a cell cochain ^C*^^ ^ ^"(2) via restrictions to faces: 




C'eC 

where is the cubical Whitney form on cube C,, associated to the face C C- It is natural to call 
the images of basis cochains e,^ in r2'(S) the basis cubical Whitney forms for the cell decomposition: 
'-^{^c) ~ ^c"' ^ f^'^'(M). Contrary to the case of simplicial complex, these Whitney forms are not 
piecewise-linear, but piecewise-polynomial. Retraction : 51* (M) —t C*(S) is given by integration 
over cells 

r^a = cq I a 
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Chain homotopy is defined via restrictions to faces: 



for all cells C ^ a-nd any form a E f2*(M). Axioms of induction data (|123H128|) are satisfied for 
('■H, fH, Ks.), since they are satisfied on every cell S. 

We extend the induction data {is,rs, K^) to the case of induction from n'{M,g) to C'{E,q) by 
g-linearity. 

We define the cell BF action Ss G Fun{!Fs) on the cubical cell complex S as the effective BFoo 
action, induced from the topological BF theory (i.e. the abstract BF theory, associated to the DGLA 
structure on n*{AI,g)) on the space — r*[— l](C*(S,g)[l]) and given by perturbation expansion 
I|117lll8p . 

Similarly to the simplicial BF theory, we can either use the real- valued coordinates (0;^",^^^) on 
the space of fields — T* [— 1] (C* (S, g) [1] ) , or the g- and g*-valued coordinates (^'^ = J2a ^a^^° ; -PC = 
T^p^a (recall that we (Tq) is the basis in g and (T") is the dual basis in g*). Ghost numbers for 
the coordinates are gh(Lj'') = gh(a;^°) = 1 — |^|, gh(p^) = gh(p^a) = — 2 + |^|. Super-fields of the cell 
BF theory are 

Co C C,o c 

Cell action Ss{(^s,Ps) features the property, completely analogous to the Theorem [HI 

Theorem 9 (Cell locality of the cell BF action). There is a family of universal functions (reduced 
BF actions for the cubes) 

SiAW^}ccP',PiJ e Fun(0 ® C" (/")[!] (B g* ^ C„(/")[-2]) 

for n > 0, such that for any cubical cell decomposition S of any manifold M the cell action Ss. is 
decomposed into contributions of individual cells: 

Perturbation expansion for Sjn is 



CiC/" TeT„„pi: |T|>2Ci,-,C|T|CJ 



|Aut(r)| 

• ^ Iterr;-K,„ [.,.];[.,.] (XCl '^''S ■ • ■ >XC|T|'^'"'^') 

^ E E u^^^L00Pi._;^^„[.,.].n;(/.,B)(xCi^^S---:XC|.|^'^'"') 



where ^'{1") = {a e f7'(/") : a\ai^ = 0} 
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The proof literally follows the proof of Theorem [6] for simplicial case, since it uses only the consis- 
tency of induction data with face restrictions. 

Thus we again come to the problem of calculating the family of universal functions Sjd for D > 0. 
Note that, since in dimensions D — 0,1 the cube coincides with the simplex, we know exact answers 
for Sio with L> = 0, 1 from H^d^ and (|256l257p . 

6.3. Factorization of Feynman diagrams, perturbative result for the D-cube. Following the 
lines of section 15.61 we decompose the reduced action for the cube into contributions of Feynman 
diagrams: 

Sjo = ^ Sjox + fl Y, ^i'=',L 
TeT„o„pi LeL„o„pi 

and split the contribution of each diagram into the de Rham part and the g-part: 
Si",T = |Aut(T)| ^ <^P/".y^^IterT;-K^o [.,.];[., .](xCi'^'^S---,XC|T|^''"'') 



Y / IterT;-A',o(.A.);(.A.)(xCi'---'XC|T|)- 



_ 1 

Ci>--->C|T|C-;-" 

• <p^o,IterT;[.,.];[.^.](w'^\...,c^'^i^i) >g eT(|Ci|,---,IC|T|l) 

^jA^kn ^ eT(icii,-.-,iCiTii)-c,.,,T(Ci,---,C|Ti)- 

Ci>--->C|T| c/° 
■ <Pio, IterT;[,,,];[.^,] {uj^^ , . . . , t^'-i^i ) >g 

^^"'^ = "lAutmi ^ Loopi,._;^^„[.^.].n;(/i>,B)(xCi'^''\---:XC|i 

' ^ " Ci,-.C|L|C/" 

Y Loopi 

•, — KjO (•A»);0* [I^) (XCi 1 • • ' 1 XC|z,| )* 



|Aut(i)| 

•Loopi.[.,.]^g(a;«\...,o;^i-i)eL(|Ci|,...,|C|L|l) 
= - \p^lfL^\ E ^id^il' ■ ■ • ' KlLlI) • Cio,dCi. • • • , C|L|) • Loopi^[.,.]^g(u;';\ . . . 

where we introduced the notation for de Rham parts of Feynman diagrams: 

Cid^t{Ci^---X\t\) = IterT;-K^j3(.A.):(.A.)(xCi7 • ■ • ,XC|T|) 

C/°,l(Ci> ■ • ■ iC|L|) = Loopi._^^^(,^,).oj(/D)(xCi' ■ • ■ 'XC|i|) 

Signs eT,£L = ±1 arise from permuting variables lo'^ with cubical Whitney forms xc ^-^^ operators 
KjD, and, hence, depend on dimensions of faces only and coincide with signs ct, introduced in the 
section 15.61 
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Calculating de Rham parts of trees. Contribution of the "tree" with one leaf (*) is understood 



as 



i-1 D-i 

(-1)% ifC = /_^Oi_^ 

i-1 D-i 

0, otherwise 



(334) 



Next let us calculate the contribution of the next simplest tree Cji3^(**): 

C/^,(**)(Ci, C2) = j^^ XCi ^ XC2 = j^^ iXcl ® • • • ® Xcf ) (Xcl ® • • • ® Xcf ) 

= (_1)IC?KIC.^I+-+IC?-^I) + Kf-^KIC.^I+-+K?-=I) + - + Kll-Kll (^^, ^Xcl)®■■■® (Xcf A Xcf) 

Therefore the value of C/i3^(**) for a pair of faces C,i = Ci ' ' " Cf > C2 = C2 ' ' ' Cf' of the Z>-cube is 
represented (up to sign due to reshuffling of the tensor product) as the product of values of C/^(**) on 
the interval, evaluated on projections Ci , C2 of the initial faces to i-th interval: 

D 

c/-,(**)(ci,c2) = (-i)^^=s^<'^°'^^'-'^^'n^^.(")(^i'^2) 

i=l 

The problem of calculating C'/,(**)(Ci) C2) ~ Ii Xq A Xq on the interval is in turn solved straightfor- 
wardly by considering all pairs of faces of the interval: 



(0, /) = C/_(**) {1, 0) = C/_(**) (1, /) = C/_(,*) {1, 1) = 2 



(335) 



and other values of C/^(**) are zero for dimensional reasons (total form degree has to be degx,j» + 

degxc- = !)• 

Next let us calculate C/d^(*(*»)): 

C/o,(*(**))(Ci,C2,C3) = - / XCi A-ft'jD(xc2 AXCa) 

= - (Xcj ® • • • Xcp) A ^ ((1 - A) id + A + rfA Kifiixci • • • Xcf ) A (xc^ ® • • • Xc^)) 
= _(_l)ICil+C(„i)Ei<j<i<D IrfMCil+ICiMCll+IClMCil. 

■ / lo^^'^i ^ K^''\X(l A XC3O) ® • • • ® (Xcp A K^'''\xci> ^ XCs^)) 
= _(_l)IC.I+i.(_l)E.,,<.,.IClMC^I+IC5l-IC^I+IC5MC^I /' /' A i^^'^^Xci A Xc| ) 

Sign (— comes from moving Jj to the left, and the second sign is due to the reshuffling of 
tensor product. Denote 



c^iU^iClClQ = lxci^K^'''\xci^Xci 
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i.e. Cj '^'^■^^^•jj is a linear function of A, dX, depending on the triple of faces of the interval. In terms of 
the de Rham part of the contribution of Feynman tree (*(**)) in the restricted action for 

D-cube is 

C'/D,(*(**))(Cl;C2,C3) 

= _(_l)IC.i+^(_l)E.,,<.,.Kil-Kil+Kil-iaHdMC^I / f[C^f^\^^^^{ClC2,Q) 

Therefore C/d again factorizes (up to sign and integration over A) into certain universal differ- 

ential forms in A, depending on the triple of faces of the interval. These universal expressions 

are calculated straightforwardly, considering all triples of faces of the interval and using explicit ex- 
pressions for Whitney forms on the interval Xo = 1 — Xi = X/ = dt and the explicit formula for 

K^''^\f{t) + g{t)dt) = ((1 -\)id + \V'i + d\ Ki) o {f{t) + g{t)dt) 

= ((1 - A) fit) + A /(O) • (1 - + A /(I) • t) + 

{1 - X) g{t)dt + {X dt - dX t) [ g{i)dt + dX [ g{t)dt 
\ Jo Jo . 



+ 



for any pair of functions f{t),g{t) on the interval. We obtain the following result for Cj'^^^^^^^y. 
C';(t(**))(^'0,0) = = ^ + ^A, C,^(t^„„ (1,0,1) = (1,1,0) = ^ - ^A, 



~ 3 12' 

C/ 'm**)) ^ ^7. w**)) ('^' ^' 1) = ^7. w**)) ^' ^ ^7. W**)) (1' 0) = R + To A' 



*^7,f4**))^"^' ^' ^ ^7,'(1'(**))'^'^' ^ 12 ' ^ ^7,W**))'''^' ^ ~ 12 '^'^ 



(336) 



and for all other triples of faces C^j '(^^^j) vanishes. 

Continuing this argument to any Feynman tree T, we obtain 

C7d,t(Ci, • • • ,C|T|) = (-1)'"^' j^^ IterT;A:^o(.A.),(.A.)(xCi> • • • >XC|t|) 

= (-1)'^' Iter^;/„^(7f^-^^'=)«0(.A.);(.A.)(^Cj ® " " " ® Xcf , • • • , Xc.V, ® " " " ® Xc" , ) 

= e7.,T(Ci, • • • , Ciri) /,^,_^ n <t''"- =^'-i-"^V'-(a, . . . , C,V,) 

where we assume that we enumerated the internal edges of the tree (the standard enumeration is the 
one coming from reading the bracket structure representing the tree from left to right) and associated 
to every edge its own auxiliary variable A^;; JjIt\-2 means integration over all auxiliary parameters. 
Sign Cjo j^id, . . . , = ±1 comes from extracting integrals over auxiliary parameters to the left, 
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from the reshuffling of tensor product and contains the sign (— l)'^' (arising due to changing the 
propagator —Kid to Kjd). For instance, 

e>,(**)(Ci,C2) - (_i)2:i<,<.<z,ic;mc^i 
^7-(*M)(Ci,C2,C3) = -(-i)Ic^i+^(-i)2:.,,<....icinc^i+ic;mc^i+ic^mc^i 

(we assume that orientation on /iui ^ is given by the volume form dXi ■ ■ ■ dX\T\-2)- Factors 

,A|T|-2,<iA|T|-2 ^^j^ ^ ^ ^ C\T\)' which Cjo xiCi, ■ ■ ■ , C\T\) factorizes, depend only on the tree 
T and a |T|-tuple of faces of the interval, and are differential forms in auxiliary variables Ai, . . . , A|t|-2) 
with which we decorate the internal edges of T: 

<~^i,T (Ci, ■ • ■ , C|T|) - iter^.^A^.dA, (.^.).(.^.)(Xc; > ■ • ■ > Xc.Vi ) 

For every given tree T one can compute expressions cj')^''^^''^ for all |r|-tuples of faces of the interval. 

Calculating de Rham parts of one-loop diagrams. Feynman graphs L with cycle of length 
1 do not contribute to Sjd due to the argument of section 15.61 g-parts of these diagrams vanish 
Loop^.j, ,].g(ti;''i, . . . ,ti;^i^i) = due to unimodularity of g. So let us consider the simplest diagram 
with cycle of length 2: L = (*(*•)). Factorization occurs here by the same mechanism as for tree 
diagrams, but we have to use also the general factorization property of super-traces: 

StTv,(^...(SV„Oi ® • • • ©„ = (Strv.d) • • • (Stry„C'„) 

for a collection of graded vector spaces Vi, . . . ,Vn and a collection of degree endomorphisms Oi G 
End(Vi), . . . ,On G End(y„). Notice also that the space of differential forms on the cube with zero 
boundary condition also factorizes: 

n'o{i^) = n'o{i)(»---<»n'o{i) 

V 

D 

Therefore 

(Ci,C2) = st 

= str(,,.(,))«z,y^ [^K^-^^^r^. 

■ ((Xcj ® • • • ® Xcf ) A (i^^'''^)^''((Xc,^ ® • • • ® Xcf ) A •)) 
= (_l)ICil+i(_l)E.<,<.<.IClMC^I /■ ^Str,,.(,)/f,^-''^^(xci Aif,^-''^^(Xc. A.)) 

= (-i)icii+i(-i)5:.<.<.<. iciMc^i y^^ Yi^\]il%^^^^^{c^,c:^ 



where the sign comes from extractmg the mtegration over A2 to the left and from the reshuffling of 

\\ ^d\\ ;A2 

,(*(*.)) 



tensor product. Factors C^/!,'/^i\^^''''^^(Cij C2) depend only on the pair of faces the interval and are 
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differential forms in auxiliary variables: 

Cj^tiii'-^'HCIQ) = Strosc/ji^^-'^'nxc; Aif,"-'^"^(xc. A.)) 

To calculate Cj^^'^^^^'^^''^^^, we will need the following properties of super-traces over the space of 
differential forms on the interval. 

First, the super-trace of multiplication by a function f{t) G C^{I) is 

Stra.(,)/(t)A. = M±ffl (337) 

This result is fixed uniquely by the following conditions: 

• linearity in f{t), 

• invariance under diffeomorphisms of the interval: for a diffeomorphism (f> : [0, 1] — > [0, 1] we 
should have 

Stro.(/)0*/ A • = Strt2.(/)/ A • 

• consistency with the symmetry of the interval: 

Stro.(/)/(l - t) A . = Stro.(/)/(i) A • 

• normalization condition: super-trace of unity equals the Euler characteristic of i.e. the 
Euler characteristic of the interval 

Strn.(/)1 A • = 1 

Analogous result for the super-trace over the space of forms on interval with zero boundary condition 
is 

Stro;(,)/(t)A. = -^^^^^-^ (338) 

since all the conditions are the same except the normalization: Euler characteristic of fl* (/) (or of the 
interval without end-points) is -1. Alternatively, one can obtain (|338p from (|337p as 

Stro5(/)/(i) A • = (Stro;(/)en'({0})©O'({i})/(0 A •) - (Strij.({o})/(i) A •) - (Strn.({i})/(<) A •) 



The second property we need is: 

Stroj(/)i^/(/(i)rfiA.) =^ (^\-t^f{t)dt (339) 
It can be obtained straightforwardly: 

git) /* f{i)g(t)di - t f f{i)g{i)di = f dt ■ (9(1 - t) - t)f{t)g{t) 

Jo Jo Jo 

^Strn;(/)X7(/(t)dtA.) - / {0{O)-t)f{t)dt 
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using symmetric regularization for the unit step function 9{0) = i, we obtain (|339p . Alternatively, 
one can deduce (j339p indirectly, by the following argument. Consider another super-trace 

Stro5(/)7';'(/i(i) A.) 

One one hand it is calculated using p38p as 

Stin- (i)V'i'{h{t) A .) = Strj^.(,)/i(t) A • - Stin'^^i^V'i{h{t) A •) = StTn'(i)h{t) A . + / h{t)dt 

Jo 

_m+m^f\^,)dt (340) 
2 Jo 

(we calculated the super-trace containing the IR projector Vj directly, as the super-trace over 1- 
dimensional space of IR forms on interval with zero boundary conditions ^''{I) = ^'^{I) = M.dt). On 
the other hand 

StYn',(i)V'i'{h{t) A .) = Stros(/)(di^/ + Kid){h{t) A .) 

= StYn-i^i){dKi{h{t) A .) + Ki{{dh(t)) A .) + Ki{h{t) A d.)) 
= SiYni(i){dKi{h{t) A .) + Ki{{dh{t)) A .) - dKi{h{t) A •)) = SiYniii)Ki{{dh{t)) A •) (341) 

where we use the defining property of chain homotopy dKj + Kjd = Vj, Leibniz identity and the 
cyclic property of super-trace. Comparing (j34ip with (j340|l . we obtain 

Strn.^i)Ki{{dh{t)) A .) = _M±M + h{t)dt 

Substituting h{t) = f{i)di, we obtain p39p by integration by parts. 
Another useful property: 

for a collection of operators Oi , . . . , On ■ {I) {I) , — follows from the fact that only the diagonal 

matrix element of dt contributes to this super-trace, and from the explicit formula for the projector 

r'{f{t)dt) - dt f f{t)di 

Jo 

Let us now demonstrate the calculation of values of C'^^'^'^ij^^''^'^^ for some pairs of faces of the 
interval. 

C/,(;?:»"'^'(0- 0) = Stras(/)((1 - Ai) id -I- Ai V'j) o (xo A ((1 - X^) id -I- A^ V'j) o (xo A .)) 
= Stro;(/)((l - Ai)(l - A2) xoXo A . + (1 - Ai)A2 xo A V'jixo A •)+ 
+ Ai(l - A2) r'lixoXo A •) + A1A2 V'lixo A V'lixo A •))) 
= (1 - Ai)(l - A2) • Stro;(/)XoXo A . + ((1 - Ai)A2 + Ai(l - A2)) • Stro;(/)P;(xoXo A •)+ 

+ A1A2 • Stro;(/)7';(xo A V'jixo A •)) 
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= -^(1 - Ai)(l - A2) - ^((1 - Ai)A2 + Ai(l - A2)) - ^AiA2 = -\ + ^Ai + ^As - ^AiA2, 

Cz,($i»"'^'(0, 1) = Strn;(/)((1 - Ai) id + Ai V'j) o (xo A ((1 - A2) id + A2 V'j) o {xi A •)) 

= Stra5(/)((1 - Ai)(l - A2) xoXi A • + (1 - Ai)A2 xo A P^xi A •) + 

+ Ai(l - A2) V'jixoXi A •) + A1A2 V'jixo A V'lixi A •))) 

= • (1 - Ai)(l - A2) - ^(1 - Ai)A2 - lxi{l - A2) - iAiA2 = -^Ai - + ^XiX2, 
6 6 4 6 6 12 

Ci^'^t^^Y'^^'il, 0) = Strn;(/)((1-Ai) id+Ai V'j+dXi Ki)o{xi A ((1 - A2) id + A2 + dA2 Kj) o (xo A •)) 
= Stra.(j) (((1 - Ai) id + Ai V'l) o (xj A dM Kj o (xo A •)) + 
+dXi Ki o (x/ A ((1 - A2) id + A2 V'l) o (xo A •))) 
= Stra5(/) (-(1 - Ai)dA2 xi A Ki{xo A •) - AidAa V'i{xi A if/(xo A •))+ 
+dXi (1 - A2) Kiixixo A •) + dXi A2 Kiixi A P^xo A •))) 
= Stro;(/) (((1 - Ai) dA2 + dXi (1 - A2)) • Ki{xoXi A •) - Ai rfA2 V'lixi A Ki{xo A •))+ 

+dXi A2p;(xoAi^/(x/A.))) 

= ((1 - Ai) dA2 + dXi (1 - A2)) ■ ( {\- - t)dt + Ai rfA2 • / dt Ki{{l - t)dt) + dXi A2 • 

= ^((1 - Ai) dA2 + dAi (1 - A2)) + ^Ai dA2 = ^dXx + ^dAa - ^dAi A2, 

^) = Strns(/)rfAi Ki{xi A dX2 Ki{xi A •)) = rfAi dA2 Stra5(/)i^7(x/ A Ki{xi A •)) 

= dXi dX2 I dt [ di {0{t - i) - t){e{i -t)-i) = -^dXi dX2 
Jo Jo 12 

Using the symmetry of interval and the cyclic property of super-trace, we obtain all values of Cj^(^^l]j^]^'^^^ 
from these four. The result is: 



^?/,(:?ig"''^(0,0) = C^:(^%^^]^'''^{1, 1) = + Ix, + iA2 - ^AiA2, 

C^:{'t*'t'''iO,l) = C^:{^^;^^'''il,0) = -^A^ - iA2 + -^AiA2, 



6 6 12 

C^/,(;?ig"''^(^,0) = -C^:(^%^f^^'''^{I,l) = ^dX^ + ldA2 - ^dX, A2, 



C^:{.TAf''''(^'^^ = = ^dX^ + ^dA2 - ^Ai dX 



2, 



= -J^dX, dA2 (342) 



Similarly, for a general one-loop Feynman diagram L we have: 



C/o,l(Cii • • • )C|L|) 

= (-l)'^'Loop^.^^^^^(^x,..^j^^(.^.).(^.(^j^^^(Xci • • • ® Xc?, . . . ,Xci^| O • • • ® Xf^,) 
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where the sign e/D_^(Ci, . . . ,C|l|) = il comes from extractmg integral over auxihary parameters to 
the left and from the reshuffling of tensor product, and also contains the sign (— l)'^'. For instance: 



Factors Cj'^ " '^i^i '"-"i^i q^,), into which Cjo^LiCu • ■ • , C|l|) factor izes, depend only on the 

one-loop diagram L and on an |L|-tuple of faces of the interval and are differential forms in auxiliary 
variables Ai, • • • , A|i|, with which we decorate the internal edges of L: 

For any given diagram L one can calculate explicitly for all |L|-tuplcs of faces of the interval. 

Let us summarize the discussion of this section. 

Theorem 10 (Factorization of Feynman diagrams for the reduced cell BF action for cube). The 

reduced cell BF action for D-cube is expanded as a sum over Feynman diagrams: 

^I"^ E lAulmi E eT(|Cl|,---,IC|T||)-C,x.,^(Cl,...,C|T|)- 

TeT„o„pi I ''I Ci,...,C|T|C/° 

• < P/D, IterT;[,, ,];[.,.] (W^-S . . .,^^1^1) >g " 

E Tm^\ E eL(ICi|,...,IC|L||)-C,.,,i(Ci,...,C|L|)-Loopi^[.,.]^^(c.^\...,c.?i-') 

Here C/d = is given by structure constants of differential on cell cochains of I 

while de Rham parts of all other diagrams factorize: 

D 

\i ,(iAi;--- ;A|r|_2,<i->>|T|-2 / *i >i \ 

T ISl; ■ • ■ ; '>|T|7i 



C/d,t(Cii ■ • ■ 7C1T1) - e/",T(Cli ■ • ■ iC|T|) / nC'/,^ 

"'-faux 
"'-faux 

where the factors C^^^^^' ''^\t\-^^'^\t\-2 ^ ^Xi^Xi, .\\L\,d\L\ ^^p^^^^ p^ynman diagram V, the 

tuple of faces of the interval (with which the leaves of T are decorated), and are differential forms in 
auxiliary variables {\k) (with which internal edges of T are decorated). Feynman rules for them are: 
vertices are decorated with the operation of wedge product • A edge number k is decorated with the 
extended propagator 

j^x.AX, = (1 _ A) id + Afe T'l + d\k Ki 

where V'j : f + gdt ^ (1 - t)/(0) + tf{l) + dt{J^ g{t)dt), V'l = \A-V\ Ki : f + gdt ^ g{i)dt - 
t g{i)di are the standard projectors and standard chain homotopy for the interval; leaf number j is 
decorated with a Whitney form on the interval x^i , the root is decorated by the fundamental class of 
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the interval, for one-loop diagram one evaluates the super-trace over the space il^'il) of differential 
forms, vanishing in the end-points. I.e. 



Signs er = ±1 depend only on the dimensions of faces Ci, . . . , C|r| 'f^'^ come from moving the coordi- 
nates on the space of fields oj''^ to the right. Signs e/D ,r = il depend on combinatorics of the tuple 
of faces and come from the reshuffling of tensor product, moving the integral over auxiliary variables 
to the left, and include sign —1 for each internal edge ofT. 

In particular, the first terms of perturbation series for Sjd are: 

SjD = ^ dl" <PjD,Uj'^^ >g + 

ClC/": |Cl| = -D-l 

+ 1 (_i)(ICil+i)-IC2|(_j^-)2:i<,<.<D ICINC^I. 

^ Cl,C2C/0:Ki| + |C2|=£l 

/ D \ 



■ (^nC,,(,,)(Cj,C2)j <Pin,[u;<\c,(^] >, + 

+ 1 („l)(ICl|+l)-(IC2| + lC3l + l) + (IC2|+l)-|C3l. 

^ Cl,C2,C3C/°: |Cl| + IC2| + |C3|=-D+l 

. („i)i+ICil+i5+Ei<j<.<B(lc;MC^I+K;MC^I+IC^|-IC^I). 

Y (_i)(ICil+i)-(IC2|+i)(_j^)i+ICil+Ei<,<,<i, ICIMC^I. 

^ Ci,C2C/0;|Ci| + IC2|=2 

• n (Ci' tr,(ad„c, ad„c2 ) + 0{pu^ + hu:^) 

Values of factors Cj^i^^^), C^;(^^,)); C'/,('*(*»»''''^' '^^^ calculated m \MMMM^- 

Using this result we can, for instance, write explicitly (with integrals over auxiliary parameters 
evaluated) the perturbative result for the square 

=< pil, {UJ^° + U^^ - LO^^ - + 
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5 



288 



a; 



17 

ft ( -YY^(ti'B(ad^^oad^7o) + trg(ad^/iad^/i) + tr0(ad^o7 ad^o/ ) + trg(ad^i/ad^i/))- 



7 

- — (trg(ad„7oad^^7i) +trg(ad^^o^ad„lJ))- 



l \ 4 3 

+ Y^(trg(ad^ioad„o/) + trg(ad„-riad;^i/) - trj,(ad^-road^i/) - trg(ad^/iad^oj)) j + 0{puj + hw ) 

(343) 

Notice that for the cube we can compute one-loop diagrams explicitly in any dimension: for each 
given diagram (but arbitrary dimension of the cube) the calculation reduces to some finite calculation 
for the interval. This situation is drastically different from the case of simplex (section 15. 6p where 
we can make explicit computations (quite cumbersome and requiring regularization) for super-traces 
in lower dimensions, but in general dimension we can only indirectly reconstruct certain part of the 
one-loop result from tree diagrams, using QME. Also calculating the perturbative result for the cube 
is technically much easier than for the simplex (due to the more convenient expression for chain 
homotopy), but the final results for the cube are more cumbersome (c.f. p43l) vs. pisp ). since the 
number of combinatorial types of n-tuples of faces of the cube (i.e. of n-tuples <^i, . . . , C„ C modulo 
diagonal action of the symmetry group of cube Sd x ^2*) increases faster with n than the number of 
combinatorial types of n-tuples of faces of simplex (n-tuples cti, • • • , (in C modulo diagonal action 

Using Zl'-symmetric basis for cochains of cube. For some applications the following modi- 
fication of the formalism of this section is useful: instead of using the basis of faces {eo,ei,e/}^ for 
cochains on the ZJ-cube, one can use the eigenbasis of the Z^-symmetry: {e-|-, e_, e/}'^, where 

e+ = eo + ei, e_ = i(ei-eo), e/ = e/ (344) 

Statement of the Theorem [TU] is still true, where we allow indices of Q run over {-I-,—,/} (the set, 
indexing Z2-symmetric combinations of faces) instead of {0, 1, /} (the set, indexing faces of the interval 
themselves). Corresponding linear combinations of Whitney forms on the interval are 

X+^Xo + Xi^ 1, X- = ^(Xi - Xo) = i - ^, XI = dt 

Values of the factors C7.(,,), C'/'(^^*))' C*/ i'^ the symmetric basis for the cochains are 
obtained from values in the basis of faces P35l336l342p by passing to symmetric linear combinations: 



C/,(**)(-^i +) — C'/,(**)(+!-^) — 1; 

12 6 



C/_'(^(^^))(Z, +, +) — C'^_'(^(^^))(+, +, -?^) — C'^_(,(^^))(+, -f, +) — 1, '^/,(*(**))(-^' ' -'^12^6'^' 
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Cj:{''.^)f'''\I,I) = -^dX, dX, 

(all the other values of C/.(*,), Cj'^^^^^-^y C"/ ('^(^i)^^ '^'^'^ ^-re zero). In the basis {+,—,/} the result for 
interval (Theorem [7]) is written as 

ad„,j , ad„,A _\ . , / sinh^^^\ 



Si = (pi,uj +[uj^,uj^]+[ ^ coth ^ ] o uj ) + /i tr^ log 



ad 



where fields uj'^,uj , are related to the fields in basis of faces by uj^ ~ ^('^'^ + uj^), oj — uj^ — oj'^, 
ui' = UJ-' (i.e. by dual transformation for (1344^ 1. Perturbative result for the square p43p in basis 
{+,-,/}x {+,-,/} is 



Sl2—<pil,UJ ' - Uj' +\ 












12^ ' ^ 








|]-— 
288^ 




12^ ' ^ 












12^ 'L ' 








288^ 





± J- 5 5 

+ fi ( -^trg(ad^/+ad^7+) - ^trg(ad^+/ad^+/) - YY^trg(ad^/-ad^/- ) - YY^trg(ad^^-/ad^-/) 



+ Y^trg(ad^7-ad^-/)^ + 0{puj'^ + hw^) 
where uj++ = + cjOi + c^^o + w"), = i(-cjO" + c^oi - + co"), = i(-cjOO - + 

Note that, although in the symmetric basis in cochains on cube the expressions for Sid look less 
cumbersome, this basis is not suited as good as the basis of faces for gluing the cell action on a cubical 
complex (namely, in the basis of faces, for gluing face C to face C, we just identify and uj'^ , while 
in basis {+,—,/} we have to impose more involved relations). 

Remark. Here we were using representation (I329p for the chain homotopy which gives value of the 
de Rham part of a Feynman diagram for ZJ-cube as an integral over auxiliary parameters of the In- 
fold product of Feynman diagrams for interval with edges decorated by the extended propagator (I325P 
(these Feynman diagrams for the interval take values in differential forms in auxiliary parameters). 
This formalism is well suited for computing simple Feynman diagrams in arbitrary dimension D. 
However, for low dimensions another version of formalism might be useful, where one uses explicit 
expansions p23l324p for the symmetric power of chain homotopy for interval instead of introducing 
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auxiliary parameters. Here one expresses de Rham part of a Feynman diagram F for Z?-cube as a sum 
of Z?-fold products of Feynman diagrams for interval with edges decorated with either of operators 
Vj, Vj, Kj (or one can choose instead the triple id, Vj, Kj), and we sum over all decorations, such 
that each edge of F is decorated by Kj in exactly one factor and by projectors in all other factors. 

6.4. Examples of exactly computable cell BF action: torus, cylinder, Klein bottle, Sd^'^2~ 
bundles over circle with fiber T^. 

6.4.1. Torus T'^ in symmetric gauge. Already in dimension D — 2 we cannot write an explicit formula 
for the cell action for the square, and can only give the perturbative result. However, it turns out that 
to write the glued cell action for the torus = 5^ x 5^, obtained by gluing edge II to 10, and edge 
II to 0/ in the square, we only need to know certain part of the cell action for square Sj2 (namely, 
the restriction to the cochain complex of torus, embedded into the cochain complex of the square, 
according to the general construction of section [^3), which can be calculated explicitly. 

Consider the torus with standard (cubical) cell decomposition consisting of one 0-cell (++), two 
1-cells (+/ and /+) and one 2-cell (//). We denote the basis cochains e++, e+/, e/-|_, e// e C*(T^), 
and the embedding C'{T^) ^ C'{P) is 

e++ = eoo + eoi + eio + en, e+/ = eo/ + en, e/+ = e/o + e/i, en = en 

Corresponding Whitney forms written in coordinates ti, t2 on the square are 

X++ 1, X+i = dh, XI + = dti, XII = dtidt2 

Their linear span Spa.n{x++,x+i,Xi+,Xii) = IRx++®Kx+/®Kx/+eMx// C n'{T^) C n'{I^) is the 
periodic part of the Whitney complex for square and, which is very important for us, it is closed under 
exterior product and has zero differential. We want to compute the cell BF action for the torus: 



Here the super-traces are evaluated over the space il' (T^ , g) of forms on torus (periodic forms on 
square), without condition of vanishing on the boundary of the square, contrary to the case of reduced 
cell action S]2 . 

Notice that, since the space of IR forms here is closed under multiplication, every Feynman diagram 
containing an internal edge not in the cycle vanishes (since Kj2 vanishes on IR forms). Thus the only 
diagrams that contribute are the tree (**) (tree (*) does not contribute, since the differential vanishes 






[.,.];n•(T^B)(^Cl'^ \ • ■ • J 
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on IR forms) and one-loop graphs of type (*(*•)), (*(*(*•))), (*(*(*(*•)))),... ("wheels"). Hence 
the tree part of Sj2 is: 



C,Ci:C2e{++. +/,/+.//} 
1 
2 



XC2 



C,Ci,C2e{++. +/,/+,//} 



+ < pu, + [u", UJ++] >, (345) 

One-loop part. Now let us proceed to the one-loop part. We introduce the new notation for 
multiplication operators: m{xc) = Xc A •. First observe that for the super-trace 



i=l 



to be non- vanishing, all faces Ci7---iC|L| have to be one-dimensional. Indeed, the operator under 
super-trace has to preserve the degree of form, therefore the sum of degrees of incoming forms is the 
number of leaves |Ci| + ' ' ■ + IC|L|I — l-^l- Thus, unless all \Q \ — 1, there is at least one face of dimension 
0, i.e. ~ ++ for some i. Since x++ = 1 {Kj2)'^ — 0, such a super-trace vanishes. Therefore 
Sj2 is represented as 

oo ^ n 

S't|,2 = -^(-1)"- trg(ad^<i---ad^c„)-Stra.(T2)[|Xj2m(xc.) 

"=2 Ci.---,Ue{i+,+i} »=i 

To evaluate super-traces Strj7.(T2) Y[i=i ^/^^(xCi) ^^"^ ^^'^ factorization of the space of differential 
forms on torus 17* (T^) = il'{S^) r2*(5^), factorization of Whitney forms and the formula for chain 
homotopy 

id + 75; id + r'j 
Kj2 =Ki® ^ + ^ ® Ki 

(we do not use the auxiliary variables of section 16.31 here) . Denote 

id + -p; id + -p; 

Ki^Ki® K2 = ® Ki 

In case Ci = C2 = • • • = Cn = ^+ t^^e super-trace W is 

W{I+, ...,/+) = Stro.(5i)®n.(5i) ((^1 + K2) m{xi+)T 

/ id + "P' \ " 

= Stro.(5i)^n'(5i) {Kim{xi+)T = Strn.(5i)(if/m(x/))" • Stro.(5i) f ^— ^m(xo) j 

= Strj,.(5i)(i^/m(x/))" • Stro.(5i) {v'l + \v'l\ - Stro.(5i)(i^/m(x/))" • Strjj.(5i) (v'l + ^V'l 



Stro.(5i)(i^/m(x7))" • [x{^"{S')) -f i^x(f^"-(5i))) 



where we use the fact that super-trace of projector to a subspace is the Euler characteristic of the 
subspace and that Euler characteristics of spaces IR forms and UV forms on the circle are zero: for 
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IR forms, since the Euler characteristic of the circle is zero, and for UV forms, since the contracted 
subcomplex is always acyclic. We also use that in the expression for the chain homotopy Kj ® —^^^ + 
"^"^^^ (g) Kj only the first term contributes to this super-trace, since both components, into which the 
operator (i^/2m(x/-|-))" factorizes, have to be of degree 0. Analogous argument shows that for the 
case Ci = C2 = • • • = Cn = the super-trace is also zero. 

In the case when not all Ci, . . . , Cn coincide, we use cyclic property to transform the super-trace to 



= Stra.(T2)(i^72m(x+7))'''" {KiMxi+W"' ■ ■ ■ {Ki.m{x+i)r {Ki^mixi+W 
for some m > 1 and ai,bi > 1 for i = 1, . . . , to. Degree counting argument shows that 

m{xi+){Kj2m{xi+)r-' = m(x/+) (ifim(x/+))""' 
mix+i){Ki2m{x+i))'''^ = m{x+i) {K2m{x+i))''^^ 

Hence 



+/,/+,...,/+, +I,...,+IJ+,. ..,!+) = 

^ ^ ^ ^ >- 

V V V V 

= Strn.(T2)if/2m(x+/) (i^2m(x+/))^""^ i^/2m(x/+) (-fi:im(x/+))'''""^ • • • 

• • • i^/2m(x+/) iK2m{x+i)f'^ KjMxi+) [Kim{xi+)f^ (346) 

Next, notice that 

i^im(x+7)(if2m(x+/))'"'i^i -0 
since in the first factor in Q,* {S^)®Vt' [S^) we encounter either the structure (Kj)"^, or KjVj. Similarly 

K2m{xi+) iKMxi+)T'^ K2 - 

— here in the second factor in we encounter (Ki)^ or KjV'j. This implies for 

the following: 

(+/,..., +/,/+,...,/+, 

" V ' V ' ^ V 

= Strf^.(T2)if2m(x+7) {K2m{x+i))'''^^^ Kim{xi+) {Kim{xi+)T""^^ ■ ■ 

■ ■ ■ K^mix+i) {K2m{x+i)t'^ KiMxi+) iKMxi+)r'' + 
+ Stro.(T2)i^im(x+/) (-ftr2tn(x+/))'''""^ ii:2m(x/+) (ifim(x/+))'''"~^ • • 
• • • KMx+i) iK2miix+i))''-' K2m{xi+) {K^Xi+W^ = 
= Strn.(T2) (X2m(x+/))^'" (Xim(x/+))"'" • • • (is:2m(x+/))'" {Kim{xi+)T 
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- Stra.(T2) {mix+i)K2)'- (m(x/+)Ki)'^'" • • • (m(x+7)if2)'^ (m(x/+)i^i)"^ = 
= Stro.(5i) (^^^m(x+)y'" (i^/m(x/))'^'" • • • (^-^^m{x+)y {Km{xi)) 

- Stra.(5i) fm(x+)^^i^y" (m(x/)if/)'^'" • • • fm(x+)^^^y' {Hxi)Ki) 



Stra.(5i) (m(x/)if/)'"" {m{x+)'^p-^ ■■■{xa{xi)Kjt {xa{x+)'-^^^ 



^^^^^ (_Str^.(^,^(i^,^(^,))-+---+-).__i_ (-Str^.(5.)(if.m(xz))''^ 



fciH hf)„ 







Thus de Rham parts of wheel diagrams vanish, since the two possible decorations of edges with pieces 
of propagator Ki, K2 cancel each other. Therefore one-loop part of cell action for torus vanishes: 

S^2 = (347) 

6.4.2. Torus in asymmetric gauge. Computation for 2-torus in section [6.4. 11 leading to the result 
(|345j347p . was based on using the S2 ^ (Z2)^-symmetric chain homotopy for the square 

However we could alternatively use asymmetric chain homotopy 

Ki2 L = Ki(g) id + Vj(E)Ki 

or 

Ki2^ji = id® Ki + Ki®V'j 

Choose for instance the chain homotopy Kj2 ]^ (case of Kp ji is completely analogous). The argument 
from section IB.4. II that the only contributing diagrams are the tree (**) and the "wheels" applies here 
as well, thus the tree part of cell action coincides with (|345p — this computation is independent of 
the choice of chain homotopy. 
To evaluate the super-trace 

n 

W^l(Ci, • ■ • , Cn) = Strn.(T^) H (^/^Lm(xcJ) 

1=1 

(i.e. the de Rham part of the "wheel" ) we use the following observation. 
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Lemma 7. Let Ci, . . . , C„, ^i, . . . , C„ S {+, /} be two tuples of cells of the standard cell decomposition 
of circle 5^ Denote $/ = Kj, $+ = T'}. Then 

i=i I 0, otherwise 

(We use notation i?„ from section 15.5.11 i?„ = _B„ for n 7^ 1 and _Bi = 0) . 

Proof. Case Ci = Cn = Ci = ■■■ = Cn = reduces to Lemma ID Otherwise the operator 

under super-trace contains one of the fohowing structures: 

m{xi)V'Mx+)V'Mx+) ■ ■ ■ V'Mx+)V'jm{xi) = 

KMx+)Ki = 
V'Mx+)Ki = 
Kim{x+)V'j = 

and another possibihty is Ci = ■•■ = Cn = Ci = ■'■ = Cn = +1 ^-nd then 

Stro.(5i)(^;(x+ A .))" = Stro.(5i)P; = x('5^) = 

□ 

Applying this lemma to the super-trace arising in Wl on the first circle, we see Wl that could be 
non- vanishing only for the tuple Ci = ■ ' ■ = Cn = -^+! but then 

Wl{I+, ...,/+)- Stra.(5i)(A'/(x/ A •))" • Strn.(5i)(x+)" = 

since the second super-trace is the Euler characteristic of the circle. Hence the one-loop part of the 
cell action for torus for the propagator Kj2 is 

analogously for the propagator Kj2 

Sj2.fr =0 

(we included the propagator in the notation for effective action) . Choosing specific chain homotopy is 
the choice of gauge (the Lagrangian submanifold) for BV integral defining the effective action for BF 
theory. Changing the chain homotopy, according to general theory (Statement [9|), leads to a special 
canonical transformation of the effective action. The fact that chain homotopies Kj2 j^, Kfi and the 
symmetric one Kp give precisely the same result for S'f2 (not just up to a SCT) is a miracle. 

The latter argument (for asymmetric chain homotopy) can be generalized to the case of torus 
of higher dimension = 5^ x • • • x 5^ , glued from the cube by identifying opposite faces of 

D 

codimension 1. Basis in the space of cell cochains C*(T^) is {e+,e/}^^ and the embedding into the 
cochains of cube C'{I^) is the tensor power of the embedding of cochains of the circle into cochains 
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of the interval: e+ = eg + ei, e/ = e/. Next, basis cochains of torus are embedded into differential 
forms on torus as coordinate forms e^o...(^D i-^ Xc"---(;'^ where € {+,/}. Thus IR forms comprise 
a subalgebra with zero differential in n*{T^), and hence, as in case D — 2, only the tree and 
the wheels • • • (*•) • • • )) contribute to Sjd. Tree part does not depend on choice of the chain 
homotopy and yields 



C,Ci,C2e{+J}o •'^ 



C,Ci,C26{+,/}^ 

= \ E (-l)(l^^l+')■l'^^l4,c.<PcJ^'^^^^^]>fl (348) 
C,Ci,C2e{+,/}° 

where we denoted c^^ = xci ^ XC2 ^ {=^1, 0} the combinatorial factor taking value ±1 if face C is 
product of faces Ci and ^2, and value otherwise. 

Next, consider one-loop part of the action S}^u for the chain homotopy that consecutively contracts 
the first factor, then the second etc. in Vl' = {S'^) ® ■ ■ ■ ® Vf{S^): 

Kto^i...d =^ JCj id (g) ■ ■ ■ (g) id +Vj (g) i^j (g) id (g) ■ ■ ■ id + ••• + Vj V'j (»Ki 

D-l D-2 

Due to the same argument as for D = 2, only 1-cochains can contribute to S^o- Therefore 

oc D 

= -E(-l)"- E trjad^ci •••ad^c„)-Stra.(Ti^)n(^T-,i...WxcJ) (349) 

«=2 Cu---,Ue{I+--- + , ....+■■■+!} »=1 

Super-trace over ri*(T^) factorizes into super-traces over ^l'{S^), moreover for the first circle edges 
of the wheel are either decorated by Kj or by the projector V'j, and leaves are decorated by periodic 
Whitney forms x+ = 1; Xi = dt. Such diagrams contribute only if all leaves are decorated with xi 
and all edges are decorated with Ki (Lemma [7]). Therefore only the tuple Ci = ' ' ' = Cn = + ' ■ ■ + 
can contribute the sum in p49p . But then super-traces over other circles vanish: 

Strn.(T-)(ifT-,i-i^(x/+-+ A.))^ = Strj,.(5i) (if,m(x/))" ' {^t^n-is-Mx+T)"'' = 
Therefore we obtain 

il j^jD -I...JJ 

Similarly, for any asymmetric chain homotopy, obtained by consecutive contraction of factors in 
O'(T^) — U,*{S^) (g) • • • (g) U,'{S^) in the order determined by a permutation tt (|32ip . we have 

159 



6.4.3. Cylinders I x , I x . Consider the cylinder, obtained from the square / x / by gluing edge 
10 to edge II. This cylinder I x comes with the cell decomposition {0, 1,/} x {+,/}, with two 
0-cells 0+, 1+, three 1-cells 0/, II, 1+ and one 2-cell //. The space of cell cochains is 

C'{I X S^) = C"iI)<g)C'iS^) = Span(eo,ei,e/) ® Span(e+,e/) = 

= Span(eo+, ei+, eo/, ei/, ei+,eii) 

The embedding of cochains into Vl'{I x 5^) is 

eo+ ^ Xo+ = 1-^1, ei+ xi+ = eqi ^ Xoi = (1 - ^1)^*2, 
ei/ Xii = tidt2, ei+ xi+ = dh, en ^ xii = dtidt2 
For the sake of simplicity we will use the asymmetric chain homotopy 

Ki2^ii = id(g)Ki + Ki(g)Vj 

to calculate the effective action on cochains. Thus we have to analyze Feynman diagrams for S'/xgi 
with edges decorated by parts id Kj, Kj (g) Vj of chain homotopy. First, notice that since Whitney 
forms on circle Mx-|_©Mx/ are closed under multiplication, all diagrams containing an internal edge not 
in the cycle, decorated with id^if/, vanish. Therefore all internal edges not in the cycle are decorated 
with Kj (g) Vj. Hence the only possibly non-vanishing tree diagrams are "branches" • • • • • • )) 

(due to the argument we used in the proof of Theorem [7] for the interval). Moreover, for trees with 
> 3 leaves in Sj^^i only the following structures are possible: 

(_^ yi+l c 

^ ^ /xfii, (*(*•••(**)■■■ )) 

V ' 

=< PI+, I ad^,^^i+{{Ki (g) 7';)adx,^^.+ )"-i o (xi+c^'+ + Xo+c^°+) >g + 
Ji+ 



+ <PiiJ ad^^^^i+{{Ki(gV'j)ad^^^^i+r 'o(xi/t^'^ + Xo/^") >B + 
J II 

+ <Pii, [ adx„^..((i^/(»7';)ad^,^^.+ )""' ° (xi+'^'+ +Xo+^°+) >8 + 
J II 

n ^ 

+ V<m, / &d^,^^i+{(Ki (g)V'i)ad^,^^i+)''~^Ki (g)V'i)ad^^^^ii- 
J II 



k=2 



■ {{Ki (g> V'j)ad^^^^i+r-'' o (xi+^'+ + Xo+^°+) >B 

for n > 2 (sign (—1)"+^ take into account that we decorate edges with Kj2 ji instead of —Kj2 j{). 
Thus the values of tree diagrams are calculated straightforwardly, using factorization and (I260p : 

^/x5i,(*(* • • • (**)■■■)) ^ ^ < P'+' (ad.^+)" o (u;i+ - ^0+) >, + 

n + l 

< pii, {ad^i+r ° (^'' - + V(ad^.+ )'=-iad^„(ad^.+ )"-'= o {u;^+ - uj''+) >, 

k=l 
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Tree diagrams {*) and {**) are calculated separately: 

— generating function for the differential on cell cochains of the cylinder, 

— generating function for the product on cochains (projected product of Whitney forms on cylinder). 
One- loop cell action for I y. S^. Next, to calculate one-loop cell action for the cylinder, we use 

the representation of S]^gi via Loo morphism p68p : 

oo 

^/x5i = -E(-l)"- Stro•(/x5^0) (if/.,i^.[C//x5iM,-])" (350) 

n=2 

where the L^o morphism is computed analogously to the tree part of action, the only change is that 
now we decorate root with the propagator —Kj2 jj (instead of with the retraction to cochains): 

OO 

m—1 

oo 

+ E ® p;)ad^,^^.+ )" o ixuu;'' + xo/^") + 

m—1 

oo m 

+ E(-i)"E((^^®^^)^d^^+-^+)'~'(^^®^^)ad^"-"((^^®^/)ad^x+-^+)""'° 

m=l k=l 

° (Xi+^^^^ + Xo+t^°^) 
= Xn+^°~^ + + Xo/^^°^ + Xiii^^' + XiW^ + Xii^"- 
^^^^^ (ad...) o(. +-.+)- 5: ^ di,. 

m—1 ^ ^ m—1 ^ ^ 



• (^E(ad-^+)'~'^'i-"(ad-^+)""' ° (C.1+ -tu°+) + (ad..+ )™ o (^1^ -c^o^)j 
Notice that Ui^s^i'^) the following structure: 

Uixs^ {uj) = /(c^, ti) x+ + (cj°^xo + w^^xi + 5(t^, ti)) ®Xi+ ^"xii 

where / and g are certain functions of ti (constructed from Bernoulli polynomials), depending on the 
cochain uj, and also g\ti=o — 5|ti=i — holds. Therefore pSOp is expressed as a sum of products of 
super-traces over and over 17* (5^), moreover, for the second factor Lemma [7] can be applied. 

Therefore we have 

00 

S'lxs^ = - 5^(-l)"-Stro.(zx5^0)((id ® Kj)[{u;°'xo + cJ^'xi + g{u:, h)) ® x/, •])" 

n=2 
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oo ^ 

= -E(-l)"-Strji.(,,g)([c.o^Xo+^'V+5(^,ii),-])"-Stro.(si)(i^7(x/A.))" 

n=2 

oo 

= E ^Strn.(/,g)([^"^Xo + V + giu^, ii), •])" 
n • n! 

n=2 

We evaluate the super-trace over r2*(/, g) using p37p (and using the fact that g vanishes in end-points 
of the interval): 

^-^^ - E ^(tr,(ad.o.)" + tr,(ad..)") = ^tr, log ( j + ^tr, log (^^^^^ j 



n=2 \ 



2 



Thus we obtained the following result for the cylinder with chain homotopy Kp jf = id^Ki + Kj(E)'Pj: 

+ < poi, c."+] >, -f < pu, >, +i < PJ+, [lo'+, uj^+ + >, + 

+ \< Pn, [^'\u,°' + c.^^] + [c.", c.°+ + + £ |ri < , (ad^.+ )" o - c.°+) >, + 

n^2 



CJO 



+ E -T < W/, (ad^^+)" ° (c^'' - t^"') + ^(ad^.+ )'=-iad^..(ad^.+ )"-^ o - >g 



oo „ 

+ — ^ -(tr,(ad^oO" + trg(ad„i.)") 



n ■ n\ 2 

Tl = 2 



n. 

n=2 fc=l 



Or, evaluating sums with Bernoulli numbers: 

Sly.S^ - i <PO+,[w°+,^°+] >8 +^ <Pl+,[wl+,wl+] >g + 

+ < po/, >g + < Pi/, [^^^^ >g -h 







1 / smh — ^ — \ 1 / smh ■ 



+ ^ 1^2*'« [ ad.,; j + a^'^fi ad.,; j j (351) 

where the integral is evaluated over the auxiliary variable v g [0, 1]. 

Cylinder IxT^ for D > 2 in asymmetric gauge. Now consider the higher-dimensional cylinder 
/ X = / X X ■ ■ ■ X S\ with cell decomposition {0, 1, /} x {0, -f } x • • • x {0, -I-} and the asymmetric 

D 

chain homotopy 

Ki^jo = id (g) ■ ■ ■ (g) id (g) JC/ id (g) ■ ■ ■ (g) id (»Vj-\ \- Kj (»Vj ■ ■ ■ (»Vj (352) 

D D-1 D 
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i.e. we first contract de Rham complex of the last circle, then next to last etc., finally we contract 
de Rham complex of the interval (indeed, one can choose any other order of contraction; it is only 
important that first we contract one of the circles, not the interval). 

Similarly to the case of / x 5^, since Whitney forms on the circle are closed under multiplication, 
all internal edges of Feynman diagrams not belonging to the cycle have to be decorated with the part 
Ki ^ V'j ^ ■ ■ ■ (S) Vj of the propagator. Therefore among tree diagrams only "branches" contribute, 
and we obtain for the tree part of action 

Ce{+,/}o C,Ci,C2e{+,/}" 

n=2 ■ C,Cl,•••,C>^+le{+,-f}" »=i 

(353) 

where we denoted 

4i,...,c. = /xci A---Axc„ e {±1,0} 

One-loop part vanishes for £> > 2 by the following argument. Due to Lemma [71 all edges in the cycle 
are decorated with the part id • • • ® id Kj of the propagator. Hence, analyzing the factorized 
de Rham part of the diagram, we notice, that on each circle but the last one we are computing the 
super-trace of multiplication by some function and Strf2.(5i-)/(t) A • = for any f{t) (as implied by 
(13371). Therefore 

for Z) > 2, and for the choice (|352p for the chain homotopy. 

Cylinder / x in gauge K = id(g> Kjd +Ki® V!^d ■ The discussions above for cylinder I x S 
and for / x with gauge can be generalized to the following statement: cell action for cylinder 

/ X (with D >\) with standard cell decomposition and chain homotopy 

Kiy,jD ^ id® KjD +Ki®'P!^n (354) 

(where Kjd may be any chain homotopy for the torus; in particular we can take the symmetric one) 
is 

'S'/xT-D = S°iy.TD + 2^('^{0}xT" + '5'{l}xT") (355) 

where ■S'^^^d is given by (|353p and 'S'{o}xTO' "^{ijxTO denote the one-loop action S^d for torus 
(for the gauge Kfo), evaluated on the restriction of cell fields cj,p of the cylinder to either of the 
bounding tori {0} x T^, {1} x C / x T^: 
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The argument is as follows. Since C*(T^) is embedded into ri'(T^) as a subalgebra, all edges 
of Feynman diagrams not belonging to the cycle have to be decorated with part Kj ® V^o of the 
propagator. This implies that the tree part of action does not depend on choice of Kjd and hence 
coincides with (|353p . Also, Loo morphism satisfies the ansatz 

Ui^jni^)^ J2 {^"^Xo(+^''^XiC+^^''XiC + fcito,i^)®X() (356) 
Ce{+,/}" 

where G [0,1] is the coordinate on the interval and f(^{tQ,Lu) are some functions, vanishing at 
to = 0, 1. Now we have to invoke an argument similar to Lemma [71 

Lemma 8. Super-trace 

n 

i=l 

for Oi E {KjD,Vjo}, Ci G {+,-^}^ (cells of ) vanishes unless all Oi — Kfo and all Q are 
1- dimensional. 

Proof. Suppose some Q = + •••+. Then the super-trace vanishes unless Oi = Oi+i = V^n, 

since X-i h = 1 ^^'^ K^r, — VjnKjn — KfoV'^o — 0. On the other hand, by degree counting we 

need #{z : Oi — Vl^o] < #{« : — + ••■+}. Thus the only possibly non-vanishing decoration 
containing the insertion of -|- • • • + is Oi = Ci = + ■•■ + for all i. But this vanishes, since 

the Euler characteristic of torus vanishes. Therefore for all decorations containing at least one C of 
dimension zero the super-trace vanishes. This (together with degree counting) leaves the only option 
for non-vanishing super-trace: Oi — Kjd for all i and all Q are 1-dimensional. □ 

This lemma together with p56p implies that to the one-loop action 

OO -j^ 

S]yjD = - '^{-'^T - Strs2.(/xTO,B) (-^/xt-d[C^/xto(^),»])" 

n=2 

only the decoration of in-cycle edges with the part id^Kfo of chain homotopy contributes. Therefore 
in the first factor of / x we are evaluating the super-trace of multiplication operator. Therefore 
(see I337p only first two terms in the expression p56p for Loo morphism are relevant for computing 
S]^jo, moreover the only contributing diagrams are wheels with leaves decorated either only with 
Sce{+ /}" ^°''Xoc or only with X]ce{+ /}» "^^^Xic a-nd all edges decorated with \A®KfD. This imme- 
diately gives the result p55p . with factors 1/2 coming from Strf^.j/j (m(xo))" = StrQ.(/-)(m(xi))" — \. 

6.4.4. Klein bottle. Cell action for the Klein bottle is obtained from cell action for the cylinder (|35ip 
using the gluing construction (section l5.4p . Namely, we set V = C*{I x S^,g) — cochains of the 
cylinder with basis {eo+, ei_|_, eo/, eu, e/+, e//}, and W = C*{S^,g) — cochains of the circle with 
basis {e+, e/}, and define the pair of projections 7ri^2 '■ V W and pair of embeddings ii^2 '■ W ^ V 
as 

TTi : x'^^eo+ + x^^ei+ + x'^^ eoi + x^^ en + x^^ei+ + x^^ eii x'^^e+ + x'^^ ei 
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7T2 x'^^eo+ + x^^ei+ + x'~'^ eoi + x^^ eii + x^^ei^ + x^^ eji i-^ x^~^e+ — x^^ei 

Li : y+e+ + y'ei ^ ?/^eo+ + e^i 
L2 ■■ y^e+ + y^ei i-^ y^ei+ - y^en 

Since 7ri.2 come from two geometric embeddings of circle into cylinder as a cell subcomplex, they are 
a priori linear Loo morphisnis, as implied by cell locality property of the cell action (alternatively, 
one can see this directly from the explicit formula psip ). Therefore the gluing construction for BF 
actions is applicable. The glued space is 

V' = ker7r„ = g (g) Span(e++, e_7, e/+, e//) C V 

where e++ = ei+ +eo+ and e_/ = en — cq/. Space V is identified with the space of g-valued cochains 
of the Klein bottle: V' — C*{KB,g) with cell decomposition {++,—/,/+,//} (notice that e_/ is 
defined without the factor 1/2 here, so that it is a properly normalized basis cochain for the cell — /). 
The glued action is 

= ^ < P++, [i^^^, + + ] >S + < P-I, [^"^ + + ] >S + < PI+, + + ] >g + 

+ <pn, [c.", C.++] >, +2 < pn, coth ^) o co'^ 

Note that one-loop part of action cancelled between the cylinder and the circle. 

6.4.5. Sd IX Z^-feundZes over circle with fiber . Our calculation of the cell action for the Klein 
bottle can be generalized straightforwardly to bundles over circle with fiber and structure 
group Sd ix Z^. Namely, for any element 7 G Sd x ^2* define to be the manifold obtained 
from the cylinder / x by gluing the bounding torus {1} x to the bounding torus {0} x T^, 
twisted by 7 (we assume the standard action of the symmetry group of D-cube on the torus T^): 

M^=I xT° / ({1} X - {0} X 7 o T^) 

The cell decomposition for Mj is obtained from standard cell decomposition for the cylinder / x T'^ 
by gluing and has cells where ( runs over the set of cells of the torus T^. We denoted 

iC the cell of M^, obtained by gluing cell 1( of the cylinder to cell OC, twisted by 7. The basis cochains 
of are embedded into the cochains of the cylinder as 

e/c 1-^ e/^ , 1-^ ei^ + 7 o eoc 

Here we assume that 7 acts on cochains as follows: for j — (tt; oi, . . . , od) with n e Sd a- permutation 
and (oi, . . . ,od) G (with Oi — ±1 for each i) we set 7 o eof — ±eo^(^) where tt acts on faces of 
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torus C G {+,1}^ by permuting factors and the sign is 



7°Xc = 4'^''---or' / ^°XC=±1 (357) 



t(C) "'^(C) 
(with xc the Whitney form on torus). 

The cell action for is obtained from the action (|355p by gluing construction: 

where 7 acts on and by permutation on C and with the sign ([357|. This result is obtained 
for the chain homotopy (j354p for the cylinder / x T''^ where we are forced to use the symmetric 
chain homotopy Kjd for the torus (otherwise the induction data would not be consistent with gluing 
for general 7 £ Sd x '^2)- Notice also that the one- loop part of the cell action cancels due to 
(|355p . Therefore Sm^ does not depend on the one- loop cell action for the torus with symmetric chain 
homotopy (which we did not calculate for D > 3) and is obtained only from the known tree results 
for cylinder and torus p53|348|l . 

Result (|358p for manifolds reduces to the result for Klein bottlqj if we choose 7 = ((1);— 1) G 
5*1 tx Z2 and reduces to the resuliO for (Z3 + l)-torus if we take 7 = ((1,2,. ..,£)) ;1,1,...,1) e 5dx Zf* 
— the unit of the group. 

Let us summarize the results of this section: 

Statement 15. • For the torus with cell decomposition {+, /} x {+, /} and symmetric chain 

homotopy K = Kj (g) + (g) Kj the cell BF action is 

•ST^sym = ^<P++, [C^++, >£, + < PI+, ^++] >B + 

+ <P+I, CJ++] >, + < pu, C.+^] + [C.", >g 

(359) 



• For the torus with cell decomposition {+,/}^ and asymmetric chain homotopy i321\) 
(circles are contracted in arbitrary order) the cell BF action for D >2 is 

Srn^l E (-l)^'^^'+'^-'^^'4,C. <Po{^'^\^'^'] >, (360) 
C,Ci:C2G{+J}" 

where c^^^^^ = J^xCi ^ XC2 € {±1,0}. 



■^To make the notation consistent with section [6.4.41 we have to identify the cell labels as 1+ := H — h, 1/ := — 

ctually, in this way we obtain the result for torus T^"'"'^ with the chain homotopy l|354| l which differs from chain 

homotopy Krf.n+i ^ discussed in section r6.4.2l but the result is the same: one-loop part of the cell action vanishes, while 

the tree part is obviously independent on choice of K (since cell cochains are embedded into differential forms as a 

subalgebra). 
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• For the cylinder I x with cell decomposition {0, 1,/} x {+,/} and asymmetric chain ho- 
motopy K ~ id(E) Kj + Kj (g) Vj the cell BF action is 



+ < poi, [lo°^, >g + < Pii, [^^^^ >B + 

+ J\ pu + dv ■ PJ+, (^?^^dl±^ coth ^^^££l±f^ii^^ o - c."+) + . {u;'' - c"^)) >, + 

^1 /sinh^\ 1 /sinh^W 



+ ft ot^fl log — TT-^ + ot^B log 



where v G [0, 1] is an auxiliary variable. 
• For i/ie cylinder I x wit/i cell decomposition {0,1,/} x { + ,/}-^ and asymmetric chain 
homotopy \321]) (first we contract one of the circles and then other circles and the interval in 
arbitrary order) the cell BF action for D > 2 is 



+i)-|C2LC 

Ce{+J}o C,Ci,C2e{+J}" 



CO j-y n 

n=2 ■ C,Ci,---,C,.+ie{+,/}" i=i 

(361) 

w/iere . = /<; XCi ^ ' ' ' ^ XC>. ^ {±1,0}. 
• For the Klein bottle with cell decomposition {H — h, — /, /+, //} and asymmetric chain homotopy 
K = id® Ki + Ki ®V'j the cell BF action is 



Skb = ^< P++, >B + < P~i, ^ ^^^] >B + < Pi+^ ['^^^^ ^^^] >s + 

II ,.,++1 / ... f ^'^^'+ ...I. ^ . 



+ < PII, [w" , >g +2 < p//, (^^— coth ° >fl (362) 

For the Sd x -bundle glued from the cylinder I x T^, with cells {!(, TC}^e{+,/}D and 
chain homotopy id ® ii'T-D + Ki §5 ^.^j, where Kjd denotes the symmetric chain homotopy for 
torus) the cell action is 

Sm., = 'S'/xTi'LKH^^K,^oc^^ou;IC,pi^H^pi^,poc'-^7opn ~ Syd\^c^^i(:^p^^p-^ (363) 

with Sixfo given by \S61\) and S^d given by 
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6.5. Why does the cell action for cube satisfy quantum master equation? Sketch of finite- 
dimensional argument. It turns out that, apart from simplifying perturbative computations and 
providing explicit examples, cubical setting has another advantage over simplicial setting: one can give 
purely finite-dimensional argument, why the cell action for standard cube satisfies quantum master 
equation. Indeed, formally the induced action always has to satisfy QME by Statement [D But 
applying this result to the induction from field theory with infinite-dimensional space of fields, given 
by functional BV integral and requiring some regularization, is not rigorous. Thus it would be nice to 
perform independent, purely finite-dimensional check of QME for the result (due to construction of 
section [531 it is sufficient to check QME only for the building blocks of discrete theory — simplices 
or cubes, from that point QME for discrete action for any cell complexes follows automatically). 
In section 15.5.11 we performed such a check for the interval. We could also check the perturbative 
result for _D-simplex up to some order in fields, but we do not know how to prove that a particular 
regularization scheme for Feynman diagrams yields a solution to QME (indeed, one can easily find 
regularization schemes which give the result not satisfying QME, even for dimension D = I). 

It turns out that in cubical setting the situation is better: one can make a finite-dimensional 
check of the result for D-cube, essentially due to factorization of Feynman diagrams. The idea is to 
understand the qLoo structure on cochains C*(/^,g) of Z3-cube as coming from certain structure on 
interval (not just a qLoo structure, but a richer object that we call the "FC forno on configuration 
space of graphs"), so that quadratic relations for gioo operations on C*{I^,q) follow automatically 
from certain condition (closeness and factorization on the boundary) on this structure for interval, 
which may be checked directly. 

Here we will give a sketchy outline of this argument, with some details omitted and we will not be 
careful with signs. 

Configuration space of graphs, boundary strata. Let r„_^i be the configuration space of 
planar rooted trees with n leavefO, whose internal edges have lengths A G [0, 1] (different edges have 
independent lengths, a more correct term would be "proper times"). r„_^i is a (rt — 2)-dimensional 
manifold with corners, naturally equipped with cubical cell decomposition, with cells associated to 
combinatorial types of trees (i.e. with lengths forgotten). In particular, top-dimension cells are 
associated to binary trees. Boundary strata of codimension 1 of r„^i correspond to one edge having 
length 1 (lengths of other edges are not fixed). Thus 



with 



k,i^ n — >1 

l<k<n, l<i<k 



dk,iTn^i ~ r„_fc+i^i X Tk^i (364) 



^From "factorization on boundary" and "closeness". 
^The notation comes from "n inputs, 1 output". 
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the codimension 1 boundary stratum, corresponding to the tree with k leaves, whose i-th leaf is 
attached by an edge of length 1 to the root of a tree with n — k + 1 leaves. As a cell complex r„_^i 
can be viewed as the pair cell complex of Stasheff 's associahedron of dimension n — 2. 

Let also Tm,.n^o be the configuration space of planar one-loop graphs with m leaves outside the 
cycle and n leaves inside the cycle (the cycle splits the plane the graph is drawn on into "outside" 
part and "inside part", thus splitting the set of leaves into two subsets), whose internal edges have 
lengths A G [0, 1], and we assume that vertices have valence > 3 and edges are oriented, so that for 
each vertex one edge is outgoing and all other edges are incoming (leaves are oriented as incoming). 
We also assume that one-loop graphs are endowed with cyclic enumerations of outer leaves and of 
inner leaves (these two enumerations are separate and independent), i.e. we mark one outer leaf as 
outer leaf number 1 and one inner leaf as inner leaf number 1. The configuration space T^.n^o is 
a (m + n)-dimensional manifold with corners, equipped with natural cell decomposition, with cells 
associated to combinatorial types of one- loop graphs, and top-dimension cells correspond to purely 
trivalent graphs. Space r,„_„^o is equipped with the action of grouju Z„i x Z„, corresponding to 
cyclic relabeling of outer and inner leaves (separately) . Codimension 1 boundary strata correspond to 
the situation when one of internal edges has length 1. When this edge does not belong to the cycle, 
it splits the graph into one-loop graph and a tree (which might be either inside the cycle, or outside 
the cycle). Otherwise, if the edge belongs to the cycle, cutting it we obtain a tree. Thus 

dVm^n^O = I U dljTm,n^o ] U I |J a^;°r,„,„^o ] U I |J d°^Tm,n- 

\l<k<m, l<i<m J yi<fc<n, l<j<n J yi<j:<m, l<j<n 

with 

d^'^lTra,n^O — Tm-fc+l^l X ^k.n^O, dh'^^m,n-*0 — ^m.k^Q X ^n-k+1^1, d^j^m.n^O — 

(365) 

Here upper indices of d correspond to number of loops in the components the graph is split into by 
the edge of length 1. Namely, d'^'j corresponds to boundary strata where the graph is obtained by 
connecting first outer leaf of one-loop graph with k outer leaves and n inner leaves by an edge of 
length 1 to the root of a tree with m — fc + 1 leaves and then shifting the enumeration of outer leaves 
by i mod m. Boundary strata 9^'^ are constructed similarly and are given by one-loop graphs with 
m outer leaves and k inner leaves, with the first inner leaf attached by an edge of length 1 to the root 
of a tree with n~ k -\- 1 leaves and afterwards one shifts the enumeration of inner leaves by j mod n. 
Boundary strata 9° are obtained by connecting the root of a tree with m + n + 1 leaves to the leaf 
number m + 1, and relabeling the leaves as 

I i—f I + i mod m if 1 < I < m 

li-^l — m— 1+j mod n if'm + 2<l<'m + n 



®We use the convention Zq = Zi = {1} for cyclic groups. 
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Let us also denote the total configuration space of graphs by 

r.^. = IJ r„^i u U r„,,„_o 

\n>2 I \m>0, n>0, ■m+n>l 

An hiiportant subtlety about configuration spaces r„j_o-^Oi To/n^o is that in the situation of the 
loop consisting of single edge of length zero we are forced to treat graphs differing by cyclic relabeling 
of leaves as equivalent. Otherwise the spaces Tm.o^o, ^o.n^o would have anomalous "ultraviolet" 
boundary strata, corresponding to graphs containing the loop consisting of single edge of length zero. 

FC forms. Next, let ^ be a complex with differential d, and let 

TV = R®V®V'^^ ®V®^®--- 

be its tensor algebra with differential 

© d ® (d (8) id + id (g) d) © (d «) id (g) id + id «) d (Xi id + id (g) id (g) d) © • • • 

which we denote also by d, by abuse of notation. We define "FC form" 

a € r2*(r.^.) (gEnd(rF) 

as a collection a = {q;„^i}„>2 U {a„i,n^o}rn,n>o, m+n>i of differential forms, such that 

a„^i e r!*(r„^i) (g> Hom(\/®", V) 

is a differential form on r„^i with values in n-ary operations on V for each n > 2, and 

am.n^o e [r!'(r„^„-.o)®Hom(y®"0y«",M)f"X^" 

is a differential form on Tm,n^o with values in poly-linear functions of m + rt variables in V (where 
first m are called "outer" variables and last n are "inner" variables) for each pair to, n > except 
m — n = 0. Here we assume that am.n-*o is invariant w.r.t Z„j x Z„ action on Tm.n-^o accompanied by 
(independent) cyclic permutation of outer and inner variables. We additionally require two properties 
to hold for a: 

• First, a is required to factorize on boundary strata of F,^, of codimcnsion 1: 

am.n^olao.ip^^^^ = cycl°"* ('^ao.ip^_^^^^^p^__^^^(afe,„_o) oi 7r*o,ip_^^^^_^p^^_^^^^^(am„fc+i_^i)^ , 

0^771,71^01^0 p ■ ■ ■ 1 ? yi ; ■ • ■ 1 yn) — 

)) (366) 

where tt*. are pull-backs by projections to the factors in (|364l365p . Oj is «-th composition 
in End(ry) (namely, Ao^ B means "plug B into A as i-th input") accompanied by wedge 
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product in differential forms on configuration space of graphs; Xi, . . . , Xm, yi, ■ ■ ■ ,yn denote 
elements of V, with indices of x and y variables understood as defined modulo m and modulo 
n respectively; cycl°"' and cyclj" denote the operation of cyclic permutation of outer or inner 
arguments by i positions. Informally, this property means that if an edge in graph has length 
1, the value of a on it is the composition (in End(rV^)) of values of a on the two subgraphs, 
the original graph is split into by the marked edge (accompanied by wedge multiplication of 
forms on F,^,). The case when edge of length 1 belongs to the cycle is special and leads to 
super-trace of a for the corresponding tree. 
• Second, a is required to be closed w.r.t. the total differential on ri*(r,^,) (g) End{TV): 

(dr - = (367) 

where dr is the de Rham differential on configuration space of graphs F,^, and d is the 
differential on V extended to TV. 

qAoo structure from an FC form. Suppose a is a FC form. Then we can define operations 

An^ f a„^i e Hom(l/®",y), Q„,„ = / a^.n^o e Hom(l/®" y«",M) (368) 

as integrals of a over components of configuration space F,_*,. Properties p66|367p imply a set of 
quadratic relations for operations An, Qm,n- Namely, if we integrate p67p over a component of F,^,, 
the second term yields homotopy differential of the corresponding operation, while the first term by 
Stokes' theorem reduces to integral over boundary, which can be evaluated using the known behaviour 
of a on the boundary (|366p . Thus we obtain the relations 

n — 1 k 

[d, An] + ^^Ak o, An-k+1 = 0, (369) 

fe=2 1=1 

m — 1 m n — 1 n 

m.k ^m-\-l A n — k-\-l \ 

m n 

+ E E cycir"cyclf (Str^r^'^ Am+n+i) = (370) 
i=i i=i 

where we denoted StTiy^^^^ Am+n+i the super-trace of the operation regarded as an operator acting 
on m + 1-st argument (other arguments are treated as parameters) : 

(str(;"+^U ) := StryAn-i-n-i-i(a;i, . . . 5 Xni, •,?/!,..., yn) 

Relations (|369p are the usual quadratic relations of an Aqo algebra with operations d, A2 , A3 , . . . 
on V, while relations p70p extend this structure to what we call the structure of ''qAoo algebra" 
on V (in analogy with qLoo algebras) with classical operations d, {An}n>2 and quantum operations 
{Qm,n}m.n>o. m+n>i- Noticc that unlikc in qLac setting, here we specify the number of outer ar- 
guments and number of inner arguments for quantum operations. Another difference is that qA^o 
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operations are in general not supposed to be symmetric w.r.t. permutations of inputs (other than 
bicycUc permutations for quantum operations). 

An important remark is that relation (|370p for cases (m,n) = (1,0) and (m,n) = (0,1) actually 
does not follow from FC property, since the corresponding components of the configuration space of 
graphs Fi^o-tO, ro,i^o each possess an "anomalous" boundary stratum corresponding to the only edge 
contracting to zero length. This stratum violates corresponding quadratic relations uncontrollably. 
So we do not include relation p70p for these values of (to, n) in the definition of qAoo algebra. 

FC form, induced from DGA. The next point is that FC forms may be constructed by certain 
induction procedure. Namely, let F is a DGA (differential graded associative algebra) with differential 
d and associative product m (i.e. satisfying Poincare, Leibniz and associativity relations) and let V' be 

(i.r,K) 

a deformation retract of V with V — — — > V some triplet of embedding-retraction-chain homotopy. 
Then we can construct a FC form a G r2*(r,^,) ® End(TF') "induced" from the DGA {V,d,m) as 
follows: for T a planar binary rooted tree with n leaves we denote Tt C r„_fi the top-dimension 
cell of F„_^i, corresponding to combinatorial structure T. Then we define a„^i via its restrictions to 
top-dimension cells as 

Q^n— +ilry (s^i, . . . , Xn) = r o Iter2n.j^At,;dAfc j^j-, j^.j^j', {l{xi), . . . ,t{Xn)) (371) 

Here {Afe} are lengths of internal edges of T, index k enumerates these edges, K^>'^^ = (1 — A)id -|- 
XP' + dX- K is the extended chain homotopy p25p : xi, . . . ,Xn are elements of V' . Similarly, for purely 
trivalent planar one-loop graph L with m leaves outside the cycle and n leaves inside, we denote 
Fl C F„j_„^o the corresponding top-dimension cell of configuration space and set 

am.n^olr^, (^i> • ■ ■ > ^rn] Ui, ■ ■ ■ , TJn) = Loop^.^^A^ jdA^ „(, ,) (t(a;i ) , . . . , L{xm)] iivi), t-iVn)) (372) 

Then first, these restrictions to top-dimension cells actually glue into a well-defined differential form 
a on F,^, (up to a subtlety we will mention below). This is due to the property K^''^''^\x=o = id of 
extended chain homotopy and due to associativity of m. Then the restrictions of a agree on interfaces 
of top cells, which correspond to some edge in the graph acquiring length 0. Second, the boundary 
factorization properties (|366p are satisfied by construction, due to the property X'^'^'^Ia^i = V of 
extended chain homotopy. Third, closeness (|367p is implied by the property (d\ — [d, •])i4r^''''*' = of 
extended chain homotopy (where dx = dX A is de Rham differential in variable A) and by Leibniz 
identity on V (which can be written as [d, m] — with d denoting the extension of differential to TV) . 
Thus a is a well-defined FC form. We can proceed to integrate it over components of the configuration 
space as in (|368p to construct the induced qAoo structure on V: 

{xi, . . . ,Xn) = ^ »^oIterT;Xm(...);m(.,.)('-(a;i),...,i(a;„)l373) 

TGTpi: \T\=n 

Loop^.^,^(, ,)(i(a;i), . . . , i{xra)\ t-ivi), • • ■ , t(?/„))(374) 

LeLpi: |L|°"'=m,|Ll'"=Ti 
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where for one-loop graphs denotes the numbers of outer and inner leaves, respectively. 

Sums over trivalent graphs arise as contributions of top-dimension cells into integrals over configuration 
space p68l) . Edges become decorated with K due to property K^'"^^ = K oi extended chain 
homotopy. As we are summing over planar graphs, no symmetry coefficients ^AirE(T)T' |Aut(L)| ^PPsar. 
Formula p73p reproduces the well-known formula for Aqo structure, induced on a subcomplex of 
DGA, while (|374p provides its completion with quantum operations. Quadratic relations (|369l370p 
are satisfied by construction. Notice also that for the induction of FC form p7f I372p one is not 
forced to use the extended chain homotopy (I325|) that is linear in A. One can actually use any form 
j^x,dx g fi»([o, 1]) (g) End(y) obeying properties 

K^^''\=o = id, K^'''\=i = V, f K^'''^ = K, {dx - [d, •])K^'''^ = 

Jo 

The subtlety we referred to above, concerning gluing the form a from its restrictions to top cells, 
is the following. We have to suppose that original DGA has the property 

for any x,y € V (in particular, this property holds automatically if the multiplication on V is com- 
mutative). If this property is violated, the form ([372]) is not continuous on the codimension 1 cells of 
TrnjO^o or Fo^n^o, corresponding to one-loop graphs with cycle consisting of single edge of length 0. 

Tensor product of FC forms. The next observation is that FC forms can be tensor multiplied. 
Namely, if Vi, V2 are two complexes and ai £ f7'(F,^,) (g) End(rVi), 0^2 e 17'(F,^,) « End(rF2) are 
two FC forms, then we can construct the form 

ai ® as e f7'(r.^.) ® End(T(yi ® V2)) 

where we take tensor product in endomorphisms and wedge product in differential forms on con- 
figuration space. It is easy to check that this form satisfies properties p66|367p and thus is a FC 
form. In particular, we can consider tensor powers of FC forms. If is a DGA, V' its retract and 
V — '-^ — > V' — induction data, we may consider the following construction: induction of FC form 
a e r2*(r._,.)(gEnd(TV^') followed by raising to tensor power a®^ G f7'(r.^.) (gEnd(r(y®^)) and 
then followed by integration over configuration space r,_,, to yield qA^o structure on V'®^ . Then 
one can notice that the result coincides with the qA^o structure obtain from by transfer formulae 
P73l374p with chain homotopy X^^^"^ p26p . In other words, we have the following picture: 

DGAs V > 1/®^ 

inductionj /fA,dA| (^A,dA^»Jv| 

FC forms a e fl'iT,^,) (g) End(TF') > a®^ G n'{T,^,) (g) End(T(y'®^)) 



integration 



qA^ algebras operations {A^^ }, {S^,„} on V operations {A^^ }, {S™,„ } on V"^^ 
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Horizontal arrows are operations of raising to A^-th tensor power. Composition of two arrows in the 
rightmost column yields the induction with chain honiotopy K^"^"^^ . Notice that the extended chain 
homotopy (^x^^d.x-^'^N ^ defining the induction of FC form a®^ from DGA structure on , is not 
linear in A. 

Commutative case. Next, suppose 1^ is a (super-)commutative DGA ("cDGA") and a G 
n'{r,^,) ® End(rV^') is the induced FC form for subcomplex V ^ V, as in §7^7^. Com- 
mutativity of V implies certain "commutativity" properties of a. Namely, if cr : T — > T' is a graph 
isomorphism of planar binary rooted trees with n leaves, then it induces an isomorphism of corre- 
sponding cells of configuration space of graphs a : Tt F^' and the pull-back map on differential 
forms (J* : CI*(Tt') — > ri*(FT)- Then for each tree isomorphism a we have a commutativity property, 
relating restrictions of a to cells Ft, Ft' (which may coincide if ct G Aut(r)): 

"n^ilr^ (2^1, ■■■,Xn) = ±cr* (^a„^i|p^^ (^^^(i), ■ • • ,a;<^(„))) (375) 

where cr(l), . . . ,cr(7i) denotes the permutation of the order of leaves, induced by a (recall that we 
enumerate leaves counterclockwise, starting from root). Similarly, if cr : L — > L' is a graph isomorphism 
of planar trivalent one-loop graphs with L having m outer and n inner leaves and L' having to' outer 
and n' inner leaves (with m -I- n = to' + n'), then 

C^m,n— »0 Ip^ (2^1 ; ■ ■ ■ 5 ^m+l ; ■ ■ ■ ; ^m+n) — ^ *^m',n'— >0 |p^, (■^(7(1) i ■ ■ ■ ; ■^cr(m') 5 •^a(m' + 1) 1 ■ ■ ■ ; •^a{m+n) ) 

(376) 

In turn, commutativity properties p75l376p imply certain commutativity properties for the qAao 
operations {Qm,n}, obtained by integrating a over components of configurations space of 

graphs. One way to state these properties is the following. Let FreeLie(VF) denote the free Lie algebra 
generated by arbitrary graded vector space W. Then there is a canonical embedding FreeLie(M^) ^ 
TW which maps [a,b] a ^ b ^ a. Therefore, there is a canonical embedding FreeLie((y [1])*) (8) 
V' ^ Hom(T(y [1]), y') ~ Hom(ry,y) (with the second isomorphism given by suspension of 
factors, up to signs). Commutativity property for classical Aqo operations states that 

An e FreeLie((y' [1])*) V (377) 

Equivalently, we may say that for arbitrary (non-graded) Lie algebra g with basis {Ta} the object 

Z„(a;,...,w) = ±w^'"' •••^'"""Tai •••T,„X(e,,,...,e,J G 

ii ,ai ^...,in-,an 

e Hom(5"(0 ®V'[1]),Q® V) C Hom(5"(0 ® V'[l]), U{q) ® V) (378) 

is expressed in commutators of generators Ta only (i.e. we understand product of Ta-s as the product 
in universal enveloping algebra U{q), but the result actually lies in the image of g in U{g) under 
canonical embedding). Here {e^} is a basis in V and super-commutative variables w'" are coordinates 
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on 0(g)F'[l], u) = J2i a TaeiUJ^"" is the super-field for the space g(^V'. In other words, object In defined 
by p78p can be written as 



ln{uJ, . . . ,W) 



TeTnonPi: \T\=n ' ^ \ ai a„ / 



It 



(379) 



for some numbers ^T;ii - i„- 

Commutativity condition for quantum operations is that the object 

qn{uj,...,uj) = 

= E E ±^'^''^---'^'"""(StrBTa,...r,^.r,^+,...T,jQp,,(e,,,...,e,^;e,^^„...,e,Je 

p-\-q—n ii,ai,...,in ^a-n, 

e S'"(0«)F'[1])* (380) 

is well-defined for any Lie algebra g, meaning that expression under super-trace is expressed in terms 
of commutators of Tq-s and the argument • G g. In other words, as defined by (|380p can be written 
as 

g„(^,...,^)^ ^ — i— ±QL,,....„Loop^.[.,.j^J^r,,^--,...,^r,„^--] 

LGL„o„pi: \L\=n ii,...A„ \ ai a„ / 

V ' 

(381) 

where QL;ii - i„ are some numbers. 

It would be natural to call a qAaa algebra satisfying these commutativity conditions for operations 
{^n}, {Qm,n} the "qCoo algebra" , since the commutativity condition for classical operations (|377p re- 
produces the relation on operations of Coo algebra, cf. [T^]. Numbers A^'rp.^_^,,,^ , QL-ii---i„ (|379l38ip 
are the structure constants of qCao algebra and they are symmetric w.r.t. the action of graph au- 
tomorphisms of T, L (as non-planar graphs), which permute indices ii, . . . ,i„ as they permute the 
leaves. 

The important feature of qCoo structure on V' is that it can be tensor multiplied by a unimodular 
Lie algebra g to produce qL^o structure on space q (g) V'. Operations {In}, {Qu} of this structure 
are given by p78|380p (thus, we essentially defined qCoo algebra as such a qAoo algebra, which can 
be tensor multiplied by g). Unimodularity of g is required, so that "anomalous" 1-valent quantum 
operations, violating quadratic relations (j370p do not contribute to qLo^ operations on g (g) y , which 
is needed for the whole set of quadratic relations of qLoo algebra to be satisfied. The gioo structure 
on gi^V' obtained by this procedure from the qC oo structure on V' , induced from commutative DGA 
V with some induction data V — > is given by formulae (|379l38ip with numbers -4:^.^^...,^ , 
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QL;ii - in (the "de Rham parts of Fcynman diagrams") given by 

■^T;zi---ir, =< e^roIterT;ifm(.,,);m(,,,)(^(e^J,...,^.(e^„)) >, QL;ti---t„ = Loop^.^„(,_,).y(t(ej J, . . . , i(e 

Therefore this algebra coincides with the qioo structure on Q(^V' , obtained directly by induction from 

{L,r.K} 

DGLA Q(^V with same induction data, extended trivially into g-coefficients q(^V — — > Q(^V': 

cDGA V °® ) DGLA g (g) F 

qCoc structure on V — ~ — > qL^o structure on Qi^V 



On the level of FC form a E il'{T,^,) (g) End(TV^') the construction of tensor multiplying by g 
is as follows. We construct a new form f3 on F,^, with components /3,i^i G il'(F„^i) (g Hom((g (g) 
VT",U{s)®V'), (3m,n^Q e r!'(F„,„^o) ®Hom((0(gr M) defined by 

(^ai 3^1 , . . ■ , ^a^i -^n ) — ^o-i ' ' ' '^o.n — '1 (-^l 7 ■ • ■ i -^n) : 
— t^g'^g (-^0,1 ■ ' ' ^a„i * ^a,„,4-i ' ' ' '^am+n ) ' ^m,n — *0 (-^l ; ■ ■ ■ j -^m 7 ; ■ ■ ■ ; ^m+n) 



Here are arbitrary elements of V' and Vg : ^ 9 is some projection, consistent with canonical 
embedding 9 ^ ^(9)- Then contributions of non-planar graphs to (|379l381p are given by sums of 
integrals of /3 over top-dimension cells of F,^, corresponding to isomorphic graphs: 

where we sum over planar realizations T' of non-planar tree T and over planar realizations L' of 
non-planar one-loop graph L. 

Another remark is that tensor product of FC forms preserves commutativity properties p75|376p . 

"Finite-dimensional argument" for qioo structure on C*(/^,g). The argument for the qLoo 
structure g- valued cell cochains of standard Z?-cube (induced from de Rham algebra goes 
as follows. Due to discussion above, this structure on cochains may be obtained in another way: first 
construct the induced FC form a E 51* (F,^,) (g End(TC*(/)) on (real-valued) cochains on interval, 
induced from de Rham algebra f^*(/) of interval (without g-coefhcients). Next we raise this form 
to tensor power D to obtain the form a^^ £ J7*(F,^,) (g) End{TC*{I^)) on cochains of _D-cube. 
Then we integrate over configuration space of graphs to produce qCoo structure on C'{I^) which we 
afterwards tensor multiply by Lie algebra g to produce the desired qL^o structure on C* [I^ , g) . So 
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the picture is: 
cDGA 



cDGA n*{I^) 



DGLA n*{I^,s) 



if; 



FCformaonC"(/) ili— ^ FC form a®-" on C"(/^) 

qCoc structure on C*{I^) — ~ 



(382) 



qLoo structure on C" (/^ , g) 



This is essentially what we did in scction [^751 the differential forms Cj'rf^^'^' (CJ, . . . , C|V|)' 

^Ai^dAi, ,A|f,| ,dA|f,| j-^i^ ^ ^ ^ ^ ^i^^-j were computing there are just values of FC form a restricted to 
different cells of configuration space r,_,,, evaluated on tuples of basis vectors of C*{I); variables A 
are the coordinates on cells of F,^,. The "de Rham parts of Feynman diagrams" C/u t(Ci, • • ■ , C|t|)i 
C/D /^(Ci, ■ • • , C|i|) ^re the structure constants At, Ql of qCoo structure on cochains of cube, obtained 
by integrating over F,^, (to be precise, this discussion has to be corrected to take into account 
the fact that in section [^31 we were computing reduced effective action, not the whole one). From this 
point we arrived to the effective action (or to the desired g£oo structure) on C'{I^ , g) by introducing 
Lie algebra factors, as in (j379l38ip . 

Now, observe that all arrows in (|382p preserve the quadratic relations, and all but the first one 
(induction of a from il*(/)) deal with finite-dimensional spaces only. Thus, instead of checking 
quadratic relations for qLoo structure on C*{I^,g) (which is the same as checking QME for the cell 
action for cube), it is sufficient to check that a, defined using conventions of section [^751 for super-traces 
over is a true FC form, i.e. satisfies boundary factorization properties p66|) and is closed (|367p . 

Boundary factorization properties for a are satisfied trivially: for all boundary strata except 
diTm,n^o (corresponding to one of edges belonging to the loop acquiring length 1) factorization 
property does not depend on definition of super-trace at all and follows directly from x^''^^ — pj. 
For dfTm.n^ii strata factorization occurs, if the super-trace satisfies Strs^.j/jT'lO = Sti:c'(i)rOi for 
any operator O £ End(f7*(/)), and this holds indeed for conventions of section [6731 

As for closeness of a, for top-dimension cells of F,^, corresponding to trees, it follows directly from 
Leibniz identity for wedge multiplication of forms on interval and from property {d\ — [d, 9])K'^''^^ = 
of extended chain homotopy. For cells, corresponding to one-loop graphs, the problem is reduced to 
checking the following property: for every n > 1 we define the map from n-tuples of forms on interval 
to forms on the n-cube 

Wn ■■ {ipi, ...,ipn)^ Stro.(/)if/'^''^'m(V'i) • • • ifj"'''^"m(V'n) 

where G ^'{I) are differential forms and m{4'i) = "01 A denotes the operator of multiplication by 
Ipi (thus Wn is the wheel graph with leaves decorated by general forms on interval, not necessarily 
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Whitney forms). Then Wn has to satisfy 

n 

dxWni'ipl, ...,1pn)^ ^(-l)*w„(V'i, ■ ■ ■ ,i>i-l,dlpi,i'^+i, . . .,i>„) (383) 

where d\ (essentially, the same as dr in p67p ) is the de Rham differential in variables Ai, . . . , A„. 
Property ([383]) can be checked explicitly. For example, for rt = 1, evaluating the super-trace using 
prescriptions of section [6. 3[ we obtain 



wiif + dt-g)^ Stro.(7)((l - A)id + XV'i + dX Ki)mf+dt-g = 

= AStrc.(/)(r/ m/ i/) + (1 - A)Strn.(7)m/ + dX Stin. (^i){Kjmdt-g) = 

^ A (f{0) + /(I) - f\t- fit)) + (1 - X)^^^^±^ + dX f\t(l-t] g{t) 



/ ^ Jo 



where we decomposed ^ = f + dt ■ g with / and g two functions on interval. Checking ([383]) for wi, 
we have 

dxw, (^) = dX (^M±l^ ' ly^' ^^^0 ^) ^'^^^ " 'Mdi') 

For n = 2 we compute 

W2( /i + dt ■ gi , /2 + dt ■ ff2 ) = 

1pl l/'2 

= Str((l - Ai)id + XiV'j + dXi Ki)mf,+dt.g, ((1 - A2)id + A27'; + dA2 Ki)m},+dt.g, = 
= (l-Ai)(l-A2)Str m/im/2 + (l-Ai)A2Str m/i7'jm/,+Ai(l-A2)Str T'lm/iin/^+AiAaStr V'jmf^V'iXnf^- 
- (1 - Ai)dA2Str {mf^Kimdt-g2 + rndt-gi-ftT/m/J - AidA2Str V'limf^Kimdt-g., + mdt.gi/-i:/m/J + 
+ dXi (1 - A2)Str {Kimf^mdt-g2 + ^rndt gim/J + rfAi A2 Str {Kixnf^V'ixndt g^ + i^/m<it.gi7'|m/J+ 

+ dXi dX2 Str A'/mdt.giii'/mdt.g2 = 

.(i-AO(i-A2)M51^M5)±M)Mi)+ 

+ ((1 - Ai)A2 + Ai(l - A2)) f/i(0)/2(0) + /i(l)/2(l) - /' dtf,{t)Mt)) + 



Jo 

+ A1A2 ( /l(0)/2(0) + /l(l)/2(l) - ( /' dthit)) ( r dtf2{t) ] ] + 



/ \"'0 



1 a 



+ (dAi(l-A2) + (l-Ai)dA2) dti^-~tji~,h{t)g2{t)+gi{t)f2{t)) + 

+ XidX2 [ dt f dt'giit) {e{t-t')-t) f2{t')-dXiX2 [ dt f dt' g2{t) [e{t - t') - t) h{t')+ 
Jo Jo Jo Jo 

+ dXidX2 [ dt [ dt' {0{t' -t)-t') {e{t-t')~t) gi{t)g2{t') 
Jo Jo 

178 



Where Str everywhere means super-trace over f2' (/) , and we treat ip — f + dt ■ g as a. purely odd 
object, so that / is odd and g is even. Then we go on with checking (|383p for W2: 

dxW2[ipi,'ip2) = [dXi (1 - A2) + (1 - Ai) dA2) 

~(dAi(l-2A2) + (l-2Ai)dA2)^ dth{t)f2{t)~{dXiX2 + XidX2)(^J^ dth{t)^ (^J^ dtf2{t)^ + 

+ dXidX2 f dt f dt'{d{t-t')-t) {g,{t)f2{t')+g2{t)fi{t')) (384) 



^0 



On the other hand 



-w;2(dV'i,V'2)+w'2(V'i,dV'2) =-(dAi(l-A2) + (l-Ai)dA2) ^ ^ if[{t)f2{t)+fi{t)mt)y 

-AidA2 / dt f dt' f[{t) (0{t - t') ~ t) f2{t') + dXi X2 [ dt f dt' f^{t) {9{t - t') - t) fi{t') + 
Jo Jo Jo Jo 

+ dXidX2 f dt f dt'{e{t' -t)-t'){e{t-t')^t){f',{t)g2{t')+gi{t)f;,{t')) (385) 
Jo Jo 

Integrating by parts, we obtain that pSSp equals p84p . and thus we checked (|383p for n = 2. We 
see that for these checks the conventions p37|339p of section 16.31 for calculating super-traces are 
substantial. 

Property (|383p can be checked for general n, using the following idea: possibly problematic dec- 
orations of the wheel with pieces of Xj'"^^ only appear in components of Wn of degrees 0, 1 (as a 
differential form in variables Ai) — decorations cither with n identities, or with n — 1 identities and 
one Ki, while for all other decorations the operator under super-trace has continuous kernel in co- 
ordinate representation, and thus the super-trace is unambiguous. Therefore, one proves that (|383p 
holds in de Rham degrees > 2 (in variables A^) in general way, evaluating super-traces in coordinate 
representation. For lower degrees one has to check p83p explicitly. Here the conventions p37l339p 
for resolving ambiguous super-traces become important. 

7. Effective BF action on de Rham cohomology of manifold 

An interesting object from the perspective of algebraic topology is the effective action on the de 
Rham cohomology of a manifold M, induced from topological BF theory on M. More precisely, the 
invariant of a manifold is the effective action on cohomology modulo canonical transformations (or 
equivalently, on the language of qLoo algebras, the homotopy type of de Rham algebra il'{M, g) as a 
qLoo algebra). Tree part of the effective action on cohomology is the generating function for Massey 
operations on cohomology and therefore is related to the rational homotopy type of M (see [28].[8]). 
An interesting question arises: does one-loop part of the action on cohomology contain some additional 
information about the manifold? In other words, is the homotopy type of the de Rham algebra as 
a qLaa algebra a stronger invariant of the manifold than the homotopy type of de Rham algebra as 
the ordinary L^o algebra? The answer is positive: we can provide a pair of manifolds with the same 
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classical Massey operations on cohomology, but distinguished by quantum operations on cohomology 
— circle and Klein bottle f section [7. 3p . 

In section mi we discuss the general picture of induction for topological BF theory (equivalently, for 
the de Rham algebra as a qL^o algebra). In particular, we discuss the construction of effective action 
on cohomology via discrete BF theory, i.e. via simplicial BF action on a triangulation or cell action 
on a cubical cell decomposition (|387p . In this way the calculation of effective action on cohomology 
is reduced to certain finite-dimensional BV integral, provided that we know the action for building 
blocks of the discrete BF theory — simplices or cubes (e.g. to some fixed order of perturbation 
expansion) . 

In section 17.21 we discuss some specific properties of the effective action on cohomology: cyclic 
property of the tree part of action for the case of induction directly from the topological BF theory 
(not via discretization) with the "Hodge induction data" , consistent with Poincare duality. Next 
we discuss the general estimates on the degrees of arguments for classical and quantum operations 
on cohomology. The most important property among those is that quantum operations depend on 
1-cohomologies only. These estimates also imply that for a manifold with H^{M) — the effective 
action on cohomology can always be calculated explicitly: all quantum operations vanish, while the 
complexity (number of inputs) of classical ones is bounded by dimension of the manifold (hence the 
action on cohomology is the sum of contributions of finitely many tree Feynman diagrams). Finally, 
we present a result, allowing one to compute the effective action on cohomology of the product of 
manifolds in some cases. 

In section 17.31 we discuss some examples of manifolds for which the effective action on cohomology 
can be computed explicitly. A particularly interesting example here is the pair circle - Klein bottle (it 
is, to our knowledge, the simplest instance of the situation, when manifolds are indistinguishable by 
classical Massey operations on cohomology, but are distinguished by quantum operations). We also 
present the result for a highcr-dimcnsional generalization of Klein bottle — the bundle Mj over circle 
with D-torus as the fiber and the transition function defined by arbitrary element 7 € Sd x '^2 of 
the group of symmetry of D-cuhe. 

7.1. Category of retracts. 

Definition 21. Let (V,d) be a cochain complex. The category of retracts Rety is the category whose 
objects are subcomplexes V' ^ V quasi- isomorphic to V , regarded up to isomorphism. A morphism 
in Rety between objects Vi, V2 is a set of induction data Vi — '— — > V2, i.e. a triplet of linear maps: 
embedding l : V2 Vi, retraction r : Vi V2, chain homotopy K : Vi ^ Vi, such that axioms 
nMmS\) are satisfied. 
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Composition of morphisms is defined by ()f 5f p . Objects Kety form a partially ordered set, with 
morphisms going from a larger object to a smaller one (not strictly smaller, since there are automor- 
phisms). Also, Rety contains two important objects: the maximal object — cochain complex V itself, 
and the minimal object — its cohomology H*{V). 

Now suppose that V is endowed with a qL^o structure (Qv, Pv) (or equivalently, with a BFao action 
on the space of fields Ty = such that the miary classical operation lv{i) coincides with 

the differential d of the complex. Then this structure is transported to all objects of Rcty along 
morphisms. I.e. for each V^' an induced qLoo structure {Qv'tPv) arises, and it is unique (does 

not depend on the particular morphism or chain of morphisms from V ioV , along which the structure 
is transported) up to special canonical transformations, due to Statement El The transport of qL^o 
structure along morphisms is consistent with composition of morphisms due to Statement [71 All qLao 
structures on all retracts V' , induced from a given qLoo structure on V ^ are equivalent in the sense of 
Definition II 71 and in particular are equivalent to the induced qL^o structure on H*[V). 

We are interested in the category of retracts for V = g) — the complex of g-valued differential 

forms on manifold Af , with standard DGLA structure (regarded as a special case of qL^c structure). 
The corresponding BFoo theory is the topological BF theory on M with gauge Lie algebra g. The qLoo 
structure induced on cohomology of V (which is just the de Rham cohomology of M with coefficients 
H*(M,g)) contains the complete information on the homotopy type of the de Rham algebra of M 
as a qLoo algebra, and yields an interesting invariant of manifolds. Since the tree part of induction 
formula coincides with the usual formula for the homotopy transfer of a (classical) Loo algebra, the 
induced classical operations ^(„) on H*{M,g) are the Massey operations on de Rham cohomology. 
The full qLoo structure on cohomology, with quantum operations (?(„) , is a strictly stronger invariant 
of manifolds than the classical Loo part: we will discuss in the section [7.31 an example of a pair of 
manifolds with the same Massey operations on cohomology, distinguished by quantum operations on 
cohomology — circle and Klein bottle. 

If the manifold M is compact, orientable, has no boundary and is endowed with Ricmann metric, 
then one constructs from metric the Hodge star * and the operator d* = ~ *d* : ri*(M) — ri*^^(M). 
Thus one gets the classical Hodge decomposition for de Rham complex 

n'iM) = Harm'(M) ® n^,,(M) © n;._,,{M) 

into exact, co-exact and harmonic Harm'(Af) — ker{dd* + d*d) forms. We call the Hodge induction 
data 

the embedding of cohomology into 17* (Af) as harmonic forms, projection onto harmonic forms in 
Hodge decomposition and the chain homotopy 

Knods,^d*/{dd* +d*d) 
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(we assume that this expression vanishes on harmonic forms). The special feature of Hodge induction 
data is that they are consistent with the Poincare pairing on 

(a,/3)p = / aA/3 
Jm 

in the following sense: first, subspaces of IR forms Harm'(M) and UV forms ^^^^^iM) ^d*-exi-^^) 
are mutually orthogonal w.r.t. the pairing Second, Hodge chain homotopy is a self-adjoint 

operator w.r.t. (•,»)p: 

in particular, this implies that subspace ^^,_^^{M) is isotropic. 

In the category of retracts Reto.(jv,/,g) we are interested only in subcomplexes V' ^ V = n*{M,Q) 
of form V' = g (8) C", where C* ^ 51* (Af) and differential on V' is trivial in coefficients g. Moreover, 
we only consider morphisms (t, r, K) that are trivial in coefficients q. Apart from the largest object 
ft*{M,2) and the smallest object H*{M,q), category Rets7.(M.0) contains interesting intermediate 
objects C* (S, g) — complexes of g-valued cochains on a triangulation or on a cubical cell decomposition 
S of the manifold M . For each S there is a standard morphism 

f]«(M,g)^^^^:^C*(S,g) 

In case when S is a triangulations, it is given by embedding of cochains as Whitney forms, retraction to 
the cochains by integrals over simplices and the chain homotopy is glued from Dupont's operators for 
simplices. Respectively, in case when S is a cubical cell complex, the induction data are: embedding 
of cochains as cubical Whitney forms, retraction to the cochains by integrals over cubical cells, the 
chain homotopy is glued from symmetrized tensor powers p29p of the Dupont's operator for interval. 
The BFao action, corresponding to the qLoo structure, transported from de Rham algebra along the 
standard morphism (ts, ''h, -f^s), is called the discrete (simplicial or cell) BF action for S. Also, for 
any triangulation or any cubical cell decomposition S there is a canonical morphism 

(S, g) ^---^^ H'{M,3) 

that is constructed analogously to the Hodge morphism g) H*{M,q), but does not require 

any additional structure (while the Hodge morphism depends on Riemannian metric), and uses the 
fact that C*(S) has a canonical basis, associated to the cells. Namely, instead of d* we can use the 
operator (f" , whose matrix in the basis of cells is the transposed matrix of the differential. Then we 
introduce the analog of Hodge Laplacian d(f" + d^d : C"(S) C"(S). Embedding ls^h' sends 
cohomology into "harmonic" cochains Harm'(S) = kcr{dd^ +d'^d), retraction r^^.^H' projects to the 
harmonic cochains in decomposition 

C-(S) = Harm-(S) ® Cl_,,{S) © C-._,,(S) 
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and the chain homotopy is 



(f/{d(f + (fd) 



(386) 



Therefore, for each ^ there is a canonical two-step induction from il*(M, g) to H*{M,q): 




{'■H^H' ^rs^H' ^K^^H' ) 



(387) 



The advantage of calculating the induced qL^o structure (effective BFoo action) on cohomology of 
the manifold in this way is that the problem of calculating the functional BV integral defining the 
induction is reduced to the calculation of simplicial (cell) action for S. The latter, due to simplicial 
(cell) locality, reduces to the standard computation for single simplex (cube) . And afterwards we only 
have to evaluate a finite-dimensional BV integral, to pass from cell cochains to cohomology. Thus the 
advantage of this method over using, for instance, the Hodge morphism for direct computation of the 
induced qL^o structure on cohomology, is that here the hard part of the problem — computation of 
the infinite-dimensional part of BV integral — is standardized and reduced to a series of universal 
computations, which we already performed partially (in first orders of perturbation theory for general 
D and exactly for D = 0, 1): Theorems [ZlHITOl 

Thus in the category of retracts RetQ.(j(,f we distinguish the largest object ri*(M, g), the smallest 
object — cohomology iJ*(M, g) and certain class of intermediate objects C"(S,g), associated to tri- 
angulations and cubical cell decompositions of M . Wc also distinguish Hodge morphisms Q,'{M, g) 
H*{M,2), depending on the choice of metric on M, and canonical morphisms il'{M,g) C*(S,g) 
and C"(S,g) H*{M,q) for each S. Other interesting morphisms are the aggregation morphisms 
C"(S',g) — > C"(S,g), where S' is a cell subdivision of S, but we will not discuss them here. 

7.2. Special properties of effective BF action on cohomology. 

7.2.1. Cyclic symmetry of Feynman trees for S'^.^j^,^ for Hodge induction. Let manifold M be con- 
nected, orientable, compact and have no boundary. We denote its dimension D = dimAf. Let it also 
be endowed with Riemannian metric. We are interested in the effective action on cohomology, defined 
by the Hodge induction data (t/f , r^f , A'jj). Let {hi} be a basis in de Rham cohomology H'{M) 
and {ft,*} the dual basis in the dual space (homology) H,{M). Super-fields for the space of fields 



where erndpi have values in g and g* respectively and have ghost numbers gh(a>*) = 1— \i\, gh(pi) = 
|«| — 2 (by |i| we denote the de Rham degree of the cohomology hi). Tree part of the effective action 
on cohomology is 



J'H'iM,,)=T*[-l]{H'{M,g)[l]) are 




oO 





1 



T6T„o„pi; 1T1>2 
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• X! <Pj»'H(/''-')>IterT;-jtjj[.,.];[,,.](tH(/iii)a;'S...,tH(/ii|^iKi'^i) > 

Next, Q'{M) is endowed with Poincare pairing 

{a,p)p= [ aA/3 
which induces a non-degenerate pairing on H'{M) 

{A,B)p = {lh{A),lh{B))p 
We denote the matrix of Poincare pairing on cohomology by 

Pij = {hi,hj)p 

Let also g be endowed with invariant inner product tigTaTh, which we use to identiiy q* with q. Let 
us rewrite the tree part of effective action on cohomology using Poincare pairing (•,»)p instead of 
canonical pairing < •, • >: 

S%.iM,s)i^,P)= E lAutV)!' 

TeTnonPi: |T|>2 ' ^ " 

■ J2 tH{PjP^'"^H{hi,)^tevT--K„i.,.u.,.]{iH{hiM^ (388) 

j,io,ii,...,i^T\ 

where P*-' is the inverse matrix for Pij and wc used the fact that IR (harmonic) forms are orthogonal 
to UV {d- and d*-cxact) forms to rewrite (/ijj, , r//Itcr(- • • ))p as (t^f (/ii„), Iter(- • • ))p. 

Let us introduce the operation of cychc rotation (by k steps) for planar rooted trees Cycl^. : Tpi — » 
Tpi with < k < \T\. Tree T' = Cyclj.T is constructed from T as follows. Recall that leaves of T are 
enumerated by numbers from 1 to \T\ counter-clockwise starting from the root. Let us call the root 
the leaf number 0. Then operation Cyclj. just shifts the numeration of leaves by —k mod (|r| -|- 1), 
without changing the underlying (non-oriented) graph. Thus the root of T' is fc-th leaf of T, and we 
re-orient the edges towards the new root. In particular, Cyclg is the identity operation. Operations 
{Cyclj.}).jQ define an action of cyclic group 1'\t\+i on Tpi. 

The skew-symmetry of Poincare pairing 

(a,/3)p = (-l)H-l/3|(/3,a)p 

cyclicity of Poincare pairing 

(a,/3A7)p = (-l)l"l-(l'^l+l'^l)(/3,7Aa)p 
and self-adjointness of Hodge chain homotopy 

iKHa,P) = (-1)1"! (a, if if /3) 
allow to make local rearrangements for the de Rham part of the contribution of the tree into S^.^j^ 

Ct(«0, • • • ,«|T|) = {l'H{hio),lteTT--KH(»A*yX»A*){t'Hihii), . . . , i'H(fti|T|)))p 
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leading to cyclic symmetry: 

Ct(«o, ■ • ■ ,«|T|) = eT,fe(|io|, • ■ • , \i\T\\)Ccyci^T{ik, ■ ■ ■ ,i\T\,io, ■ ■ ■ ,«fe-i) (389) 

Here < fc < |r| and eT,fc(|«o|j • ■ • j |*|t||) = ±1 is certain sign depending on T, k and degrees of 
cohomologies, with which leaves and the root are decorated. For example: 

C(**)(j0, il,i2) - {LH{h^J,iH{h^,) A iH{h^,))p - (" 1) ' ' ^'^^ 1 + ' (iff (/^n ) , '•ff ) A iH{h^,))p 

= (-l)l^«l■(l'll+l'^l)C(,,)(^l,^2,^o) - (-l)l'''l-(l'^l+l^^l'Ccyci,(,*) ^o) 

Another example: 

C((*,)(*,))(zo,ii,i2,«3,«4) = (LHihia), -i^H (tff (/i^i ) A iH{hi^)) A -Knii-Hihi.,) A LH{hi,J))p 

= (_l)l^aKln|+t.2|+|.3l+|u|)+Ki|+K2| A -i^H(-i^H(iH(/i,3) A A iH{h^„)))p 

= (_l)KoK|.i|+|..|+|.3|+K4|)+Ki|+|.2| (,^(/i,J,i^(/i,J A -KH{-KH{iH{hr,) A ^^(/^.J) A LH{h^,)))p 

Next, since the invariant inner product on g also has the cyclic property 

tTgTa[Tb, Tc] = tr gTb[Tc, Ta] 
cyclic symmetry for the summand of pSSp takes the form 



trg (P^*>jt/^(;iiJ,IterT._A^„[.,.].[.^.](iff(/ii,VS...,iff(;iii^i)u;^i^i))p 

= £T,k{D - 2, 1, . . . , 1) • trgiLHih^^W" ,lteicyci^T--KH[;']il;']i^H{hik+iW'+\ ■ ■ ■ , 

for 1 < ^ < \T\. Sign eT.k{D — 2, 1, . . . , 1) appears, since now we have to take into account the total 
degree deg+gh when reshuffling objects, and the total degree is 1 for LH{hi-)bj^^ and is — 2 for 
'^"PjLHihi,, ). Therefore we can rewrite p88p as 

s°H' (M,8) ('^, p) = E E |Aut(r)| ■ 

io 

),Iterj^._;f^[,_,].[,_,](ti/(/iiJw*i, . . .,iHihiJuj'''))p + 

n 

+ E - 2, 1, . . . , 1) • trg(ii^(ft.iJw*^Itercycl^T;-i^a[.,.l;[.,.l(''^(^i'=+l)'^"''^^ ■ ■ ■ ' 

k=l 

, iff P^' ^°pjtH(/i,J, iff , . . . , iHih,,_jLu'>'-^))p) (390) 
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In case the dimension D of M is odd, the cycUc property of Feynman trees may be elegantly formulated 
as the existence of function F{uj), such that S'^.^j^j ^^(a;,p) can be written as 

S'H.iM.,){io,p) = [tr^Y^p^P^^A. I Fico) (391) 



where 



n=2 TeT„o„Pi: \T\=n 



n+l) |Aut(T)| 

^ trg {LH{hi„W° ,lterT--KH[:»hl;*]i''H{hiJuj'\ ■ ■ . , LH{hiJuj'")) ^ 

,...,in 

oo 

= E E 



„=2TeT„„p,/Z„+i: \T\=n |Autcycl(T)| 

^ trg (iH(/iio)t^'°, IterT;-Kfj[,, ,];[,,, . . . , iH(^i,Jt^'"))j 



= ^trg(i_H-(/ijo)'^*": [t_H-(^ii)t^'Si_fi-(/ii2)'^*^])p+ 



+ -tr^ {lh {h,, W« , [i/f [h,, )lo'^ , -if [iff [K^ W , tH(/i«3 )P+ 
+ itr0(^^^(/^,Jw'^ [-i^J^[iJ^(/^,Jc^''^t^^(/^,Jw*^],-X/^[t^^(/^,3y^iJ/(/^,Jw*^]])p + • • • 

o 

Here TnonPi/^n+i denotes the set of equivalence classes of planar trees, where two trees are considered 
equivalent, if they are connected by a combination of an isomorphism of rooted trees and operation 
Cyclj, for some k. We call these equivalence classes "cyclic non-planar trees" — root does not play 
special role here and is regarded as an additional leaf. The group of automorphisms of a cyclic tree 
Autcyci(T) is Z„+i IX Aut(T). Oddness of D is important first because the signs in p90p eT,k{D — 
2, 1, . . . , 1) = +1 for odd D and any tree T and any fc, and second because the differential operator 
t% PiP^^ liji is even for D odd. 

In case D — "i function F{uj) G Fun(iJ*(M, 0)[1]) can be understood as the tree part of effective 
action for Chern-Simons theory on Af, induced on cohomology H*(AI,q). 

In terms of induced Lao structure on cohomology, property (|39ip means that the structure constants 
of Loo operation /(„) : A"iJ*(M, g) H*{M,g) can be written as 

i,io 

or equivalently 

(^io ' ^(«) (^ii I ■ ■ ■ 7 ^in )) p — i^ia i ^ii j ■ ■ ■ ? ^in ) 

where I'^^+i • A"+^ii*(Af, g) ^ M is some (n-l-l)-linear super-antisymmetric map of degree deg = 
2 — £) — n. Thus cyclic symmetry of operations Z(„) means that reversing the output by Poincare pairing 
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increases the symmetry group of the operation from Sn to Sn+i- Operations are related to the 
Taylor expansion for F{lo): 

" n+l 

and are calculated as sums over cyclic trees: 

/cyci,', . . . N _ /_-.x(|i„_i|+i).|i„|+(i„_2+i).(|i„_i|+|i„|)+...+(|io|+i)-(|ii|+-+K„|)_^ —F(uj) 

H lAnt ^ mi ±(^('^V(o))'Iterr._^„(.;,.).(.^.)W/ii^(^) ),..., 

TeT„o„Pi/Z„+i: |T|=n l^^^^y^'^^ ^1 .eS„+i 

Signs here depend on degrees of cohomologies the operation is evaluated on, and also on particular 
choice of planar rooted representative for a cyclic tree. 

7.2.2. Estimates on degrees of cohomologies in Feynman diagrams for Sh'{m,b)- Here we will consider 
general (not necessary Hodge) induction 0*(M, g) — — — > H*{M,g), which is still assumed to be 
trivial in fl-coefBcients. The manifold M is allowed to be non-orientable and/or have boundary (unless 
otherwise stated). Let us represent the effective action on cohomology as a sum of contributions of 
Feynman diagrams 

TeTnonPi: |r|>2 LeLnonPl 

where 

S'ff'(M,B),T(w,p) = i^^^^^y^i < r*p,IterT;-if[.,.];[.,.](t(w),...,(.(w)) >= 

= |Aut(r)l ^ eT{\ii\,...,\i\T\\)CT{j;ii,.--,i\T\) < Pj,IterT;[.,.];[.,.](a;'S . . • , w'l-^i) >a 

3,ii,---,i\T\ 



(392) 



\i\L\\)CL{ii, ■ ■ ■,i\T\) Loopi.[,^,](a;'i, . . . , w^i^i) 



|Aut(L)| 

and de Rham parts of diagrams are 

CT{j;il,...,i\T\) = < r*h^ ,lteTT;-K(.A»);{»A»){''ihn), . . . ,i{hi^^^)) > 

CL{ii,---,i[L\) = Loop^._^(,^,)((.(/iiJ,...,i(/ii|^i)) 

As before, we denote {hi} the basis in cohomology H*{M) and {/i'} the dual basis in homology 
H,{M). Signs ct, ei, = ±1 arise from carrying fields to the right, and depend on the graph T or L 
and on degrees of cohomologies. 
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statement 16. • For any tree T with \T\ > 3 leaves, 

CxUlii, ■ ■ ■ ,i|T|) 7^ 

implies 

Nil > 1,...,N|T|I > 1 (393) 
(|*i|-l) + (h|-l) + --- + (N|T||-l) = |j|-2 (394) 

The latter condition implies in particular the estimate 

(Nil - 1) + (N2I - 1) + • • • + (NiTil -l)<D- 2 (395) 

In case of Hodge induction (i.e. for M orientable and without boundary, (t, r, K) ~ (lh, rjj, Kh) ) 
the estimate is improved: 

(Nil - 1) + (N2I - 1) + • • • + (N|T| I - 1) < " 3 (396) 

• For any one-loop graph L, 

CL{ii, ■ ■ • ,«|L|) 7^ 

implies 

Ni| = --- = N|Lil = l (397) 

• If M has trivial 1-cohomology iJ^(A/) — 0, then the one-loop part of action on cohomology 
vanishes 

^l/.(Af,B)H=0 (398) 
and the tree part is a polynomial in fields of degree 

deg„ S°j. (M,g) < max(2, D~ 2) (399) 

In Hodge case the last estimate is improved: 

deg^ 5^. (M,B) < max(2, D - A) (400) 



Proof. Condition p93p is proved by the following observation: 0-cohomology is necessarily em- 
bedded into f2'(Af) as locally-constant functions, and multiplication by a locally-constant function 
maps IR forms into IR forms and ii'-exact forms into if -exact forms. Therefore any diagram other 
than (**), with at least one leaf decorated with 0-cohomology, contains either an internal edge where 
K is applied to an IR form or the expression . Hence such diagrams vanish. 

Next, p94p is a reformulation of the fact that classical operations Z(„) have degree 2 — n. Otherwise 
one can say that (|394p follows from the fact that expression p92p has ghost number 0. Or even more 
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explicitly: multiplication of forms leads to addition of degrees, while application of K decreases the 
degree by 1. A tree with |r| leaves contains |r| — 2 internal edges. Therefore 

|IterT;-/f(.A.);(.A.) W/in ), ■ ■ • , = Nil + • ■ ■ + K|T|I - m - 2) = (|ii| - 1) + • • ■ + I - 1) + 2 

Thus non-vanishing of Cxij, ii, • ■ ■ , i\T\) implies the condition (|394p . 

Estimate p95p is a straightforward consequence of p93|394p and the fact that degree of cohomology 
is bounded by dimension D of the manifold. Improvement (|396p of this estimate in Hodge case occurs 
because if W E Hd{M), then 

CtU; lu ■ ■ • ,*|T|) = ""^tHo. ■ ■ . ,*|T|) = 

due to cyclic symmetry p89p and because the Poincare dual cohomology for W belongs to H^{M), 
and we return to the argument (j393p . 

Condition ([397]) is proved by the following argument. Degree counting for CL{ii, ■ ■ ■ i implies 
that this contribution vanishes automatically unless 

|ji| + .-- + |*l^|| = |L| 

Therefore unless all inbound cohomologies are of degree 1, there is at least one k for which \ik\ = 0. 
Then the super-trace CL{ii, . . . ,i\L\) necessarily contains one of the two structures: 

K{L{h,,)AK{.))^Q 

This proves ({5571) . 

Condition (|398p follows from (|397p straightforwardly: if there is no 1-cohomology, then all one-loop 
Feynman diagrams vanish automatically. Estimate (|399p follows from p95p and the fact that ik — ^ > 1 
for aU 1 < fc < |T|. Its improvement ([4001) follows from (|396l) and the fact that Hd-i{M) = by 
Poincare duality (which implies that equality in (I396P cannot be achieved). 

□ 

Thus the case H^{M) = is the simplest for the problem of calculation of effective BF action 
on cohomology: all one-loop diagrams vanish and only finite number of tree diagrams contribute. 
Even greater simplification occurs if in addition to H^{M) = manifold M is formal: there exists an 
embedding of cohomology l : H'{M) Q.*{M), such that l{H'{M)) is a subalgebra in fl'{M). Then 
the only contribution to S'/f.(M,g) is due to diagram (**): 

where 

Kfc ^ j,/c) =< r*h\L{hj) A i{hk) > 

are the structure constants of multiplication on cohomology. 
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In case of general formal manifold M (not supposing H^{M) = 0), since l{H'{M)) is closed under 
multiplication, the only contributions to Sh'(Ms) ^'"^ "^^^ diagram and one-loop diagrams of 
form • • • (*•) • • • )) (wheels). Therefore the effective action on cohomology is 

Sh'(m,^){uj.p) = \< r*p,[i[u),L{u;)] > +nStrn.(M,fl)log(l + if[i(w^^)),H) (402) 

(this is a special case of formula (jl68p . moreover for this case the Loo morphism U is linear and coincides 
with embedding U ^ l). We denoted u^^^ = ^^^-^ hiuo^ the part of super-field w, corresponding to 
1-cohomology. This result is not very explicit indeed: computing the super-trace in (|402p might still 
be a hard challenge. 

Another obvious corollary of the estimate (|400p is the absence of Massey operations for simply 
connected orientable compact manifolds without boundary of dimension D < 7. 

7.2.3. Effective action on cohomology of the product of manifolds. Let Mi and M2 be two compact 
connected manifolds. We are interested in the effective BF action on the cohomology of the product 
H'{Mi X M2,0) — Q® H'{Mi) (E) H'{M2). We assume that two sets of induction data are given: 
VL'{Mi) H'{Mi) and n'{M2) ^'"^'^""^"^ H'iAh), and we consider the family of induction 

data for the product: 

n'{Mi X M2) H'{Mi X M2) 

where 

K^^Ki(E) ((1 - Old + ^V!^) + (Cid + (1 - O'P'i) ^2 (403) 

is parameterized by ^ G R. Let {hj} and {/if } be bases in H' (Mi) and H' (M2) respectively. Denote h^ 
and the basis elements in H'^{Mi) and H'^{M2) respectively. We assume that h^ are embedded 
into n*{AIi), ri*(M2) as unit functions. Super-fields for the space of fields 

^ff.(MixM„B) = T*[-l](i7'(Mi X Af2,£|)[l]) 

are 

uj = ^hl h'j uj'^ , P = X! 
where w'-', p.y are in g and g* respectively, and have ghost numbers gh(Li;'-') = 1 — |i| — IjI, gh(p,y ) = 

N + b1-2. 

statement 17. • If H^{M2) — 0, then one-loop parts of effective actions on cohomology for 

Ml and Mi x M2 are related by 

^H'(MixM2,s) = X{M2) ■ S'^.(j\/j^g)UiH^i^io (404) 

for any value of in ^JU3^. Here is the Euler characteristic of the manifold M2. 
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• If cohomology of M2 coincides with cohomology of the point: H^{M2) = M.^"-", then effective 
actions on cohomology for Mi and MiX M2 coincide up to the substitution lo^ i— s- pi i— s- pio: 

Sh'{MixM2,0) — SH'{Mi,g)\Lji^Lj'°,pi^pio (405) 

for any ^ in 11403^ . 

• If M2 — is a circle with basis /i^ G Il'^{S^),h'j G H^{S^) in cohomology (we assume 
that t2(^+) = 1, '^2(^7) — dt and use the standard chain homotopy Kj for S^), then effective 
actions on cohomology for Mi and Mi x are related by 

f \ \ f \ ( si^^ \ 

Sh'(MixS\s) = I (^'S'_H-.(A/i,B)L'V^w' ++di/a;", j9,h^(-l)l^l + ipi7+diypi+J + ^ X(-^l) ' W ^^g 



ad 



^ (406) 

for — \ in \4U!^ , i.e. for the asymmetric chain homotopy Kn — Ki ® V'j + id ® Kj. Here 
x{Mi) is the Euler characteristic of Mi and v G [0, 1] is an auxiliary variable. 

Proof. Let us prove (|404p . Let us use the fact that S'^.^^^^ ^^^^ depends only on the part of 
super-fields w, corresponding to 1-cohomology p97p . Moreover, we have 7J^(A/i x A/2) — II^{Mi) (g) 
II^{M2) — II^{Mi) (g) hi, since Af2 has no l-cohomology. Therefore 

^H'{MixM2,b) 

= - J2 lAntiDl ^ Loopi._,^,[.,.].j,.(M,xAf„B)(ti(/i!j'^lw''°,---,ii(/i.',|)<^lw''"'°) 

The only contribution to each term is due to the decoration of all internal edges by the part Ki (g) 
((1 — ^)id + ^7^2) ^ Ki <g {1^2 + (1 — 0^2 ) of chain homotopy (since the operator under super- 
trace has to have degree (0, 0) in the bigrading on Q'{Mi) (g) ri*(Af2), otherwise super-trace vanishes 
automatically) . Therefore 

^H-(MixM.,B) J2 |Aut(L)|' 



n,---,i|L| 



Loopi^_^^[.,.j^o.(M,.e)(^i(^W'°' • ■ • ' • Strn.(Af.)(^^ + (1 - 0^, 

= 5H-(Afi,s)L-^c.- • Stra.(A/,)(^^ + (1 - O^^'T'^') = X{M2) ■ S},.^j,,^J^,^^,o 

where [L] is the length of cycle in L. Thus (j404p is proved. 

Now let us turn to (I405p . Equality for one- loop parts is implied by (I404p . so let us consider the 
tree part. Since H*{M2) = Rhl and II'{Mi x M2) = II'{Mi) (g) hi, the super-fields are 

i i 

Therefore 
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Sh'(MixM2,s) ~ X! lAutfT)!' 

TGT„o„Pi: |T|>2 ' ^ 

■ <P^ooh^°®h''",n^r2lteTT;-Kn^,^]■A'.'](''^K)^''"^ > 

io.ii,...,i\T\ 

Here again the only contribution is due to the decoration of all internal edges with the part Ki (g) {V2 + 
(1 — ) chain homotopy (otherwise the second factor would contain the structure K2I = 0). 
Therefore 

'^H'iAhxAh.s) ^ lAutfT)! 

TeT„o„p,: |T|>2 ' ^ ^' 

io;ii,---,i\T\ 

■ < h^°,r2 IterT;(p^+(i-5)p^')(,A.);(.A.)(l^— >= "5*^.(^/1,8) L'^'^'°,Pi^Pio ' ^ 

\T\ 

Thus is proved. 

Finally, let us prove (|406|) . First consider the tree part of effective action: 

SH'{AhxS\s) = Y \AvLt(T)\ ^ ^ < p.ajoh'^^o (g) h'^'o , 

TeT„o„pi: |T|>2 ' io,ii,---,i|T| jo,Ji,-..J|r|6{ + ,-f} 

,ri 7-2 lteTr.,-Kn[,,,];[.M^iK)^ ^2{hl) io'''\ . . .,ii{hl^^^)® i2(/i',,) > 

Since Whitney forms on the circle Span(l, dt) are closed w.r.t. wedge product, the only contributions 
are due to decoration of all internal edges of trees with the part Ki g) V'j of chin homotopy K^^ and 
the projector V'j may be substituted with identity operator: 

^'^•(Mix5i,0) = Y lAutmi ^ ^ < Ptojoh'^^" h^'" , 

TGT,„„pi: |T|>2 ' ^ ^' io,ii,-,i|T| io,ii,...J|r|e{ + ,-f} 

TeT„o„Pi: |T|>2 ' ^ 'I io,ii,...,i|r| 

,ri (g) r2 IterT;-ifi®id[.,.];[.,.l(^i(/i»i) '•2(/i+) • ■ ■ , nih^^^) ^ i2(/i+) > + 

T 

+ 51 < P«o//l^^®/»^'°,^l®^2 lteiT,-K,&d[;,];[,,,](M{hl)^''2(hl) + , . . . , ii J /,2 (/l^) 1^'"-^ + , 

k=l 

, ® L2ihj) OJ^"', ilihl^,)g> i2{hl) + . . . , Llihl^^^)® L2{hl) C.^l-I+) >) 

^ |Aut(r)| 

TeT„o„pi: |T|>2 ' ^ ^' 

• ^ (<p,„+/ii^°,ri IterT;-ifi [.,.];[.,.] > + 

io,ii,...,i|T| 
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TGTnonPi: |T|>2 ' ^ io,il,...,i|T| 

Therefore the tree part of (|406p is proved. Next consider the one-loop part: 



Sh'iM^.SKs)- E |Aut(L)f 

• E L00p^^_^^[._.]^f,.(A,^,5,^^)(.i(/llj®.2(/l,\) ^^^■'S...,tl^^|)®.2^,|) ^'l-l^l-O 

ji,...j|L|e{+,-f} 

Since Span(l,c?i) is closed w.r.t. wedge product, the only those decorations of terms can contribute 
where all internal edges, not belonging to the cycle, are decorated with the part Ki (g) Vj of chain 
homotopy Kfj. On the other hand, due to Lemma[71 all edges of the cycle have to be decorated with 
id (g) Kj. Next, p97p implies that decoration of leaves of L should be such that \ik\ + \jk\ = 1 for all 
leaves fc, i.e. only decorations i+ and ol are allowed for leaves. The following argument shows that 
only the wheels L = • • • (*•) • • • )) contribute: otherwise, let there be some tree plugged into the 
cycle. Then exactly one leaf of this tree is decorated by ol and all others are decorated by i+ (as 
implied by [7]). Therefore one of the following structures arises in the first factor: 

K,{i,{hl) A iiihl)) ^ 
ifi(ii(/ii)AXi(.)) = 

Therefore only wheels contribute to the one-loop action: 

CO ^ OC j-j 

^(-l)"-Stro.(Mol ■ Stro.(5i)(i^/(di A .))" • tr,(ad,oO" = x(Mi) ' E trB(ad^o.)" 

/ smh — t; — \ 



71-71! 

n=2 n=2 



x(Mi)-trglog - 



ad 



2 



Thus flOel) is proved. 

□ 

7.3. Examples. 

7.3.1. Circle, torus, sphere. The point pt is a trivial example of the induction on cohomology, since 
H*{pt,g) = il*{pt,g) = g. If we denote the basis in 0-cohomology by ho £ H^{pt) and assume that it 
is identified with the unit in ^*{pt) (normalization condition), then 
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(cf. the discussion of simplicial BF action for 0-simplcx in the beginning of section [575]) . 

First nontrivial example of induction on cohomology is the circle S^. We know the result for circle 
already, since in section [5.5.31 we obtained an explicit expression (|280l) for the effective action for cell 
decomposition of the circle S {[+], [01]} with one 0-cell and one 1-cell. Since the differential on 
cochains C*(S,0) of this cell decomposition is identically zero, we can identify H*{S^,g) ^ C"(S,g), 
identifying the basis cohomologies hj with the basis cochains e+, eoi. Therefore the effective action 
on cohomology of the circle is 



1 / sinh 

SH'is^g) =<P+,^[^^,^^] >B + <PI,[^',^^] >B +^trBlog I 



(407) 



The construction of section [5.5.31 which lead us to this result, corresponds to the following choice of 



induction data ^l*{S^,g) 



H*{S^,g) (the data glued from the induction data for the interval, 



from differential forms to cochains of standard triangulation): 

t : a~^h-f- + hj i— » ■ 1 + dt 



f{t)+g{t)dt^ f{Q) + 



g{i)di dt 



K = K, 



fit) + g[t)dt I 



g{i)dt-t I g{t)di 



We can also demonstrate more explicitly, how the construction (|387l386p works in the case of the 
circle M — and its cell decomposition (triangulation) S = {[0] = [2], [1], [01], [12]} with two 0- 
simplices [0], [1] and two 1-simplices [01], [12] (meaning that [2] is the alternative label of 0-simplex 
[0]). The simplicial action for S is obtained from the known results for reduced actions for 0-simplex 
and 1-simplex, using (|189p : 

Se. =<P0,^[t^°,^^°] >B + <Pl,\[^^,UJ^] >B + 



<Poi,i[c^°\^°+c^i] 



1 r 1 2 1 



The differential on C*(S,0) is 
d 



2 

ad,,,oi 



coth 



ad„ 



/ ad^ 



V 2 



■ coth ■ 



2 

ad,., 



ad. 



/ gij^h 

o (c^i - iu") >g +h tr, log I ,d„of 

, n 1 ^ / sinh 

o (^0 - ^1) >g +h trg log 



(408) 



01, 



, 12, 



a eo + a ei + a eoi + a eu 



(a^ - a°)eoi + {a° ~ a^)ei 



The matrix of differential d (in the basis of cells, with ordering {eo, ei, eoi, 612}), its transpose (analog 
of d* for the Hodge case) and the matrix of discrete Laplacian dd^ + d^d are 

/ \ 

-1 10 

V 1 -1 y 
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d = 



d' = 



( 





-1 


1 \ 




/ 


2 


-2 





o\ 








1 


-1 


, dd^ + d^d^ 




-2 


2 






























2 


-2 


V 








J 




I 








-2 


2 / 



Therefore the Hodge decomposition for the cochains of triangulation ^ is 

C*(S) = Span(eo + ei, cqi + 612) © Span(eoi — 612) © Span(ei — eo) 



Harm'(3) C'^_^JS) C (H) 



Induction data from the cochains of triangulation to cohomology 

, g) is defined uniquely (up to the normalization of basis h+,hi in 
cohomology) by the Hodge decomposition: 

Ls^H' ■ a^h+ + a'hj 1-^ a^(eo + ei) + -{eoi + 612) 

Ke^H' ■ a°eo + a^ei + a^^eoi + 01^^612 1-^ ^(aoi - Q;i2)(ei - eo) 

Effective action on cohomology H*{S^,g) may be computed using p68p . It is easy to see that the Loo 
morhism p64|) from cohomology to the cochains is linear (since harmonic cochains form a subalgebra 
in the Loo-algebra of cochains, generated by the tree part of (|408p V 

U{u;+h+ + uj'hi) = LE^H' iuj+h+ + u'hj) (eo + ei)w+ + i(eoi + ei2)t^-^ (409) 

The operator (|169p (which should be understood as a part of the "covariant derivative" operator d + 
X(lj-e) on cochains in the backgroimd of discrete super-connection wh) is calculated by differentiation 
of the tree part of action (|408p : 

I[ijJe) '■ ct^eo + a^ei + Q;''"'"eoi + a"'"^ei2 ^ eo[cL''', a^] + ei [uj^ ^ a^] + 

+ eoi Q [c.°i , a° + a^] + i , + c^] + coth ^ - o (a^ - a«) + 

+ E 7J E(^d^-)'"'ad„oi(ad^oO"-'^- o (c.1 - c.") + 

n=2 ' k=l / 

+ ei2 (^[c^'', «i + a"] + + c.^] + coth ^ - 1^ o (a" - «!) + 

00 „ n \ 

+ E ^ E(^d„^=)'"'ad„i.(ad^i.)""' ° - 

n=2 ' k=l / 

In the case when super-connection comes from the super-connection on cohomology — U{ijJh') 
(this is the case needed for (|168p ). the expression for I simplifies: 

I[U[uj+h+ +Lo^hi)) : a°eo + a^ei +a°^eoi -f Q;^^ei2 1-^ eo[c^+,Q;°] + ei[uj+,a^] + 

+ eoi Q[c.^ a" + a'] - [c.+ , aO^] + coth ^ - 1 j o (a^ - a")^ + 

+ ei2 {^y, + aO] - [c.+, a^^] + eoth ^ - 1^ o («« - a^)) 

Next, 
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- (ei - eo) - a^] + ^ coth ^ - l) o 

Therefore, the logarithm of torsion (|17ip is 

logr(wif.) = Strc.(H,g) log(l + XH^/fI(C^(t^H'))) 

= Strc.^_^jH,g)log(l + ifH^if.X(C/(..H.))) =trB log coth ^) (410) 

FinaUy, substituting (|408l409l410p into we obtain 

'S'/f(5i,B) = 'S'c'(H,B)UH^(7(c^„.),PH^r*_^^.Pa. +fi log T 

=<p+ >B + <p/,[^^^+] >B +;i2trglog f ''"^d7^ ) + ntrg log coth ^ 



1 . _L ^, , 1 , . / sinh 



=< 2[^^'^'^] >B + <-P^'[^^^'^] >fl +^trj,log 



2 



2 



And again we come to the result (|407p . Notice that a miracle is that two different inductions give 
precisely the same results, not just equivalent modulo canonical transformation. 

Another series of examples of exactly calculable effective action on cohomology is given by tori 
of dimensions D > 2 with asymmetric chain homotopy (consecutively contracting circles in T'^ 
in arbitrary order) . This computation was done in section 16.41 we computed the effective action 
(|360p for the cell decomposition S = {+,/}^^ with zero differential on cochains, and there is an 
isomorphism C"(S, g) = H* (T^ , g) . Therefore we can identify the cell action (|360p with the action on 
cohomology and identify the super-fields for cohomology with the super-fields for cell decomposition: 
ojh' — ij^H, Ph' — Ps- Also, the result (|359p may be interpreted as the action on cohomology of T^, 
obtained using the symmetric chain homotopy. 

Next, effective action on cohomology for the sphere of dimension D > 2 is calculated triv- 
ially, using (|40ip : the sphere is a formal manifold with trivial 1-cohomology. Denoting the basis in 
cohomology of sphere by ho G i?'^(5^), /i$ e H^{S^), we obtain from (PUT|) the result: 

I.e. for the sphere the action on cohomology generates the usual graded Lie algebra structure on 
H* {S^ , g): all classical and quantum operations vanish, except for the operation 1(2) (as for the point 
and as for the torus). 

One can obtain a lot of examples of exactly calculable effective action on cohomology from State- 
ment [T71 For example, for direct product of the circle and the 2-sphere M = x the tree part is 
calculated via ()402p and the one loop part — via (|404p . Using the basis h+,hj in H*{S^) and basis 
ho,h^ in H*(S^), we obtain 
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/ . 1 aa Jo 

/ smn — ^ — 

ad, . /„ 



\ 2 / 

The factor 2 in the one- loop part comes from the Euler characteristic of the sphere S^. 

7.3.2. Klein bottle. Effective action on cohomology of the Klein bottle may be calculated using con- 
struction (j387l386p and using the result ()362|) for the cell action for Klein bottle with cell decomposition 
S = {++, — /, /+, //} obtained in section 
The differential on cell cochains C*(S,0) is 



a^^eii I— > 2a ^ en 



Matrix of the differential d, its transpose d?" and matrix of the cell Laplacian d(f" + (f"d written in 
the basis {e++, e_7, e/+, e//} are 

/oooo\ /oooo\ 

0000 ^ 0002 

0000 0000 

\o2oo/ yooooy 



d(f + <fd 



/ \ 

4 



V 4 y 



Therefore the Hodge decomposition for the space of cell cochains of ^ is 

C*(S) = Span(e++, 6/+) © Span(e//) © Span(e_7) 

Harm'(B) C'_„(H) C'._^JH) 

Denote the basis 0- and 1-cohomology of the Klein bottle, with the normalization condition 

that they are identified with e++ and e/+ by the embedding into cochains. Then the induction data 
are defined uniquely by the Hodge decomposition: 

rs—>H' '■ + a^^ e^i + a^^ejjf- + a^^ en 1— > + a^'^hjj^ 



a'^^ejf.+ + a ^ e^j + a^^ei+ + a^^eu t-^ —a^'e-i 



Next, ge 
action 



5 06/+ is a subalgebra of the Loo algebra on cochains of S, generated by the tree part of 
Therefore the Loo morphism from cohomology to cochains of S is linear: 



U {ojH- ) = i-E-^H- {(^H- ) = e++tj++ + ei+u!^+ 
Operator (jl69p is calculated by differentiating the tree part of (I362|) : 

I{ujs) : a++e++ + a-'e^i + a'+ei+ + a" en ^ e++[c^++, + e^i{[uj-' , a++\ - [uj++ ,a-']) + 
+ ei+{[oj'+,a++] - + e/z([c^^^ a++] + 
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+ 2eu ( coth ^ _ l] o + £ 1^ f](ad..+ )^-iad„.. (ad^.,)-''- ° 

^ n=2 ' k=l J 

Therefore 

>-> e_/ ( -[cj++,a ]+(— ^coth^ lloa 

Hence the logarithm of torsion is 

logr(wff.) = Strc-^ _^js,B}^og{l + Ks^H-^{U{uJH'))) = -tr^ log coth ^^^"^ ^ 

(sign is due to the fact that the operator under super-trace is non-trivial on l-forms). Thus the 
effective action on cohomology of Klein bottle is 

P++, I [^++, ^++] >, + < PI+, [^'+, ^++] >fl tr, log coth ^) (411) 

It is interesting to compare result (j41ip with the result ()407p : cohomology for circle and Klein 
bottle are isomorphic H'{S^,g) = H'(KB,g) and the tree effective actions on cohomology (|407l41ip 
coincide, if we identify /i+ = hi = (in other words, the induced Loo structures on cohomology, 
or Massey operations, coincide). On the other hand the one-loop effective actions on cohomology 
(quantum Massey operations) are different. Thus we have an example of two manifolds with the same 
Loo structure on cohomology, distinguished by quantum operations on cohomology. This means that 
the homotopy type of de Rham algebra of a manifold as a gLoo algebra (in the sense of Definition 
fT7|) . is a stronger invariant of manifolds than the homotopy type of de Rham algebra as a classical 
Loo algebra. 

One could ask, whether actions (I41ip and (|407p are equivalent, i.e. maybe there is a canonical 
transformation from one to another? The answer is negative due to the following argument: consider 
the densities of measures on respective gLoo algebras 



ci / sinh 

^ ^det, (^^^ 



PH-(KB,g) = e^«-(KB,.) = detg (^^- coth 

= Ph'(s\0)L'^uj'+ ■ ^detg cosh ^^^"'^ 

Notice that the density for circle is a regular expression in w^, vanishing if ad^/ has (at least one) 
eigenvalue 27rifc for some integer k ^ 0. On the other hand, the density for Klein bottle is singular if 
ad^i+ has an eigenvalue 7ri(2fc -|- 1) for some fc e Z. Therefore the actions for circle and Klein bottle 
cannot be related by a canonical transformation with the generator regular in uj. 
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The fact that Ph' {kb,s) is singular for some values of uj^^ (far from zero) corresponds to the fact 
that the moduli space of flat connections on Klein bottle Hom(7ri(KB), G) is singular. On the other 
hand, the moduli space of flat connections on circle Hom(7ri(5^), G) = Hom(Z, G) ^ G is a smooth 
manifold, which corresponds to the regular behaviour of density PH'{s^,g)- 

7.3.3. Sd IX 1,2 -bundles over circle with fiber T^. Next, we can generalize the result for Klein bottle 
l|41H) to manifolds M^, introduced in section [6. 4. 5( on basis of the result (|363p for the cell action for 
with cell decomposition S = {/C, /ju, glued from standard cell decomposition {0, 1, /} x 

{+, for cylinder / x T^. 

Let us fix some element 7 G Sd x . This element acts on cell cochains G*(T^) of standard 
cell decomposition of torus in obvious way (by permuting circles and changing orientation of some of 
them) and generates the splitting: 

G'(T^) = [C'{T'^)Y< ® G^OfS) 

where the first term is the 7-invariant part, and the second term is the sum of all eigenspaces of 
7-action on G*(T^) corresponding to eigenvalues 7^ 1. Next, we define a special Hodge decomposition 
for cell cochains of : 

C'{M^) = Span(e+, e/) (g) [G'(T^)]'^ © {e/ (g) t | r e C^Jt^)} ® {ei t + bq o t \t £ C^JjD)} 

v ' " V ' " V ' 

Harm'(H) C'^-.A^) 

(412) 

(we use the identification of cell cochains of Mj with their image in cell cochains of the cylinder). 

It is obvious from definition of Harm* (S) in (|412p that cohomology of is embedded into differ- 
ential forms of the cylinder / x as constant forms on interval times 7-invariant constant (Whitney) 
forms on the torus, which is indeed a subalgebra of il* {I x ) . This means that manifold is formal 
and the L^o morphism from cohomology of to cell cochains of M-y is linear: U{ujif ) — is^ff* {^H')- 
Thus the action on cohomology has the form 

^ ^ ^ 

where the tree part is given by the contribution of tree (**), generating the multiplication on coho- 
mology, while the one-loop part (given by sum of wheels with multivalent cohomology insertions) is 
expressed as a super-trace. 

Let {t(„) J,} denote the eigenvectors of action of 7 on G"(T^), with ?7(„)^fc G C the corresponding 
eigenvalues, so that T(„) j, G G"(T-'', C) with n = 0, 1, . . . , D and fc = 1, 2, . . . , (^), and 7 o r(„) = 
'n{n),kT(n),k- Let also dcnotc {/ia} the set eigenvectors corresponding to eigenvalue 1: {hA\ = 
{'''(n),k I ^(n),fc — !}• Ill other words, {Ha} is a basis in [G'(T^)]'''. Thus cohomology of M-^ (which we 
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identify with harmonic cell cochains of :^) is 



H'{M^) ^ Harm'(S) = Span({e+ (g) Ha, e/ (g) Ha}) 
and the super-fields, associated to cohomology are 

UJH- = ^ e+ (g) ft-A + ^ e+ (g) /lA w-^^, pH' = ® + X^P^^ '^'^ ® 

A I A A 

We will also use notation ho '■= y for the basis 0-cochain on torus (which is obviously 7-invariant). 

Let m^fj :—< h-^ ,1(^2).C'(t"){It-b, he) > be the structure constants of multiplication on [C*(T^)]''' 
(which is the same as wedge multiplication of 7-invariant Whitney forms on torus) in terms of basis 
{Ha}- Then the first term (tree action) in ()413p is 

1 ^ (-l)(l^l+i)-I^U^^<p+^,[c.+^c.+^]>,+ Y: (-l)'^l-l^lm^^<p,^,[c.^^,c.+^]>, 

(414) 



2 

A,B,C A,B,C 



The second term (one-loop action) of (1413p is straightforwardly computed in basis {(ei -|- 77(„),fceo) (g 
T(n),k} in Cx-exC^)'- ^^^^ that one- loop action depends only on 1-cohomology to write 

I{l3->H' (^ffi )) ° ((ei + fceo) g) T(„)^fe • a) = 
= ^ — Z(m)(e/g)/io-c^-^°+^e+g)/iyi^-tj+^i, . . . ,e/g)/io-w-^°-K^e+g)/iArt^'^'^\ (ei-h77(„),/ceo)g)T(„)^fe-a) 

m=l ' Ai Ai 

e/g)T(„)^fc-[w^°,a]-f ^ -;;5^(l-'7(n),fc) e/g)r(„)^i,-(ad^/o)"oQ!-|-eig)(- • •) + eog)(- ■ •) 

(415) 



ml 

m=2 



for a e 0. Here index Ai runs over the basis of [C^(T^)]''' and operations are Loo operations on 
cell cochains of cylinder, generated by action p6ip . Last two terms in ()415p are annihilated by Ks~>h' 
and therefore can be neglected. Since differential maps {ei+'i](^n).k^o)'^'''{n).k ^ (l~^(n),fc) ■c/g'T(„) /j, 
we have 

1 

'7(n),fc 

Therefore 



K~^H' (e/ g) T(^n),k) = (ei + ■q(n),keo) ® T(^n),k 



(1 + KE^H-^iis^H' (^ffi ))) ° ((ei + V(n)Meo) g" T(„)^fc • a) = 

= ei + ??(„), feCo) (g r(„)^fe • 1 — — + — - 

V V{n),k - 1 2 V 2 

, , ^^ ad„/o / ad^io l + 77(ri).fe\ 
= (ei + V{n).keo) <^ T^n).k ■ ■ coth — h 



coth ^^^^^^ 1 1 \ o a = 



o a 
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Thus we obtain explicit (up to values of 77(„),fc, which can be easily worked out for any given 7) formula 
for one- loop action on cohomology of M^: 

sh.,,„ = h-^r E t..,og(%;i.(c„.h5%;i + i±^)) (4i6, 
is/.s(;).„.,,rfi V ^ V "M.'^^ 

Together with (I414p this gives complete result for effective action on cohomology of A/^. The qL 00 
structure on cohomology it generates has trivial classical part, consisting only of the binary product on 
cohomology (generated by (|414p ) and no higher Massey operations, but the quantum part is non-trivial 
and quantum Massey operations q(2)i 9(4); 9(6)7 • ■ • ^-re generated by (|416p . These quantum operations 
are only non- vanishing on the cohomology e/ ho (plugged into all inputs). 

Before proceeding to examples, we would like to make two more remarks. First, if 7, 7' G Sd x T'^ 
are conjugate elements, i.e. 7' = (3^(3"^ for some (3 G Sd x T^, then manifolds il/^ and M^/ are 
diffeomorphic. The diffeomorphism is given by fiberwise action of (3 (regarding these manifolds as 
bundles over circle). 

Second, if dim iJ^(Af^) > 1 then one-loop action (|416p for Ad^ vanishes. The argument is as follows: 
dimiJ^(Af^) > 1 is equivalent to dim[C^ (T^)]''' > 0, so that one of eigenvalues 77(i),i, . . . , ?7(i),d is 
equal to 1; assume that it is ?7(i).d = 1. Next, the set for given n can be described as the set 

of n-fold products of eigenvalues in degree 1: 

{??(«), I7 • ■ ■ '^(n),(°)} = • • •■^(i),/c„}i</ci<---<fc„<n 

Let us introduce the subset {f](n),k} of the set of eigenvalues as given by products, not containing 

■ ■ • :^(„), ("-!)} = {'7(1). fcl ■ • • '](l),fe„}l<fci<---<fe„<-D-l 

Then we obviously have 

{V{n),l, • ■ ■ , '?(„), (^)} = {V{n),l, V),(°-i)} U {'7(n-l),l, • • ■ , ^(„_ i) ^ (^-J) } 

where we just split the n-fold products of ?7(i).fe into those containing the factor f7(i).D (second term) 
and products not containing it (first term). Thus we see that the whole set of eigenvalues {??(„), fc} (for 
all n) splits into two subsets, consisting of the same eigenvalues, but in degrees differing by 1. This 
implies that contributions of these two subsets in ()416p cancel each other, yielding zero. 

Examples of M^. The trivial example is 7 = ((1, . . . , D); 1, . . . , 1) — the unit element of Sd x '^2 ■ 
Then ^ T°+^ is the torus, [C'{T°)]'< = C'{T°), C^{T^) = and aU eigenvalues ry(„)^fc are equal 
to 1. Thus the one-loop action ()416p vanishes and the tree part (|414|) gives the result (|360p . 

Next example 7 = ((1); —1) G 5*1 k Z2 corresponds to AIj the Klein bottle. Here the eigenvectors 
of 7-action on C'{S^) are 

{T(„),fe} = { e+ ;___ez^} 

n=0 1=1 
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and the corresponding eigenvalues are 



{V(n),k} = i^:^} 
n=0 n=l 

and we obtain the result (|41ip . 

Next, take 7 = ((1, 2); —1, —1) G 5*2 k Zj. The corresponding AI^ is geometrically a bundle over the 
circle with fiber T^, with transition function given by rotation by angle tt. Eigenvectors of 7-action 
on cochains of the fiber torus are 

n=0 n=l n=2 



with eigenvalues 



which gives 



n— n—1 n—2 



^2.tr,log('%l.coth^) (417) 



Now consider another 3-dimensional example: 7 = ((2, 1); 1, — 1), which corresponds to the 
bundle over circle with fiber and transition function given by rotation by angle it/2. Here 

{T(n).k} = {e++; e/+ - ie+i ei+ + ie+r , eu^ 

n=0 n=l n=2 

and 

n— n—1 2 

and the action on cohomology is 

Sh'{m,) ^<P+++, i[w+++,c^+++] >g + < P+II, [UJ+++,UJ+^^] >B + 

_i_ ^ ^ r, /++ , ,+++1 _L ^ ^ r, /++ , ,+^^1 a_ r, , ,+++1 ^ 

- n tr, log ( (^) ' . ( (coth ^) % 1) ) (418) 

Comparing (|417p with (|418p we see that Af(i.2);-i,-i a-nd M(2,i):i.-i £^re another pair of manifolds 

with coinciding classical Lao structure on cohomology, but distinguished by quantum operations. In a 

sense, this example is better than circle vs. Klein bottle, since here we have two orientable manifolds 

of same dimension. One can, indeed, find a lot of other pairs like this among manifolds Mj. 
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